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Abstract

Therearenumerousapplicationswherewe know that a certainevent occurredduring sometime
period,but we do not know exactly whenthateventoccurred.DyresonandSnodgrasshave shown how
this kind of temporaluncertaintycanbehandledin relationaldatabases.In this paper, we proposetwo
datamodelsto handletemporalindeterminacy in objectbases.Thefirst model,whichwecall theexplicit
model,providesan extensionof the relationalalgebrathat explicitly considersall possibilities. This
makesdefiningalgebraicoperationseasy, but makestheir implementationquiteinefficient. Thesecond
model,which we call the implicit model,overcomesthesedeficienciesby proposingtheintelligentuse
of constraints.Thiscausesthemodelto besuccinct.We alsoproposean implicit algebraon theimplicit
representation.We show thateachimplicit algebraoperationpreciselycapturesits explicit counterpart.

1 Intr oduction

Therearenumerousapplicationsinvolving temporalindeterminacy. For instance,considera commercial
packagedelivery company (examplesof companiesin this broadclassinclude UPS, Fedex, DHL, and
many others).Sucha company hasdetailedstatisticalinformationon how long packagestake to get from
onezip codeto another, andoften even morespecificinformation(e.g.,how long it takes for a package
from onestreetaddressto another). A company expectingdeliverieswould like to have somestatistical
informationaboutwhenthedeliverieswill arrive (ananswerof theform “Thereis a10- 20%probabilityof
thepackagebeingdeliveredbetween9amand1pm,anda 80- 90%probabilityof beingdeliveredbetween
1pmand5pm”) is farmorehelpful to thecompany’sdecisionmakingprocessesthantheblandanswergiven
today(“It will bedeliveredsometimetodaybetween9amand5pm”). Temporalindeterminacy alsoarises
in many othersituations. DyresonandSnodgrass[5] have identifiednumerousotherapplicationswhere
temporalindeterminacy is important.Forexample,radio-carbondatingeffortsin archaeologyaretemporally
indeterminate— a historicalrelic maybedatedas“sometimebetween500and400BC.” Likewise, time-
seriespredictionprogramsare also uncertainaboutwhen certaineventswill occur. Thereare literally
hundredsof stock market predictionprogramscontainingmodelsof when stocksare expectedto reach
certainprices. Whenthe resultsof suchprogramsarestoredin databasesandsubjectedto querying,the
needto handletemporalindeterminacy is evenmoreacute.

In this paper, we proposefor thefirst time, a formal theoreticalfoundationfor objectbasescontaining
temporalindeterminacy. As probabilitiesarethe bestknown methodfor handlinguncertaininformation,
ourmodelfor indeterminacy (like thatof DyresonandSnodgrass[5]) is probabilistic.Theorganizationand
contributionsof thispaperareasfollows.�
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Figure1: PackageExamplewith probabilityassignment�

	 In Section2, we introducesomebasicdefinitionsin probability theoryandtemporaldatabases.An
importantdefinition introducedhereis thatof explicit valuesandimplicit values— the latteraresuccinct
representationsof theformer.
	 In Section3, wedefinetheconceptof a temporalprobabilisticobjectbase(TPOBfor short).Wedefine

the importantconceptof anexplicit TPOB-instanceandan implicit TPOB-instancewith the latterbeinga
succinctrepresentationof theformer.
	 In Section4, we describean explicit TPOB-algebra (e-algebra for short) that operateson explicit

TPOB-instances.Theadvantageof thee-algebrais thatusingit, it is relatively intuitive to definetheopera-
tions.However, it doesnothave anefficient implementation.
	 In Section5, wedefineanimplicit TPOB-algebra (i-algebra for short)thatoperatesonimplicit TPOB-

instances.We show that thei-algebracorrectly implementsthee-algebra(in otherwords,theanswerspro-
ducedby thei-algebraoperationssuccinctlyrepresenttheanswersproducedby thecorrespondinge-algebra
operations).As thei-algebraworkson succinctrepresentations,it hasbettercomputationalproperties.
	 In Section6, we compareourwork with relatedwork on temporalindeterminacy.
	 Section7 containsdirectionsfor futurework andconcludesthepaper.

Thekey contributionsof thispaperare:(1) thedefinitionof implicit TPOB-instances,(2) thedefinition
of theimplicit algebraoperations,and(3) theresultsstatingthattheseimplicit algebraoperationsarecorrect
implementationsof theexplicit algebraoperations.Theimportanceof (3) cannotbeoveremphasized— for
example,asimplestatementsuchas“PackagePwill bedeliveredsometimebetween9amand5pm today”
expandsout into 8 explicit statementsif our chronon(i.e., smallesttemporalgranularityused)is hour, 480
explicit statementsif ourchrononis minute,and28,800explicit statementsif ourchrononis asecond.Thus,
a singlestatementin the implicit algebracancapturehugeamountsof explicit datain a succinctfashion.
Theability to correctlymanipulatethis implicit datais critical to theefficiency of TPOBsystems.

Our work builds directly on top of pioneeringwork by DyresonandSnodgrass[5]. Our work differs
from theirs in several ways. First, it appliesto objectbases,while theirsappliesto relationaldatabases.
Second,we make no independenceassumptionsbetweenevents— theuser’s querycanexplicitly encode
herknowledgeof thedependenciesbetweenevents,if any. Third,ourwork introducesanalgebra,while their
work definesanSQL extension.Fourth,we presentformal definitionsof importantnotionslike coherence
andconsistency andshow that underappropriateassumptions,all our operationspreserve coherenceand
consistency.
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2 BasicDefinitions

In this section,we recapitulatesomebasicdefinitions.In particular, we recall thenotionof a calendar. We
thendefineclassicaltypesandtheir values,andintroduceprobabilistictypesandtheir explicit andimplicit
values.Finally, we describetheconceptof aprobabilisticstrategy.

2.1 Calendars

We now recapitulatethe conceptof a calendardue to Krauset al. [15]. A calendarconsistsof a linear
temporalhierarchyof timeunitsandavalidity predicatespecifyingvalid timepoints.

Definition 2.1(time unit) A timeunit consistsof anameanda time-valueset.

For example,thetime unit named
���
 hasthetime-valueset ����������������������� .
Definition 2.2(linear temporal hierarchy) A linear temporal hierarchy is afinite setof distincttimeunits
with a linearorder � amongthem.

For example,���� !�#"%$�&%'(�*),+.-/&1032 is a lineartemporalhierarchy.

Definition 2.3(time point) Let 46587:9;�<�����=�>7@? bea linear temporalhierarchy. A timepoint over 4
is a tuple AB0C9D�������D�E0F?HG , whereeach0JI is a time-valuein the time-valuesetof 7@I . We use KML to denotethe
usuallexicographicorderon all time pointsover 4 , which is definedby AB0�9��������N�E0F?�GOKMLPAB0JQ 9 �������D�E0FQ? G if f
some+SRT�����������N�E-U� existssuchthat 0WVX5Y0 QV for all Z[RT�����������N�E+]\^��� and 0FI_K>0 QI . We use `ML to denote
thereflexiveclosureof KML .

For example, A3�Daba�c��D�������NG is a time pointover 4d5# H2D��'(�*)e$�-/03",�^���� .
Definition 2.4(calendar) A calendarf consistsof a lineartemporalhierarchy4 andavalidity predicate.
Thevalidity predicatespecifiesa non-emptysetof valid time pointsover 4 . A calendaris finite if theset
of all its valid time points is finite. In the restof this paper, all calendarsareassumedto be finite unless
specifiedotherwise.

Intuitively, A3�Daba�c��D�������NG and A3�Daba�c����������NG are time pointsover 4 5g H2D��'*�h)e$�-/0E"Y�i���� . The
validity predicatemaynow characterizetheformerasvalid andthe latterasinvalid. Thereaderinterested
in how to specifyvalidity predicatesmayconsult[15].

2.2 Typesand Values

This sectionintroducestypes,andvaluesassociatedwith types. It is divided into threeparts— classical
typesandvalues,probabilistictypes,andexplicit andimplicit valuesof probabilistictypes.

2.2.1 ClassicalTypesand Values

Every classicaltype j is associatedwith a domain, denotedkml�n[Aoj%G , which specifiesthesetof valuesof j .
In this paper, we assumethat pq5<�brtsvuFwyx�w�z3�E{Eu|zWrtsvxm�N}/~�~�� wD��s��E�H~��vu|� is thesetof atomictypesandthat their
domainsaretheusualdomains.Wealsoassumetheexistenceof somearbitrarybut fixedset � of attributes.

Definition 2.5(temporal atomic type) Every calenderj is a temporal atomictypewith thesetof all valid
timepointsasits associateddomaindom(j ).
Classicaltypesareeitheratomictypesor complex typesconstructedfrom atomictypesby usingthesetand
thetupleconstructor.

Definition 2.6(classicaltype) Wedefineclassicaltypesby inductionasfollows:
	 Everyatomictypefrom p andevery temporalatomictypeis a classicaltype.
	 If j is a type,then �Nj@� is aclassicaltype(calledclassicalsettype).
	 If ��9D�������v���S� arepairwisedistinctattributesfrom � and j�9D�������D��j�� areclassicaltypes,

then � � 9m� j 9 �������v���S� � j��D� is aclassicaltype(calledclassicaltupletype).
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Wemaynow definevaluesof classicaltypes.

Definition 2.7(valuesof classicaltypes) Wedefinevaluesof classicaltypesinductively asfollows:	 For all atomictypes j,Rep , every ��R dom(j ) is avalueof theclassicaltype j .
	 If ��9D�������N�E��� arevaluesof j , then �D��9D�������v�E�b��� is avalueof theclassicaltype �Nj@� .
	 If ��9��������N����� arepairwisedistinct attributesfrom � and ��9D�������D�E�b� arevaluesof j�9y�������v��j�� , then
� ��9 � ��9y�������v���S� � �b��� is avalueof theclassicaltype � ��9 � j�9��������N����� � j���� .

2.2.2 Probabilistic Types

A probabilistictypeis eitheranatomicprobabilistictype,or a complex probabilistictypeconstructedfrom
classicaltypesandatomicprobabilistictypesby usingthetupleconstructor.

Definition 2.8(probabilistic type) Wedefineprobabilistictypesby inductionasfollows:	 If j is a classicaltype,then � � j�� � is aprobabilistictype(calledatomicprobabilistictype).
	 If ��9y�������v���S� arepairwisedistinctattributesfrom � and j�9��������D��j�� areeitherclassicalor probabilistic

types,then � ��9 � j�9��������N����� � j���� is aprobabilistictype(calledprobabilistictupletype).

Example2.9 Consideranapplicationmaintaininginformationabouthow longit takespackagesto getfrom
onelocationto another. Suchanapplicationmaybeusedby a packagedelivery servicelike DHL, Fedex,
or UPS.Theattributes ��zWr x�r�s and ��wy{Eu�r�s��vu�r ~�s maybedefinedover theatomictype {Eu|zWrtsvx . In contrast,the
attributes ��w���r ��w�z�� and �H�_���H~�s�w mayrespectively bedefinedover theatomicprobabilistictype � � uCrt�Sw|� � and
over theprobabilistictupletype �t��r uo� � {Eu|zWrtsvxm�m��z.z.r ��w � {EuCzWr�sNxm�@�¡ �r�¢��Sw�svu � � �£u�r��Sw|� ��� , whereuCrt�Sw is acalendar.

Probabilistictypescanhave valuesthatarerepresentedeitherexplicitly or implicitly. Eachof thesetwo
optionsis now consideredbelow.

2.2.3 Explicit Valuesof Probabilistic Types

Wenow introduceexplicit valuesof probabilistictypes.

Definition 2.10(explicit valuesof probabilistic types) We defineexplicit valuesof probabilistictypesby
inductionasfollows:	 An explicit valueof an atomicprobabilistictype � �£j�� � is a finite setof pairs AB�%�N� ¤F�E&m�BG , where � is a

valueof j and ¤J�E& arerealswith ¥O`¦¤U`T&§`>� .
	 An explicit valueof a probabilistictype � ��9 � j�9��������v���S� � j���� is of the form � ��9 � ��9��������N����� � �b��� ,

where��9��������N�E�b� areeithervaluesor explicit valuesof j�9��������N��j�� .
Example2.11 An exampleof anexplicit valueof theatomicprobabilistictype � � uCrt�Sw|� � , where u�r��Sw is the
calendarover thelineartemporalhierarchy"%$�&%'¨�[),+.-/&1032 , is ��AEA3�D������¥�GC�N���£©H����ªv�BG|�NA�A3�D������«�G , ���£©H����ªv�BG�� . An
explicit valueof theatomicprobabilistictype � � {EuCz.rtsNx�� � is ��A3¬Uw|­ ®/~�z°¯ , ���������£©��BGC�NA²±³�v{� �r�sNxbu3~�sm�N����«�����ªv�BG�� .

Let � beanattributeand �!5´��AB� 9 �N� ¤ 9 �E& 9 �BGC�������v�NAB� ? �N� ¤ ? �E& ? �BG�� beanexplicit valueof anatomicprob-
abilistic type. Then, “ � � � ” intuitively saysthat “The probability that � hasthe value ��I lies in the in-
terval � ¤µIJ�E&1I²� ”. We assumethat theevents“ � � ��I ” areexhaustive andpairwisemutually exclusive, which
impliesthefollowing notionof consistency for explicit valuesof probabilistictypes.

Definition 2.12(compactnessand consistency)An explicit value �#5¶��AB��9D�N� ¤.9D�E&=9E�BGC�������v�NAB��?@�N� ¤·?@�E&%?��BG��
of an atomicprobabilistictype is compactif f ��9��������N�E��? arepairwisedistinct. We say � is consistentif f
� is compactand ¸ ?I·¹:9 ¤·I�`P�[`q¸ ?I·¹:9 &%I . An explicit value � of a probabilistictype is compact(resp.,
consistent) iff all containedexplicit valuesof atomicprobabilistictypesarecompact(resp.,consistent).

2.2.4 Implicit Valuesof Probabilistic Types

Wenow introduceimplicit valuesof probabilistictypes.Theseareimplicit representationsof explicit values
— we generalizeaconstraint-basedapproachdueto Dekhtyaret al. [2].
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Temporal and Data Constraints. Using a temporalconstraint,we can implicitly definea setof valid
time points(namelythe solutionsof that constraint)w.r.t. a given calendar. In contrast,a dataconstraint
specifiesasetof datavaluesfrom a totally ordereddomain.Wenow definethesyntaxof temporalanddata
constraints.

Definition 2.13(temporal constraint) Let j beacalendarwith lineartemporalhierarchy4h5^7�9¨�8º�º�ºm�
7@? . An atomictemporal constraint for j hasoneof thefollowing forms:	 ( 7¡I�»U��I ) where » belongsto ��`��DK��C5¼��½5(�D¾��D¿;� and ��I is a time-valuein the time-valuesetof time

unit 7@I . Wecall ( 7¡Ib»U��I ) anatomictime-valueconstraint.	 ( 0C9_ÀÁ03Â ) where0�9D�E03Â�R[kml�n[Aoj%G and 0�9S`SL*03Â . Wecall ( 0�9�ÀÁ03Â ) anatomictime-intervalconstraint.
Weuse( 0C9 ) to abbreviate( 0�9ÃÀ#0C9 ).

A temporal constraint for j is a Booleancombinationof atomic temporalconstraintsfor j (that is, con-
structedfrom atomictemporalconstraintsby usingtheBooleanoperatorsÄ , Å , and Æ ).

Definition 2.14(data constraint) Let j beaclassicaltypewith totally ordereddomainkHl�nÇAoj%G . An atomic
dataconstraint for j is eitherof theform AoÈ^»���G , where»�R¼��`��DK��C5(��½5(�D¾��D¿�� and �;R�kHl�n[Aoj%G , or of the
form AB��9³ÀÉ�bÂDG , where ��9D�E��Â]R�kHl�neAoj%G with ��9Ê`h�bÂ . We use( ��9 ) to abbreviate ( ��9ËÀÉ��9 ). A data
constraint for j is aBooleancombinationof atomicdataconstraintsfor j .

We now definethe semanticsof temporalanddataconstraints,that is, the setof time pointsanddata
values,respectively, thatthey specify.

Definition 2.15(solution to a temporal constraint) Let j be a calendarwith linear temporalhierarchy
4 5Ì7:9#�Íº�º�º��Î7@? . A time point ÏÐ5 AWÏ�9y�������v��ÏD?HG^RPkml�n[Aoj%G is a solution to an atomic tem-
poral constraint A²7¡Ib»U��I.G (resp., AB0�9TÀÑ0FÂDG ), denotedÏYÒ 5 A²7@I�»]��I.G (resp., ÏÓÒ 5 AB0C9ÔÀÑ03ÂNG ), if f ÏNI�»U��I
(resp.,0�9Õ`ML^Ï�`ML¦0FÂ ). We inductively extendthenotionof solutionsto all temporalconstraintsby:	 Ï¼Ò 5>Ä�fM9 if f it is not thecasethat Ï(Ò 5ÐfM9 ,	 Ï¼Ò 5ÖA.fM9�Åef¨ÂDG if f Ï(Ò 5>fM9 and ÏXÒ 5>f¨Â ,	 Ï¼Ò 5ÖA.fM9�Æef¨ÂDG if f Ï(Ò 5>fM9 or Ï(Ò 5>f¨Â .
Definition 2.16(solution to a data constraint) Let j be any classicaltype with totally ordereddomain
kHl�neAoj%G . A value ÏÔRYkHl�n[Aoj%G is a solution to AoÈ#»U��G (resp., AB��9,À×�bÂNG ), denotedÏØÒ 5ÙAoÈ#»]��G (resp.,
Ï§Ò 5dAB� 9 ÀÚ� Â G ), if f ÏÛ»�� (resp., � 9 `<Ï[`´� Â ). Theconceptof solutionsis extendedin theusualway to
all dataconstraints(seeDefinition 2.15).

Definition 2.17(constraint and solution set) Let j beacalendar(resp.,classicaltypewith totally ordered
domainkHl�n[Aoj%G ). A constraint f for j is a temporal(resp.,data)constraintfor j . Weuse ÜEl�Ý.A.f�G to denote
thesetof all solutionsÏ�Rekml�n[Aoj%G to f .

Probability Distribution Functions. Wearenow readyto recallthewell-known conceptof aprobability
distribution function (pdf for short). In thesequel,we assumethat Þ is a setof -^¿q� pairwisemutually
exclusive events Ï�9y�������v��ÏD? .
Definition 2.18(probability distribution function) A probability distribution function (or simply distri-
bution function) over Þ is amappingß � ÞÊàá� ¥��D�|� suchthat ¸ÁâEãbä ß@AWÏ�G_`>� .

Themostwidely usedpdf is theuniform distribution: Theuniformdistribution over Þ , denotedå ä , is
thefunction å ä � Þæàç� ¥��D�|� definedby åèAWÏ�G]5Ö�Ûé:- for all Ï�R§Þ .

Thefollowing aresomeotherstandardprobabilitydistribution functions.Here,weadditionallyassume
that Þ is totally orderedby ÏDIUK*Ï|V if f +ÃKêZ for all +��°Z!RË�����������N�E-U� :	 The geometricdistribution over Þ for ¥êKìëìKí� , denotedî ä�ïtð , is the function î äbïtð � ÞÐà � ¥��D�|�

definedby î ä�ï�ð AWÏDI.G�5ÊëXºNA3�Õ\�ë¡G I for all ÏNI�R[Þ .	 The binomial distribution over Þ for ¥TKYëÐKd� , denotedñ ä�ï�ð , is the function ñ ä�ïtð � ÞÖà � ¥��D�|�
definedby ñ äbïtð AWÏ I G]5ÖA ?I G1º.ë I ºNA3�M\�ë¡G ?�òmI for all Ï I R§Þ .	 ThePoissondistribution over Þ for ó¦¾Ö¥ , denotedô äbïBõ , is the function ô ä�ï²õ � ÞÁà � ¥��D�|� defined
by ô ä�ï²õ AWÏNI°G]5Á2 ò õ ºCó I é:+mö for all ÏNI�R§Þ .
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Implicit Valuesof Probabilistic Types. In orderto defineimplicit valuesof probabilistictypes,we start
by definingimplicit tuples— aconceptborrowedfrom [2].

Definition 2.19(implicit tuple) Let j beeitheracalendaror aclassicaltypewith atotally ordereddomain.
An implicit tuple (or i-tuple) for j is a 5-tuple A.f���ÈÇ��¤F�E&Û��÷�G , where f���È areconstraintsfor j with øÊù
ÜEl�Ý.A.f�GÇú×ÜEl�Ý°AoÈ,G , ¤F�E& are realswith ¥#`×¤!`P&´`6� , and ÷ is a distribution function over ÜEl�Ý°AoÈ,G . If
ÜEl�Ý.A.f�G�5ÁÜEl�Ý.AoÈ�G , we use A.ûOG to abbreviate f .

Wenext give a formaldefinitionof implicit valuesof probabilistictypes.

Definition 2.20(implicit valuesof probabilistic types) Wedefineimplicit valuesof probabilistictypesby
inductionasfollows:	 An implicit valueof anatomicprobabilistictype � � j�� � is afinite setof implicit tuplesfor j .

	 An implicit valueof a probabilistictype � ��9 � j�9��������v���S� � j���� is of the form � ��9 � ��9��������N����� � �b��� ,
where��9��������N�E�b� areeithervaluesor implicit valuesof j�9��������N��j�� .

Example2.21 An implicit valueof theatomicprobabilistictype � �£u�r��Sw|� � , where u�r��Sw is the calendarover
thelineartemporalhierarchy"m$�&%'¨�[),+.-/&1032 , is �O5ÖAEA.ûOGC�NAEA3�D������¥�G�À´A3�D������©�GEGC��¥���«��D���yå�G .

Every implicit value � of anatomicprobabilistictype � �£j�� � hasanequivalentexplicit value ü�AB�HG , which
is definedby ü�AB�HG�58��AB��Qo�N� ¤�º�÷�AB��Q²GC�E&�ºC÷�AB��Q²G°�BGSÒbý/A.f���ÈÇ��¤J�E&:��÷�G@R(� � ��QbR�ÜEl�Ý°A.fXG�� .
Example2.22 Let us reconsiderthe implicit value � of Example2.21. Its explicit value ü�AB��G is given by
��AEA3�D������¥�GC�N���·�������v�BG|�NAEAE�D�������vG , ���·�������v�BGC�NAEA3�D�����b��GC�N�þ�·���D�����BGC��AEA3�N���C�b��G|�N�þ�·���N���v�oGC�NA�A3�D������©�Gy�N���µ�����t�v�BGC� .

It is now easyto extendthenotionsof compactnessandconsistency to implicit values.

Definition 2.23(compactnessand consistency)An implicit value�O58��A.fM9D��È!9D��¤.9D�E&=9D��÷v9|GC�������N�NA.fÃ?@��È¼? ,
¤·?%�E&1?%��÷|?mG�� of an atomic probabilistic type is compactif f ÜEl�Ý°A.fÃI�Å¦fUV�G#½5Îø for all +��°Z<RP�������������E-U�
with +�½5TZ . Wesay � is consistentif f � is compactand

¸ ?I·¹:9 ¸ìÿ��.ã������	��
���
 ¤µI�º�÷|I3AB��I°Gç` � ` ¸ ?I·¹:9 ¸#ÿ��Wã������	��
���
 &%I�ºC÷|I3AB��I°G1�
An implicit value � of a probabilistictype is compact(resp.,consistent) iff all containedimplicit valuesof
atomicprobabilistictypesarecompact(resp.,consistent).

2.3 Probabilistic Strategies

Considertwo events2�9 and 2DÂ , whichhaveaprobabilityin theintervals � ¤.9D�E&=9E� and � ¤µÂ��E&1Â|� , respectively. To
computetheprobability interval associatedwith thecompoundevents 2b9�ÆË2NÂ , 2�9�Å§2DÂ , and 2b9�Å³Ä]2NÂ , we
needto know thedependenciesbetween2b9 and 2DÂ (or lackthereof).For instance,2b9 and 2DÂ maybemutually
exclusive, or probabilisticallyindependent,or positively correlated(when 2�9 implies 2NÂ , or 2DÂ implies 2b9 ),
or wemaybeignorantof therelationshipbetween2 9 and 2 Â . Eachof thesesituationsyieldsadifferentway
of computingtheprobabilityof 2b9�Æ,2DÂ , 2b9�Å,2DÂ , and 2b9�ÅeÄ]2DÂ .
Definition 2.24(conjunction, disjunction, and differencestrategy) Let � denotethesetof all nonempty
subintervals � ¤F�E&m� of theunit interval � ¥��D�|� . Assumethat theprobabilitiesof theevents 2�9 and 2NÂ arein the
intervals � ¤ 9 �E& 9 � and � ¤ Â �E& Â � , respectively. A conjunction(resp.,disjunction, difference) strategy is afunction� � � Â à�� (resp.,� � � Â à�� , � � � Â à�� ) thatcomputestheprobabilityinterval of 2b9�ÅÃ2DÂ (resp.,2�9DÆ�2NÂ ,
2�9�ÅeÄ]2NÂ ).

Lakshmananet al. [16] give axiomsthat conjunctionanddisjunctionstrategiesshouldsatisfy, but we
do not repeatthesehere,except to saythat our conjunctionanddisjunctionstrategiesshouldalsosatisfy
suchaxioms.Tables1–3show someexamplesof conjunction,disjunction,anddifferencestrategies([7] has
moreexamples).

For associative andcommutative conjunction(resp.,disjunction)strategies � andnonemptyintervals
� ¤W9D�E&=93�.�������v�N� ¤µ���E&1�N��úÓ� ¥��D�|� with �§¿Ó� , we use � �I�¹:9 � ¤µIJ�E&1IB� to denote� ¤W9D�E&Û9E���Áº�º�º��8� ¤µ���E&1�N� . For �,5Ð¥ ,
wedefine � �I·¹:9 � ¤ I �E& I � astheconstants�þ���D�|� (resp., � ¥���¥�� ).
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Table1: Conjunctionstrategies

Mutualexclusion ��� ��� �"!#�%$�&('*)+� �-,.�"!�,�$0/213� 45��4 $
Positivecorrelation ��� � � �"! � $�&7698:� � , �"! , $0/:1;� <>=@?A��� � �%� , /B�"<>=@?C�0! � ��! , /D$
Independence ��� ��� �"!#�%$�&(E	F>� �-,G�"!�,�$0/21H� ���JI9�-,G�C!#�JIB!�,�$
Ignorance ��� � � �"! � $�& E@K � � , �"! , $-/J1;� <>L.M#��� � �%� , /B�"<>=@?A�ON��"! �QP ! , /�$

Table2: Disjunctionstrategies

Mutualexclusion ��� � � �"! � $�R '*) � � , �"! , $0/213� <>=	?S�ON���� �QP � , /���<>=@?A�ONG��! �QP ! , /�$
Positivecorrelation ��� � � �"! � $�R7698:� � , �"! , $0/:1;� <TL M#��� � ��� , /B�"<TL M#��! � �"! , /�$
Independence ��� � � �"! � $�R E	F � � , �"! , $0/21H� � �QP � ,*U � � IV� , �A! �QP ! ,WU ! � IX! , $
Ignorance ��� ��� �"!#�%$�R(E@KY� �-,G�"!�,�$-/J1;� <>L.M#��4Z�%��� P �-, U N[/��"<>=	?S�0!#�[��!\,9/�$

Table3: Differencestrategies

Mutualexclusion ��� � � �"! � $�] '*) � � , �"! , $0/213� � � �"<>=@?C�0! � �XN U � , /D$
Positivecorrelation ��� ��� �"!#�%$�] 698 � �-,��"!�,�$0/:1;� <TL M#��45����� U !\,V/��"<TL.M��^4Z��!�� U �-,9/�$
Independence ��� � � �"! � $�] E	F � � , �"! , $0/21H� � � IV�ON U ! , /��Z! � I9�"N U � , /�$
Ignorance ��� ��� �"!#�%$�](E@KY� �-,G�"!�,�$-/J1;� <>L.M#��4Z�%��� U !�,9/B�"<>=	?S�0!#�[�9N U �-,V/�$

3 Temporal Probabilistic Object Bases

In this section,we first introducetheconceptof a schemafor temporalprobabilisticobjectbases.We then
definethe inheritancecompletionof a schema.Finally, we introducetemporalprobabilisticobjectbase
instanceswith respectto this inheritancecompletion.

3.1 Temporal Probabilistic Object BaseSchema

A temporalprobabilisticobjectbaseschemaconsistsof ahierarchyof classeswith associatedtypes.Mem-
bershipof anobjectin animmediatesubclassof any classis expressedby aconditionalprobabilityvalue.

Definition 3.1(temporal probabilistic object baseschema) A temporal probabilisticobjectbaseschema
(TPOB-schema)is a5-tuple A^_U�B`¡�9aì��ncb��y�=G , where:

	 _ is afinite setof classes.
	 ` mapseachclass deRe_ to a probabilistictuple type. Intuitively, ` specifiesthe datatype of each

class.
	 a is a binaryrelationon _ suchthat A^_��9a*G is a directedacyclic graph(dag). Intuitively, eachnode

of thedirectedacyclic graph A^_U�9a*G is aclassfrom _ , andeachedgedv9(afdyÂ saysthattheclassdN9 is
an immediatesubclassof dyÂ .

	 ngb mapseachclassd to apartitionof thesetof all immediatesubclassesof d . Intuitively, supposethat
theclassd hasthefivesubclassesdv9D�������D�Bd[h andsupposethat ngb�A�dDG is thepartition �b�Gdv9D�BdyÂ����y�GdVi��Bd9j ,d[h��b� . Here, ngb�A�d�G producestwo clusters.An object $ belongingto classd canbelongto no,or either,
or bothclustersof d . However, theclasseswithin a clusteraremutuallyexclusive, that is, $ cannot
belongto both dN9 and dyÂ in thesametime.

	 � mapseachedgein A^_U�9a*G to a positive rationalnumberin theunit interval � ¥��D�|� suchthat for all
classesd andall clusterskÉR#ncb�A�d�G , it holdsthat lYm ãon �]Ao�%�Bd�G `×� . Intuitively, if dv9ca dyÂ , then
��A�dN9D�BdyÂNG specifiestheconditionalprobabilitythatanarbitraryobjectbelongsto thesubclassdv9 given
thatit belongsto thesuperclassdyÂ .

Example3.2 TheTPOB-schemafor thePackageExamplecontainsthefollowing components:
	 _[58���m�op�¯C�vx�w��.q�wyuFuFw�zF�N}/~[rH���+s5t�wb�D�:zWr ~�zWr uo���.u5r�¢�z²wy{E{ {��N��wy{��C�;svw - uCz²��sv{�vow�zJ���]­�~ - u|z²��sN{�vWw�z.� .

7



	 ` is givenby Table4 below.
	 A^_U�9a¦G is the graphresultingfrom Figure 1 when the d-nodesare contractedto �m��p�¯|�Nx�w and the

probabilitylabelsareremoved.
	 ngb�A3�m�op�¯C�vx�wbG]58�b�5q�wyuJu3w�z3�N}/~[rH���+s5t�w����y���:zWr ~�zWr uo�m�.u5r�¢�z²wy{E{ {��N��wy{y�b� ,
ngb�AE}/~ r�G�5ìngb�A�u5r�¢�zµwy{E{ {��N��wy{�G�58�b�N��­�~ - u|z²��sN{�vWw�z.�b� ,
ngb�Ao�+s5t�w�G]5ìngb�A3�:zWr ~�zWr uo��G]58�b����svw - uCz²��sv{�vow�z°�b� ,
ngb�A�q�wyuFuFw�z°G]5ìngb�A.��svw - u|z²��sN{�vWw�zoG�5ìngb�Ao�]­�~ - u|z²��sN{�vWw�zoG�5Áø .

	 � is theprobabilityassignmentin Figure1.

Table4: Typeassignment`w x � w /y5z {.|�z[}�~ �����0� } ���C�Z�"���0��� } �#� ~ �O�%��� z �%� �Z�C�Z�O������� } �S� ~.� � � ~ �	�Q�#� � �%��� ~ $ $@$� ~ �D� ~ � �	� ~ � }Z� �����Z� z ������� �.� � ���Z� z ��$� �V� �	� ~ � }Z� �����Z� z ������� �.� � ���Z� z ���S� ~G� � � �Z�Z� z ��$�A�o�.~ �	� ~ � }Z� �����Z� z ������� �.� � ���Z� z ���S� ~G� � � �Z�Z� z ��$y �0� ����� �^� � � ��� ~ �C� � �%��� ~ $ $�$� � � � ~ �"� � z � ~ � � � ��� ~ �C� � �%��� ~ $ $�$��� ~ - ��� z �[�O� ~ � ���C� ���Q���O������� } �Z W���0� � ~ �S� � �%��� ~ $ $��5¡ � � � � ~ �9���S� � �%��� ~ $ $	$�Q¢ � -��� z �V�"� ~ � � ¡ � � y �Z� ~ �S� �A� ���A�Z�"���0��� } �� W�^��� � ~ �S� � �%��� ~ $ $D�5¡ � � � � ~ �9���S� � �%��� ~ $ $	$��¡ � � y � ¢ �Q�S� �A� ���A�Z�"���0��� } �5 W�^��� � ~ �S� � �%��� ~ $ $��\¡ � � � � ~ �9���#� � �%��� ~ $ $@$	$

A directedpath in thedag A^_U�9a*G is asequenceof classesdN9D�BdyÂ��������D�Bdy� suchthat dv9Ya£d|Â¤aÎº�º�º�a£d|�
and ��¿>� . Weusea¦¥ to denotethereflexiveandtransitive closureof a . Wesaythat dv9 is asubclassof dyÂ
if f d 9 a¦¥§d Â . Wesay d 9 is astrict subclassof d Â , if f d 9 is a subclassof d Â and d 9 ½5¨d Â . A class� is minimal
under a ¥ in a setof classes© if f �[Rª© andno classin © is a strict subclassof � . A class� is a subclass
of apartitionclusterk if f � is asubclassof somed�R«k .

Wearenow readyto defineanotionof consistency for TPOB-schemas.

Definition 3.3(consistentTPOB-schema) Let ¬T5 A^_U�B`¡�9aÁ��ncbb�y�=G bea TPOB-schema.An interpreta-
tion of ¬ is any mappingü from _ to thesetof all finite subsetsof aset ­ . An interpretationü of ¬ is called
a taxonomicmodelof ¬ if f it satisfiesthefollowing conditions:

C1 ü�A�dDG;½5Áø , for all classesd;R®_ .

C2 ü�A�dDG_ú¦ü�Ao��G , for all classesd���� R«_ with d¯aÉ� .
C3 ü�A�dDG2°�ü�Ao��G�5>ø , for all distinctclassesd����!R®_ thatbelongto thesameclusterk R²±Øngb�A^_ÛG .

Wesaythattwo classesd���� R®_ aretaxonomicallydisjoint (t-disjoint) iff ü�A�dDGQ°!ü�Ao��G�5Áø for all taxonomic
modelsü of ¬ . An interpretationü of ¬ is a taxonomicandprobabilisticmodel(or simply model) of ¬ if f it
is a taxonomicmodelof ¬ andit satisfiesthefollowing condition:

C4 Ò ü�A�dDG�Ò�58��A�d�����G]º�Ò ü�Ao��G�Ò for all classesd����!R«_ with d³a¶� .
Wesay ¬ is consistentif f ¬ hasamodel.

Thework in this sectionbuilds upondefinitionsin [6]. There,it is shown thatdecidingtheconsistency
of probabilisticobjectbaseschemasis NP-complete— this resultalsoapplieshere. However, thereare
importantspecialcasesof TPOB-schemas,whichcanbetestedin polynomialtime,andfor whichdeciding
consistency canalsobedonein polynomialtime (see[6] for detailedalgorithms).
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3.2 Inheritance Completion

Wenow definetheinheritancecompletionof aTPOB-schema.Intuitively, aclassin aTPOB-schemashould
inheritattributesfrom its ancestors.An inheritancestrategy, definedbelow, explainshow to resolveconflicts
thatarisedueto multiple inheritance.

Definition 3.4(inheritance strategy) Let ¬æ5ÚA^_��B`¡�9aÁ��ngb��y�ÛG bea TPOB-schema.Let ´ denotetheset
of all top-level attributesof ¬ . Let ��r�soµ � _>¶·´qà¸_ bethemappingthatassignsto eachpair A�d����;GÕR¹_¤¶·´
thesetof all classes��R�_ suchthat(i) d§a ¥ � , (ii) � is a top-level attributeof � , and(iii) no other ��Q such
that dºa¦¥æ� Q a¦¥ê� satisfiesconditions(i) and (ii). An inheritancestrategy for ¬ is a partial mapping
rts�  µ¨� _»¶²´qà¸_ thatassignsa class�SRè��r�s µ A�d����;G to each A�d����;G_R«_»¶²´ suchthat ��rts µ A�dv����G�½5>ø .

Theinheritancecompletionof aTPOB-schemais obtainedby addingto eachtypeof aclass,all top-level
attributes(with their types)thatareinheritedfrom superclasses.

Definition 3.5(inheritance completionTPOB-schema) The inheritancecompletionTPOB-schemaof a
TPOB-schema¬e5ÖA^_U�B`¡�9a>��ngbb�y�=G is theTPOB-schema¬C¥;5ÖA^_��B`C¥��9aÁ��ngbb�y�ÛG , wherèC¥�A�dDG�5Ö� � 9m� j 9 ,
�����D���S� � j���� suchthat some �ØRe_ exists with (i) rts� oµ¡A�d����MIJG�5 � and(ii) �MI is a top-level attribute of �
with type jyI . If ¬[5¼¬S¥ , then ¬ is saidto befully inherited.

Example3.6 Considerthe TPOB-schema¬ 5 A^_��B`¡�9a>��ngbb�y�ÛG given in Example3.2. Its inheritance
completionTPOB-schemais givenby ¬ ¥ 5ÖA^_��B` ¥ �9a#��ngb��y�ÛG , wherè ¥ is givenin Table5.

Table5: Typeassignment`C¥ of theinheritancecompletionTPOB-schemaw x�½ � w /y¾z { |Bz[}G~ ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $@$� ~ �D� ~ � ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $��C� ~ � }Z� �o�Z�Z� z ������� �.� � ���Z� z ��$� �V� ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $��C� ~ � }Z� �o�Z�Z� z ������� �.� � ���Z� z ���#� ~.� � � �Z�Z� z ��$�A�o�.~ ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $��C� ~ � }Z� �o�Z�Z� z ������� �.� � ���Z� z ���#� ~.� � � �Z�Z� z ��$y ��� ���0� ��� ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $�� � ��� ~ �#� � �%��� ~ $ $	$� � � � ~ ��� � z � ~ � ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $�� � ��� ~ �#� � �%��� ~ $ $	$�(� ~ - ��� z �V�"� ~ � ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $��C� ~ � }Z� �o�Z�Z� z ������� �.� � ���Z� z ���#� ~.� � � �Z�Z� z � ,� ��� ~ �S� � �%��� ~ $ $D�¾�A� �^�¿�Z�"���0��� } �5 W�^��� � ~ �S� � �%��� ~ $ $���¡ � � � � ~ �9���S� � �%��� ~ $ $	$�2¢ � -��� z �[�O� ~ � ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S�Z�O������� } �S� ~G� � � ~ �@�Q�#� � �%��� ~ $ $��C� ~ � }Z� �o�Z�Z� z ������� �.� � ���Z� z ���#� ~.� � � �Z�Z� z � ,� ��� ~ �S� � �%��� ~ $ $D�5¡ � � y �5� ~ �S���A� �^�¿�Z�O������� } �� W���0� � ~ �#� � �%��� ~ $ $��¾¡ � � � � ~ �V���S� � �%��� ~ $ $�$��¡ � � y � ¢ �Q�S���C� ���A�5�O������� } �Z W�^��� � ~ �S� � �%��� ~ $ $��¾¡ � � � � ~ �9���#� � �%��� ~ $ $	$@$

3.3 Temporal Probabilistic Object BaseInstance

In this section,we introducethe notion of a temporalprobabilisticobjectbaseinstance,which is defined
with respectto theinheritancecompletionof a TPOB-schema.

Assumption. In therestof thispaper, weassumethatthereis a(countably)infinite set ­ of objectidentifiers
(oids). For thealgebraicoperationsof naturaljoin, Cartesianproduct,andconditionaljoin (seeSection4),
weassumethat ­À¶²­ÚúÁ­ , thatis, ­ is closedunderCartesianproduct.

A temporalprobabilisticobjectbaseinstanceassociateswith eachclass d a setof oids Â�A�d�G , andwith
eachoid $_RÃÂ�A�dDG avalueof appropriatetype ` ¥ A�d�G .
Definition 3.7(temporal probabilistic object baseinstance) A temporal probabilistic object basein-
stance(TPOB-instance) Ä over a consistentTPOB-schema¬ê5qA^_��B`¡�9a>��ngbb�y�ÛG is a pair A�ÂU�XÅ1G , where(i)Â � _eà¶��Æ mapseachclassd to afinite subsetof ­ suchthat Â�A�dN9|G�°ÇÂ�A�dyÂNG�5Áø for any distinct dv9D�BdyÂ�R¹_ ,
and(ii) Å mapseachoid $êRÈÂ�A�dDG , deRH_ , to a valueof type `C¥�A�dDG . We say Ä is explicit (resp.,implicit)
iff all Å=Ao$�G with $¨RÉÂ�A�d�G for some d,RH_ areexplicit (resp.,implicit) values.Every implicit instanceÄ is
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associatedwith the explicit instanceü�A�ÄNG , which is obtainedfrom Ä by replacingevery containedimplicit
value � of anatomicprobabilistictypeby its correspondingexplicit value ü�AB�HG .

WedefineÂ�A^_ÛG�5¨± �GÂ�A�dDG/Ò%dXR¹_�� and ÂC¥�A�dDG�5¨± �GÂ�A�d Q GÕÒ�d Q R®_U�od Q a¦¥§dv� . Informally, Â�A�dDG is theset
of all objectsthatarecreatedin d , while Â ¥ A�dDG is thesetof all objectsthatbelongto d .
Example3.8 Tables6 and7 show asampleTPOB-instanceover theTPOB-schemaof Example3.2.

Table6: ThemappingsÂ and Â �w Ê � w / ÊCË � w /y5z {.|Bz[}G~ Ì�Í Ì[Î Ï � Î Ð Í� ~ �D� ~ � Ì�Í Ì�Í� �V� Ì�Í Ì[Î Ð Í�A�o�.~ Ì�Í Ì�Íy �0� ����� ��� Ì[Î Ï Í Ì[Î Ï Í� � � � ~ �"� � z � ~ � Ì�Í Ì[Î Ð Í
��� ~ - ��� z �V�"� ~ � Ì�Í Ì�Í�2¢ � -��� z �V�"� ~ � Ì[Î Ð Í Ì[Î Ð Í
Table7: ValueassignmentÅÎ Ñ � Î /Î Ï � �(�0� } ���C�#Ò\�Z� ~ �S� ~ �"�%��� z �%� �5�S� � �G�"�O�Z�o�#� ~.� � � ~ �	�¿� Ì �"�"N9Ó5��4G4o/��V��Ô Õ5�9Ô Ö.$-/B�9�"�"N9Ó5��×ZN[/��V��Ô ×Z�9Ô Ø $-/ Í ,� ��� ~ � Ì �"��Ó5��4�4�/��V��Ô ÕoØZ�XÔ�Ø[$0/��V�"��Ó5�XNV4�/��V��Ô Õ5�9Ô Ø $-/ Í $Î Ð � �(�0� } ���C� y5z �0� �9�#� ~ �"�%��� z �%� �5�S�¾¡ z � ÙV�G� ~ �S� ~.� � � ~ �	�Q� Ì �"�"NVÚZ��4G4o/��V��Ô�Ø��9Ô�Û[$-/B�9�"�"NVÚZ�XNVØ�/��V��Ô Õ5�9Ô Ø $-/ Í ,� ~ � }Z� �o�5Ö�4Z�o��� �.� � �5Ø.45�#� ~.� � � �ZÕo4Z� � ��� ~ � Ì ���ONVÚZ��4�4�/��V��Ô ×Z�9Ô ÕG$-/B�9���ONVÚZ��4oØG/��V��Ô Õ5�9Ô�Û[$-/ Í ,¡ � � y �5� ~ �C� �A� �^�¿�SÜ ~B¢ Ý ��� | �� W���0� � ~ � Ì �"�"NXÕ¾��4G4o/��V��Ô ×Z�9Ô Ø $-/B�9�"�"NXÕ¾��×G4o/��V��ÔÞÛ��9Ô Ó.$-/ Í ,¡ � � � � ~ �V��� Ì ���ON9Ö5��4�4�/��V��N��XNX$-/ Í $���¡ � � y � ¢ �Q�#���C� ���Q�5¡ � � � � � � , W����� � ~ � Ì ���ON[Û���×�4�/��V��Ô�Ú��9Ô Ö.$-/B�\���ON Û��"Õ�ØG/B�9�@Ô ØZ�XÔ Ö $0/ Í �Z¡ � � � � ~ �V�o� Ì �"�"N9Ó5��4G4o/��V��Ô ×Z�9Ô Ø $-/B�9�"�"N9Ó5��×G4o/��V��Ô ÖZ�9Ô�Û[$-/ Í $	$

Wenow definetheconceptof a probabilisticextent. Informally, theprobabilisticextentof a classdUR>_
specifiestheprobabilitythatanoid $_RÃÂ�A^_ÛG belongsto d .
Definition 3.9(probabilistic extent) Let Ä�5 A�ÂU�XÅ%G bea TPOB-instanceover a consistentTPOB-schema¬§5<A^_U�B`¡�9aÁ��ncbb�y�=G , andlet d bea classfrom _ . Theprobabilisticextentof d , denotedb[ß�àNA�áNG , mapseach
oid $¼RâÂ�A^_ÛG to asetof rationalnumbersin � ¥��D�|� asfollows:

(1) If $èR«Â ¥ A�d�G , then b[ß\àNA�áNGNAo$bG�58����� .
(2) If $�R»ÂC¥�A�d Q G with a classd Q Rª_ that is t-disjoint from d (that is, for all modelsü of ¬ , thesetsü�A�d Q G

and ü�A�dDG aredisjoint), then b[ß�àNA�áNGDAo$�G�58�N¥�� .
(3) Otherwise,b[ß\àNA�áNGNAo$�G�58�Eë[Ò3ë is theproductof theedgeprobabilitiesonapathfrom d up to aclass�

suchthat(i) $¼RâÂ ¥ Ao��G and d¯a ¥ � , and(ii) � is minimalunder a ¥ with (i) � .
Wecall theclassd in (1), theclassd Q in (2), andevery class� thatsatisfies(i) and(ii) in (3) acharacteristic
classfor b[ß�àNA�áNGDAo$�G .
Example3.10 Theprobabilisticextentof ��svw - u|z²��sN{�vWw�z in ourPackageExampleis asfollows:b[ß\àNA.��svw - u|z²��sN{�vWw�zoG�Ao$�iNG]58������� , b[ß\àNA.��svw - uCz²��sv{�vow�zWGyAo$ohNG�5Ð�N¥�� .

Thenotionof coherenceof TPOB-instancesgivenbelow requiresthat theprobabilisticextentof every
classassignsauniqueprobabilityto every oid.

Definition 3.11(coherent TPOB-instance) Let ÄO5PA�ÂU�XÅ%G bea TPOB-instanceover a consistentTPOB-
schema¬Á5 A^_U�B`¡�9aì��ngb��y�=G . The TPOB-instanceÄ is coherent if f for all classesd§RÈ_ andall objects
$(R�Â�A^_=G , theprobabilisticextent b[ß�àNA�áNGDAo$�G containsat mostoneelement.
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Wenow cometo theimportantnotionof consistency for TPOB-instances.

Definition 3.12(consistentTPOB-instance) A TPOB-instanceÄÁ5 A�ÂU�XÅ1G over a TPOB-schema¬×5
A^_��B`¡�9aÁ��ngb��y�ÛG is consistentif Å=Ao$�G is consistentfor all $èRâÂ�A^_ÛG .
4 Explicit Temporal Probabilistic Object Algebra

In this section,we introducetheexplicit TPOB-algebra(e-algebra).The e-algebraoperatorstake explicit
TPOB-instancesoverTPOB-schemasasinputandproduceanexplicit TPOB-instanceoveraTPOB-schema
asoutput. Unlessspecifiedotherwise, weassumethat all input TPOB-schemasare fully inheritedandthat
all input TPOB-instancesareexplicit.

4.1 Selection

Wefirst definetheselectionoperationwith respectto probabilisticselectionconditions.Westartby defining
pathexpressionsandatomicselectionconditions,whicharethenusedto constructselectionconditionsand
probabilisticselectionconditions.

Definition 4.1(path expression) Wedefinepathexpressionsinductively asfollows:
	 A pathexpressionfor the classicalor probabilistictuple type � � 9m� j 9 �������N����� � j��D� is eitherof the

form �MI or of theform �MIF� ô:I , whereô:I is apathexpressionfor jyI .
	 A pathexpressionfor theatomicprobabilistictype � � j�� � is of theform � �£ô;� � , where ô is a pathexpres-

sionfor j .
For example,�H�_���H~�svw , �m�¨���H~�s�w��þ�:r uo� , and �H�¨���H~�svw�� ��z°zWr ��w arepathexpressionsfor theprobabilistic

tupletype �£�m�¨���H~�s�w � �t��r uo� � {EuCz.rtsNx%�%��z.zWr ��w � � � uCrt��w|� �°�1�¡ �rt¢��Sw�sNu � � � uCrt�Sw�� ����� .
Definition 4.2(atomic selectioncondition) Let ¬í5 A^_��B`¡�9a>��ngbb�y�ÛG be a TPOB-schema.An atomic
selectionconditionhasoneof thefollowing forms:

	 +.-�A�dDG , whered is aclassin _ .
	 ôì»M� , where ô is apathexpression,� is avalue,and » RË��`��DK��C5(��½5¼�D¾��D¿;� .
	 ô�9%»oã(ô�Â , whereô�9D��ô�Â arepathexpressions,

�
is aconjunctionstrategy, and»OR§��`��DK��C5¼��½5(�D¾��D¿;� .

For example,+.-�A�q�wyuFuFw�z.G and �H�_���H~�svw��þ��r uo�Ã5Ø¬Uw|­ ®¡~�z.¯ aretwo atomicselectionconditions.They say
“find all objectsthatareletters”and“find all objectsthathave New York asthefirst stop”, respectively.

Definition 4.3(selectioncondition) Wedefineselectionconditionsby inductionasfollows.
	 Everyatomicselectionconditionis aselectioncondition.
	 If ä and å areselectionconditionsand

�
(resp.,� ) is aconjunction(resp.,disjunction)strategy, thenä¼Å*ãæå (resp.,äèÆ*çæå ) is a selectioncondition.

In thePackageExample,+.-�A.��svw - u|z²��sN{�vWw�zoG�Å*ã �@è Ao�Õz.zWr ��w]KêA3�D����¥b¥�G�Æ*ç �@è ��z.zWr ��w]¾êA3�y©H��¥b¥�GEG is aselection
condition,whichsays“find all objectsin �;svw - u|z²��sN{�vWw�z thatarrive before13:00or after14:00”.

Definition 4.4(probabilistic selectioncondition) Wedefineprobabilisticselectionconditionsinductively
asfollows. If ä is a selectionconditionand ¤F�E& arerealswith ¥�`e¤�`,&X`æ� , then AOä¡Gy� ¤F�E&m� is a probabilistic
selectioncondition.If ä and å areprobabilisticselectionconditions,thensoare Ä7ä , AOäèÅ¹å�G , and AOäèÆ¹å_G .

For instance,Ao��rt��w�KæA3�y©H��¥b¥�GEGy����«��D�|� is a probabilisticselectioncondition,which says“find all objects
whosevaluesin theattribute �Õrt��w aresmallerthan14:00with associatedprobabilityin ����«��D�|� ”.

In order to definethe semanticsof probabilisticselectionconditions,we first definethe semanticsof
pathexpressions.

Definition 4.5(valuation of path expressions)Let ô beapathexpressionfor theprobabilistictype j . The
valuationof ô underanexplicit value � of j , denoted�%� ô , is definedasfollows:
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	 If �è5Ö� ��9 � ��9D�������D����� � �b�N� and ô85Á�MIDé , then �%� ôÓ5#��I�é .
	 If �è58��AB��9D�Bê�9|GC�������N�NAB�b���Bê���G�� and ô85Ö� ��é�� � , then �1� ôY58��AB��9D�Bê�9D�Bé�GC�������N�NAB�b���Bê����Bé�G�� . Wecall such

sets��AB��9D�Bê�9D�Bé�GC�������N�NAB�b���Bê����Bé�G�� generalizedexplicit valuesof j .
	 �%� ô is undefinedotherwise.

Wemaynow definethesemanticsof atomicselectionconditionsandselectionconditions.

Definition 4.6(valuation of atomic selectionconditions) Let ÄN5èA�ÂU�XÅ%G beaTPOB-instanceoveraTPOB-
schema¬^5hA^_U�B`¡�9aÁ��ngbb�y�ÛG , andlet $æR3Â�A^_ÛG . Let � be the disjunctionstrategy for mutualexclusion.
Theprobabilisticvaluationwith respectto Ä and $ , denotedëSì�l�íïî ï ð , is thefollowing partialmappingfrom
thesetof all atomicselectionconditionsto thesetof all closedsubintervalsof � ¥��D�|� :

	 ë#ì�l�í î ï ð AB+°-�A�d�GEGÃ5Ö� ncñ0ò=A�b[ß�àNA�áNGDAo$�GEGC��ncóoß:A�b[ß�àNA�áNGDAo$�GEG°� .
	 Let ô be a path expressionfor the type of $ . If ÅÛAo$bGC� ô is a value of a classicaltype, then de-

fine ôÔ5Ê��ADÅ=Ao$�GC�N�þ���D�|�.��ôXG�� , elseif Å=Ao$�GC� ô is a generalizedexplicit valueof an atomicprobabilistic
type,thendefine ôØ5õÅ=Ao$�GC� ô . Otherwise,ô is undefined.

ë#ì�l�í î ï ð Aoôê»]��G�5
öø÷ �I�¹:9 êyI if ô is defined

undefined otherwise,

where ê�9D�������D�Bê�� arethe intervals ê suchthat A�ùX�Bêm�CÞ�G@Rgô and ù��tÞè»�� , if ô is defined. Note thatë#ì�l�í î ï ð AoôÊ»U��G is undefinedif someùX�tÞè»U� is undefined.
	 For each+%Rè��������� , let ô I bea pathexpressionfor the typeof $ . If Å=Ao$�GC� ô I is a valueof a classical

type,thendefine ômI�5´��ADÅ=Ao$�GC�N�þ���D�|�.��ôÛIEG�� , elseif Å=Ao$�GC� ô:I is a generalizedexplicit valueof anatomic
probabilistictype,thendefine ôY5¨Å=Ao$�GC� ôÛI . Otherwise,ômI is undefined.Then,

ë#ì�l�í î ï ð Aoô�91»�ãXô:ÂNG�5
ö ÷ �I·¹:9 êyI if ô¡9 and ômÂ aredefined

undefined otherwise,

whereê�9D�������D�Bê�� aretheintervals ê �ûú
suchthat AB��9D�Bêm�CÞ:9|G@RÇô¡9 , AB�bÂ�� ú �CÞ¡ÂNG@Rüô%Â , and ��9D�tÞ:9m»]�bÂv�tÞ/Â ,

if ô/9 and ô%Â aredefined.Notethat ë#ì�l�í�î ï ð Aoô�9%»�ã(ô:ÂNG is undefinedif some��9D�tÞ:9%»U�bÂv�tÞ/Â is undefined.

In thePackageExample,theatomicselectioncondition+.-�A.��svw - u|z²��sN{�vWw�zoG is assignedtheintervals �����������v�
and � ¥���¥�� under ë#ì�l�í�î ï ð�ý and ë#ì�l�íïî ï ð�þ , respectively. The atomic selectioncondition �H�_���H~�s�w��þ�:r uo�Á5
¬�w|­ ®¡~�z.¯ is undefinedunderëSì�l�í î ï ð ý , andit is assigned�þ���D�|� underë#ì�l�í î ï ð þ .
Definition 4.7(valuation of selectionconditions) Let ÄN5¼A�ÂU�XÅ1G beaTPOB-instanceoveraTPOB-schema¬e5ÖA^_U�B`¡�9aì��ncb��y�=G , andlet $¼RâÂ�A^_=G . Weextend ë#ì�l�í(î ï ð to apartialmappingfrom thesetof all selection
conditionsto thesetof all closedsubintervalsof � ¥��D�|� asfollows:

	 ë#ì�l�í î ï ð AOäèÅ7ãÿå�G�5Áë#ì�l�í î ï ð AOä@G � ë#ì�l�í î ï ð A�å�G ,
	 ë#ì�l�í î ï ð AOäèÆ7çÿå�G�5Áë#ì�l�í î ï ð AOä@G:� ë#ì�l�í î ï ð A�å�G .
For instance,theselectioncondition +.-�A3�:zWr ~�zWr uo��GHÅ*ã �@è ��r��Sw]KêA3�y©H��¥b¥�G is assignedtheprobabilityinter-

vals ����ab«��D�|� and � ¥���¥�� underë#ì�l�í î ï ð ý and ëSì�l�í î ï ð þ , respectively.

Wearenow readyto definewhatit meansfor anobject $ in aTPOB-instanceÄ oversomeTPOB-schema¬ to satisfyaprobabilisticselectioncondition ä .

Definition 4.8(satisfactionof probabilistic selectionconditions) Let ÄÛ5TA�ÂU�XÅ%G beaTPOB-instanceover
a TPOB-schema¬æ5qA^_U�B`¡�9aì��ngb��y�=G , andlet $!R»Â�A^_ÛG . Let ä bea probabilisticselectionconditionsuch
that ëSì�l�í î ï ð AOä â G is definedfor all selectionconditionsä â thatoccurin ä . Thesatisfactionof ä underê and
$ , denotedë#ì�l�í�î ï ð Ò 5¨ä , is inductively definedasfollows:
	 ë#ì�l�í î ï ð Ò 5<AOä¡Gy� ¤J�E&%� if f ë#ì�l�í î ï ð AOä¡G_ú8� ¤J�E&%� .
	 ë#ì�l�í î ï ð Ò 58Ä7ä if f it is not thecasethat ë#ì�l�í î ï ð Ò 5 ä .
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	 ë#ì�l�í(î ï ð Ò 5 ä¼Å¹å if f ë#ì�l�í(î ï ð Ò 5¨ä and ë#ì�l�í�î ï ð Ò 5 å .
	 ë#ì�l�í î ï ð Ò 5 ä¼Æ¹å if f ë#ì�l�í î ï ð Ò 5¨ä or ë#ì�l�í î ï ð Ò 5 å .

We illustratethenotionof satisfactionvia thefollowing example.

Example4.9 Thefollowing satisfaction(andnon-satisfaction)relationshold in ourPackageExample.
	 ë#ì�l�í î ï ð ý ½Ò 5´AB+.-�A3�Ûz.r ~�z.r uo��G/Å*ã �@è ��r��Sw]KêA3�y©H��¥b¥�GEGy����abª��D�|� ,
	 ë#ì�l�í î ï ð ý Ò 5´AB+.-�A3�Ûz.r ~�z.r uo��G/Å*ã �@è ��r��Sw]KêA3�y©H��¥b¥�GEGy����«��D�|� ,
	 ë#ì�l�í(î ï ð ý Ò 5´AB+.-�A3�Ûz.r ~�z.r uo��G/Å*ã �@è ��r��Sw]KêA3�y©H��¥b¥�GEGy����«��D�|�/ÅËAB+.-�A.�;s�w - u|z²��sN{�vWw�zBGEGy�����������v� .
Wearenow readyto definetheselectionoperationon TPOB-instances.

Definition 4.10(selectionon TPOB-instances) Let ÄÛ5TA�ÂU�XÅ%G be a TPOB-instanceover a TPOB-schema¬�5TA^_U�B`¡�9aì��ncb��y�=G , andlet ä bea probabilisticselectioncondition.Theselectionon Ä with respectto ä ,
denoted̀ � A�ÄNG , is theTPOB-instanceA�Â Q �XÅ Q G over ¬ , where:

	 Â Q A�d�GÃ58�N$¼RâÂ�A�dDGMÒHÒ 5 is definedfor ëSì�l�í î ï ð and ä , and ë#ì�l�í î ï ð Ò 5 ä/� , for all d;R®_ .
	 Å�Qm5 Å�Ò%Â¡Q.A^_ÛG .

Thefollowing exampleillustratestheuseof theselectionoperatoron thePackageExample.

Example4.11 Let ÄÛ5TA�ÂU�XÅ1G betheTPOB-instanceof Example3.8,andlet theprobabilisticselectioncon-
dition ä begivenby ÄÕAB+.-�A3�Ûz.r ~�z.r uo��GHÅ*ã ��è ��r��Sw(K8A3�y©H��¥b¥�GEGy� ¥���¥�� . Then, ` � A�ÄNG�5 A�Â Q �XÅ Q G , where Â Q is given
by Â¡Q.A3�:zWr ~�zWr uo��G�58�N$�i�� and Â¡QoA�dDG�5>ø for all otherclassesd , and ÅHQ is givenby Table8.

Table8: Å Q resultingfrom selectionÎ Ñ�� � Î /Î Ï �����0� } ���C�SÒ\�5� ~ �S� ~ �O�%��� z �%� �Z�#� � ���O�O�Z�o�S� ~.� � � ~ �	�Q� Ì ���ONVÓZ��4�4�/B�9�@Ô Õ¾�XÔ Ö $0/��9���ONVÓZ��×5NV/B�9�@Ô ×5�XÔ�Ø[$0/ Í �� ��� ~ � Ì �"�^ÓZ�%4G4�/B�9�@Ô Õ�Ø��9Ô Ø $-/B�9�"�^ÓZ�9N94�/B�9�@Ô Õ¾�XÔ�Ø[$0/ Í $

4.2 RestrictedSelection

We now introducethe operationof restrictedselection. Informally, this operationis a selectionon the
explicit valuesof an atomicprobabilistictype of an object. Beforewe candefinerestrictedselectionon
TPOB-instances,anintermediatedefinitionis needed.

Definition 4.12(restricted selectionon explicit values) Let j beaprobabilistictupletype.Let ä beof the
form ô��tf , where ô is a pathexpressionfor j , and f is a constraint.Let � beanexplicit valueof j . The
restrictedselectionon � with respectto ä , denoted̀��� AB��G , is definedby:

	 If �Ë5 � ��9 � ��9��������N���SI � ��IF�������D���S� � ���N� , ��I is a valueof a classicaltype, ô 5 �SI , and ��I�R�ÜEl�Ý.A.f�G ,
then `��� AB�HG�5#� .

	 If �§5P� ��9 � ��9D�������N���MI � ��IF�������D����� � �b�D� , ��I is anexplicit valueof anatomicprobabilistictype,and
ô85ì�SI , then `��� AB�HG�5Ö� ��9 � ��9D�������D���MI � ��AB��I Q �Bê�G_R,��I�Ò���I Q R�ÜEl�ÝJA.f�G����������N����� � �b�D� .

	 If �Á5ç� ��9 � ��9��������N���SI � ��I3�������D����� � �b�N� , ��I is an explicit value of a probabilistictuple type, and
ô85ì�SI3�Þé , then `��� AB�HG�5Ö� ��9 � ��9D�������D���MI � `����� 
 AB��I°GC�������D����� � �b�N� .

	 Otherwise,̀��� AB�HG is undefined.

Wearenow readyto definetherestrictedselectionoperatoronTPOB-instances.

Definition 4.13(restricted selectionon TPOB-instances)Let ÄN5èA�ÂU�XÅ1G beaTPOB-instanceoveraTPOB-
schema¬T5×A^_U�B`¡�9aì��ngb��y�ÛG . Let ä be anexpressionof the form ô��tf , where ô is a pathexpressionfor
all `�A�dDG with d�Râ_ , and f is a constraint.Therestrictedselectionon Ä with respectto ä , denoted̀��� A�ÄNG , is
definedastheTPOB-instanceA�Â Q �XÅ Q G over ¬ , where:
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	 Â¡QWA�d�GÃ58�N$¼RâÂ�A�dDGMÒo` �� ADÅ=Ao$�GEG is defined� , for all d�R«_ .
	 Å Q Ao$�G�5 `��� ADÅ=Ao$�GEG , for all $¼RâÂ Q A^_ÛG .
Thefollowing exampleillustratestheuseof therestrictedselectionoperator.

Example4.14 Let ÄS5´A�ÂU�XÅ%G betheTPOB-instancegivenin Example4.11,andlet ä,5´Ao�Õrt��w�KêA
	���¥�«�GEG .
Then, ` �� A�ÄNG�5ÖA�Â Q �XÅ Q G , whereÂ Q 5 Â and Å Q is shown in Table9.

Table9: Å Q resultingfrom restrictedselectionÎ Ñ�� � Î /Î Ï ������� } ���S�CÒ¾�5� ~ �S� ~ �O�%��� z �%� �Z�S� � ���O�O�5���S� ~G� � � ~ �@�Q� Ì �"�ONVÓZ�%4G4�/B�9�@Ô Õ¾�XÔ Ö $0/��V�"�ONVÓZ�%×ZNV/B�9�@Ô ×5�XÔ�Ø[$0/ Í ,� ��� ~ � Ì ����ÓZ�%4G4o/��9�@Ô ÕoØ��9Ô Ø $-/ Í $

4.3 Renaming

We now definethe renamingoperation. Informally, this operationrenamessomeattributes in typesof
TPOB-schemasandvaluesof TPOB-instances.Weusepathexpressionstoallow for arenamingof attributes
at lower levels insidetypesandvalues. We first definethe syntaxof renamingconditions,which specify
whichattributesareto berenamed,andhow they areto berenamed.

Definition 4.15(renamingcondition) Let j beaprobabilistictupletype.A renamingconditionfor j is an
expressionof theform

�
�� ��
, where

�
 5Yô�9D�������D��ô�� is a list of pairwisedistinctpathexpressionsfor j ,
and

�� 5��¼9y�������v����� is a list of pairwisedistinctpathexpressionssuchthat ôÛI and �;I differ exactly in their
rightmostattribute,for every +%RO�����������N��¤J� .
We illustratetheconceptof renamingconditionsvia ourPackageExample.

Example4.16 Let j betheprobabilistictupletype �£�H�_���H~�svw � �t�:r uo� � {EuCz.rtsNx%�m��z.zWr ��w � � � uCrt��w|� �°�1�¡ �rt¢��Sw�sNu �
� � u�r��Swy� ����� . A renamingconditionfor j is givenby �H�¨���H~�svwb�þ��r uo� , �H�_���H~�svw � �H�¨���H~�svw��þ��r uo���b���H�¨���H~�svw�� .

Beforedefininghow to applytherenamingoperatoronTPOB-instances,weneedtwo definitions— one
onapplyingit to probabilistictupletypes,andanotheronapplyingit to TPOB-schemas.

Definition 4.17(renamingon probabilistic tuple types) Let � bearenamingconditionof theform ô �
ô Q for the probabilistictuple type jT5É� � 9m� j 9 �������N��� ?�� j ? � . The renamingof j with respectto � , de-
noted÷��(Aoj%G , is definedasfollows:

	 If ôY5ì�SI and ô�Qm5ì�MI Q , then ÷��XAoj%G is obtainedfrom j by replacing�SI by �MI Q .
	 If ô´58�MIF�µ� ��é�� � , ô�Q@58�MIF�µ� ��é;Qt� � , and jyI is anatomicprobabilistictype,then ÷���Aoj%G is obtainedfrom j

by replacingjyI=5Ö� � jyI Q � � by � �£÷ ����� � AojyI Q G°� � .
	 If ô<5Ó�SIF�Þé , ô�Q/5Y�SI3�Þé;Q , and jyI is not anatomicprobabilistictype,then ÷��(Aoj%G is obtainedfrom j

by replacingjyI by ÷ ���!�"� AojyIWG .
Let �65Óô�9D�������v��ô#� � ô�9 Q �������N��ô#� Q bea renamingconditionfor j . The renamingof j with respectto � ,
denoted÷��XAoj%G , is definedasthesimultaneousrenamingon j with respectto all ô:I � ôÛI Q .

Wenow definetherenamingof TPOB-schemas.

Definition 4.18(renamingof TPOB-schemas)Let ¬>5ÉA^_U�B`¡�9aì��ngb��y�=G be a TPOB-schemaandlet �
bearenamingconditionfor every `�A�dDG with d�RT_ . Therenamingof ¬ with respectto � , denoted÷ � A�¬ÛG , is
theTPOB-schemaA^_U�B`¡QB�9aì��ngb��y�ÛG , where `¡QoA�dDGÃ5Á÷���A�`�A�dDGEG for all dUR>_ .

BeforedefiningtherenamingonTPOB-instances,weneedto defineit on explicit values.

Definition 4.19(renamingof explicit values) Let � bea renamingconditionof theform ô � ô�Q for the
probabilistictupletype j,5 � ��9 � j�9��������v���M? � jy?�� . Let � 5 � ��9 � ��9��������v���M? � ��?�� beanexplicit valueof j .
Therenamingof � with respectto � , denoted÷ � AB��G , is definedby:
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	 If ôY5ì�SI and ô�Qm5ì�MI Q , then ÷��XAB�HG is obtainedfrom � by replacing�SI by �MI Q .
	 If ôÑ5¶� I �µ� ��é�� � , ô Q 5¶� I �µ� ��é Q � � , and � I is a value of an atomic probabilistictype, then ÷ � AB��G is

obtainedfrom � by replacingevery AB��IoQ²�BêyI.G@R���I by AW÷ �$���"� AB��IoQ�GC�BêyI°G .
	 If ôY5#�SI3�Þé , ô�QH5ì�SI3�Þé;Q , and ��I is notavalueof anatomicprobabilistictype,then ÷��XAB��G is obtained

from � by replacing��I by ÷ ����� � AB��I°G .
Let �65Öô 9 �������D��ô#� � ô 9 Q �������D��ô#� Q bea renamingconditionfor j . The renamingof � with respectto � ,
denoted÷��XAB�HG , is definedasthesimultaneousrenamingon � with respectto all ôÛI � ô:I Q .

Wearefinally readyto definetherenamingof TPOB-instances.

Definition 4.20(renamingof TPOB-instances) Let ÄM5ÖA�ÂU�XÅ1G beaTPOB-instanceoveraTPOB-schema¬Á56A^_U�B`¡�9aì��ngbb�y�ÛG , and let � be a renamingconditionfor every `�A�dDG with dUR>_ . The renamingof Ä
with respectto � , denoted÷ � A�ÄNG , is the TPOB-instanceA�ÂU�XÅ Q G over the TPOB-schema÷ � A�¬ÛG , whereÅ�QoAo$�G�5>÷���ADÅ=Ao$�GEG for all $_RÃÂ�A^_ÛG .
4.4 Projection

Theprojectionoperationremovessomeattributeswith their associatedtypesfrom TPOB-schemas,andthe
sameattributeswith their valuesfrom TPOB-instances.Wefirst definetheprojectionof TPOB-schemason
asetof attributes.

Definition 4.21(projection of TPOB-schemas)Let ¬�5¦A^_��B`¡�9aÁ��ngb��y�ÛG be a TPOB-schema,andlet %
beasetof attributes.Theprojectionof ¬ on % , denoted&('�A�¬ÛG , is definedastheTPOB-schemaA^_��B` Q �9a ,
ngbb�y�=G , wherethenew type `¡QWA�dDG of eachclassd,Re_ is obtainedfrom the old type `�A�dDG�5d� ñX9 � j�9�������� ,
ñ�� � j���� by removing all ñSI � jyI ’s with ñ�IÕéR)% .

Wemaynow definetheprojectionof aTPOB-instanceonasetof attributes.

Definition 4.22(projection of TPOB-instances) Let ÄÛ5TA�ÂU�XÅ%G beaTPOB-instanceoveraTPOB-schema¬�5TA^_U�B`¡�9aì��ncb��y�=G , andlet % beasetof attributes.Theprojectionof Ä on % , denoted& ' A�ÄNG , is definedas
theTPOB-instanceA�ÂU�XÅ�QµG over theTPOB-schema& ' A�¬=G , wherethenew value Å�QWAo$bG of eachoid $èR«Â�A^_ÛG
is obtainedfrom theold value Å=Ao$�GH5*� ñ�9 � ��9D�������D��ñ;� � �b�D� by removing all ñ�I � ��I ’swith ñ�I¨½R*% .

Example4.23 Considerthe fully inheritedTPOB-schema¬>5iA^_U�B`¡�9aÁ��ncbb�y�=G of Example3.6 andthe
TPOB-instanceÄe5ÉA�ÂU�XÅ%G over ¬ of Example3.8. The assignments̀ Q and Å Q obtainedby projecting ¬
and Ä on %q5Y���;zWr x�rts����Õrt��w�� areshown in Tables10 and11,respectively.

Table10: `¡Q resultingfrom projectionw x � � w /y5z { |Bz[}G~ � ����� } ���A�Z�O������� } $� ~ �D� ~ � � ����� } ���A�Z�O������� } $� �V� � ����� } ���A�Z�O������� } $�A���.~ � ����� } ���A�Z�O������� } $y ��� ���0� ��� � ����� } ���A�Z�O������� } � � ��� ~ �#� � �%��� ~ $ $@$� � � � ~ ��� � z � ~ � � ����� } ���A�Z�O������� } � � ��� ~ �#� � �%��� ~ $ $@$��� ~ - ��� z �V�"� ~ � � ����� } ���A�Z�O������� } � � ��� ~ �#� � �%��� ~ $ $@$�Q¢ � -��� z �[�O� ~ � � ����� } ���A�Z�O������� } � � ��� ~ �#� � �%��� ~ $ $@$

4.5 Extraction

To our knowledge,the extractionoperationis onethat hasnever beendefinedin probabilisticdatabases.
This operationis uniqueto objectbasesbecauseit allows for classesto be selected(andhencefor other
classesto bedropped)from theclasshierarchyof aTPOB-schema.
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Table11: Å Q resultingfrom projectionÎ Ñ�� � Î /Î Ï �����0� } ���C�SÒ\�5� ~ � � ��� ~ � Ì ����Ó5��4G4o/��V��Ô ÕoØZ�XÔ�Ø[$0/��9����Ó5�XN94o/��V��Ô Õ5�9Ô Ø $-/ Í $Î Ð �����0� } ���C� y¾z ��� �B� � ��� ~ � Ì ���ON[Ú���4�4�/B�9�@Ô ×5�XÔ Õ.$0/��9���ON[Ú���4oØG/B�9�@Ô Õ¾�XÔÞÛV$0/ Í $

Thatis, theextractionoperationremovesclassesfrom theclasshierarchyandall objectsin thedropped
classes.Wefirst definetheextractionoperationonTPOB-schemas.

Definition 4.24(extraction on TPOB-schemas)Let ¬�5¦A^_��B`¡�9aÁ��ngb��y�ÛG be a TPOB-schema,andlet +
bea subsetof _ . Theextraction on ¬ with respectto + , denoted,.-MA�¬ÛG , is definedastheTPOB-schema¬@Qm5ÖA^_¡QB�B`¡Qo�9aÔQo��ngb�Qo�y�¡Q�G , where

	 _¡Qm5/+ .
	 `¡Q is therestrictionof ` to _¡Q .
	 aÔQ is abinaryrelationon _@Q suchthatfor eachdv9D�BdyÂ�R¹_¡Q , it holds dv9(aÔQ�dyÂ if f thereexistssomepath
�H9(a6��Â¯aÑº�º�º�aÉ��� suchthat �H9¨5 dN9 , ���;5 d|Â , and ��Â��������N����� ò/9 R®_,\õ_ Q .

	 ngb Q A�dDG¨5Ö��AEA10 °¹_ Q G324065 � G�½58ø�Ò�0qR�ngb�A�dDG�� , where 065 � 5Ö�N�H9�Râ_ Q Ò��H9³aÙ��Â¤açº�º�º#a ��� for
some� Â �������v����� ò/9 R®_,\õ_ Q �%���XR70×\õ_ Q � , for all dURT_ Q .

	 For all dv9D�BdyÂ�R®_ Q , wedefine � Q A�dv9D�Bd|Â�G]5�8 � ò/9I·¹:9 �]Ao��IF����I:9:9|G , wherethe ��I ’s aresuchthat �H9(aÉ��Â¯a
º�º�º\a¶��� , �H9¨5 dv9 , ����5 dyÂ , and ��Â��������v����� ò/9 R®_,\õ_@Q .

Thefollowing exampleillustratestheuseof theextractionoperatoron TPOB-schemas.

Example4.25 Considerthe fully inheritedTPOB-schema¬Ö5çA^_��B`¡�9aÁ��ngb��y�ÛG of Examples3.6. The
extractionon ¬ with respectto thesetof classes+´5Y���m�op�¯C�vx�w��.q�wyuFuFw�zF�D�:zWr ~�zWr uo�H�C�;s�w - u|z²��sN{�vWw�z.� is givenby
theTPOB-schema, - A�¬=G�5´A^_ Q �B` Q �9a Q ��ngb Q �y� Q G , where:

	 _ Q 5Y���m��p�¯|�Nx�w��.q�wyuJu3w�z3�D�ÛzWr ~�zWr uo�H�C�;svw - uCz²��sv{�vow�z°� .
	 ` Q is givenin Table12.
	 A^_ Q �9a Q G and � Q aregivenin Figure2.
	 ngb�QWA3�m�op�¯C�vx�w�G�5Y�b�5q�wyuFu3w�zJ�C��svw - u|z²��sN{�vWw�z.���/���:zWr ~�zWr uo�H�b� , ngb�Q.A3�Ûz.r ~�z.r uo��G�58�b����svw - u|z²��sN{�vWw�z.�b� ,

and ngb Q A�q�wyuFu3w�z.G]5Ángb Q A.�;svw - uCz²��sv{�vow�zWG]5Áø .
Table12: Typeassignment` Q resultingfrom extractionw x � � w /y5z { |Bz[}�~ ������� } ���A�Z�O������� } �#� ~ �"�%��� z �%� �5�S�Z�"���0��� } �S� ~G� � � ~ �@�Q�S� � �%��� ~ $ $	$� ~ �D� ~ � ������� } ���A�Z�O������� } �#� ~ �"�%��� z �%� �5�S�Z�"���0��� } �S� ~G� � � ~ �@�Q�S� � �%��� ~ $ $��S� ~ � }Z� �����Z� z ������� �.� � ���Z� z ��$y ��� ����� �^� ������� } ���A�Z�O������� } �#� ~ �"�%��� z �%� �5�S�Z�"���0��� } �S� ~G� � � ~ �@�Q�S� � �%��� ~ $ $�� � ��� ~ �#� � �%��� ~ $ $	$��� ~ - ��� z �[�O� ~ � ������� } ���A�Z�O������� } �#� ~ �"�%��� z �%� �5�S�Z�"���0��� } �S� ~G� � � ~ �@�Q�S� � �%��� ~ $ $��S� ~ � }Z� �����Z� z ������� �.� � ���Z� z � ,� ~.� � � �Z�Z� z ��� � ��� ~ �S� � �%��� ~ $ $��\�A� ���A���"���0��� } �5 W�^��� � ~ �S� � �%��� ~ $ $���¡ � � � � ~ �9���S� � �%��� ~ $ $	$

Ournext stepis to definetheextractionoperationonTPOB-instances.

Definition 4.26(extraction on TPOB-instances) Let ÄN5¼A�ÂU�XÅ%G bea TPOB-instanceover a TPOB-schema¬Ð5¶A^_��B`¡�9a>��ngbb�y�ÛG , and let + be a setof classesfrom _ . The extraction on Ä with respectto + , de-
noted, - A�ÄNG , is theTPOB-instanceA�Â¡Qo�XÅ�Q·G over theTPOB-schema, - A�¬ÛG�5ÖA^_¡QB�B`¡Qo�9aÔQo��ngb�Qo�y�¡Q�G , where:

	 Â¡Q is therestrictionof Â to _@Q .
	 Å�Q is therestrictionof Å to Â¡QWA^_@QµG .
Thefollowing exampleillustratestheapplicationof theextractionoperatoron TPOB-instances.
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Figure2: Classhierarchyandprobabilityassignmentresultingfrom extraction

Example4.27 Considerthe fully inheritedTPOB-schema¬>5iA^_U�B`¡�9aÁ��ncbb�y�=G of Example3.6 andthe
TPOB-instanceÄÕ5ÖA�ÂU�XÅ%G over ¬ of Example3.8.Theextractionon Ä with respectto thesetof classes+Ó5
���m��p�¯|�Nx�w , q�wyuFuFw�z , �:zWr ~�zWr uo� , ��svw - u|z²��sN{�vWw�z.� resultsin aTPOB-instanceA�Â¡Qo�XÅ�Q�G overtheTPOB-schema, - A�¬ÛG
in Example4.25,whereÂ Q is givenby Table13 and Å Q is givenby Å Q Ao$�iDG�5 Å=Ao$�iNG .

Table13: Â¡Q and A�Â¡Q·G � resultingfrom extractionw Ê � � w / � Ê � / Ë � w /y5z {.|�z[}�~ ÌGÍ Ì[Î Ï Í� ~ �D� ~ � ÌGÍ Ì�Íy �0� ����� �^� ÌVÎ Ï Í Ì[Î Ï Í
��� ~ - ��� z �[�O� ~ � ÌGÍ Ì�Í

4.6 Natural Join

Theoperationswehavepresentedthusfaraccessonly oneTPOB-instanceata time. Wenow definetheim-
portantconceptof anaturaljoin. Recallthatfor eachclassd;R®_ of aTPOB-schema¬Ç5ÖA^_U�B`¡�9aì��ncb��y�=G ,
the type `�A�dDG is a probabilistictuple type over ¬ . Moreover, eachoid $ØR Â�A�dDG that occursin a TPOB-
instanceÄ�5qA�ÂU�XÅ%G over ¬ is associatedwith a valueof theprobabilistictupletype `�A�dDG . Eachsuch $ may
bewrittenasthelist of thevalues(possiblycomplex values)for thetop-level attributes � 9 �������N���<; of `�A�dDG .
Wefirst describewhentwo TPOB-schemas¬�9 and ¬/Â canbecombinedusingnaturaljoin.

Definition 4.28(natural-join-compatible TPOB-schemas)The TPOB-schemas¬:9(5×A^_@9D�B`/9D�9a^9D��ncb�9 ,
�:9CG and ¬¡Â�5 A^_HÂ , `%Â��9aØÂ���ngbNÂ��y�/ÂNG arenatural-join-compatible if f for all classesdv9ÛR>_19 and d|Â]RT_�Â , the
commontop-level attributesof `/9NA�dv9|G and `1Â�A�d|ÂNG areassociatedwith thesametypesin `=9DA�dv9|G and `%Â�A�dyÂNG .

Wemaynow definethenaturaljoin of two natural-join-compatible TPOB-schemas.

Definition 4.29(natural join of TPOB-schemas)Let ¬�9M5qA^_19��B`/9D�9a#9D��ngb�9D�y�:9CG and ¬/Â�5 A^_HÂ��B`%Â��9aTÂ ,
ngb Â �y� Â G betwo natural-join-compatible TPOB-schemas.Thenatural join of ¬ 9 and ¬ Â , denoted¬ 9.=
> ¬ Â ,
is theTPOB-schema¬e5ÖA^_U�B`¡�9a>��ngbb�y�=G , where

	 _[5È_19�¶ _�Â .
	 For all d;5ÚA�dv9D�BdyÂNGSR�_ , theprobabilistictupletype `�A�d�G�5Ú� ��9 � j�9��������N���(� � j��þ� containsexactly all
�SI � jyI thatbelongto eitherthetype `/9vA�dv9|G or thetype `%Â�A�dyÂNG .

	 The directedacyclic graph A^_��9a¦G is definedas follows. For all dË5ÑA�dv9D�BdyÂNGC���#5ÑAo�H9D����ÂNGÇR _ :d¯aÉ� if f A�d 9 a 9 � 9 Å d Â 5ì� Â G or A�d 9 5ì� 9 Å®d Â a Â � Â GC�
	 The partitioning ncb is given as follows. For all d,5¶A�dN9D�BdyÂNG!R _ : ngb�A�dDG¦5 �.kS9J¶O�Gd|Â��ÔÒJkS9[R
ngb�9vA�dv9|G��?2Ç�b�Gdv9��:¶³k_Â�Òok_Â�RengbDÂbA�dyÂNG����
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Figure3: Naturaljoin of schemas

	 Theprobabilityassignment� is definedasfollows. For all dM5ÖA�dv9D�Bd|ÂNGïaÉ�(5ÖAo�m9D����ÂNG :

��A�d�����G�5 @ �:9NA�dv9D���H9|G if d|ÂM5Á��Â
�¡ÂbA�dyÂ�����ÂNG if dN9¨5Á�H9 .

Thefollowing exampleillustratesthenaturaljoin of TPOB-schemasvia thePackageExample.

Example4.30 Let ¬�9 and ¬¡Â be the TPOB-schemasfrom Examples3.6 and 4.25, respectively. Then,¬:9 =
> ¬/Â is theTPOB-schema¬[5ÖA^_U�B`¡�9aÁ��ncbb�y�=G partiallyshown in Table14 andFigure3.

Table14: Typeassignment` resultingfrom naturaljoinw x � w /� y¾z { |Bz[}G~ � y5z { |Bz[}G~ / ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S���O������� } �S� ~G� � � ~ �@�¿�S� � �%��� ~ $ $@$� �A�o�.~ � y5z { |Bz[}�~ / ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S���O������� } �S� ~G� � � ~ �@�¿�S� � �%��� ~ $ $��C� ~ � }Z� �o�Z�Z� z �����â� �G� � ���Z� z � ,� ~.� � � ���Z� z ��$� y ��� ���0� ����� y5z {.|�z[}�~ / ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S���O������� } �S� ~G� � � ~ �@�¿�S� � �%��� ~ $ $�� � ��� ~ �S� � �%��� ~ $ $	$���(� ~ - ��� z �V�"� ~ �D� � ~ �D� ~ �^/ ������� } ���C�5�O������� } �S� ~ �"�%��� z �%� �5�S���O������� } �S� ~G� � � ~ �@�¿�S� � �%��� ~ $ $��C� ~ � }Z� �o�Z�Z� z �����â� �G� � ���Z� z � ,� ~.� � � ���Z� z ��� � ��� ~ �#� � �%��� ~ $ $��\�A� �^�¿�Z�O������� } �� W���0� � ~ �#� � �%��� ~ $ $��%¡ � � � � ~ �V���S� � �%��� ~ $ $@$
To definethenaturaljoin of TPOB-instances,wefirst needsomepreliminarydefinitions.Theseinclude

theconceptof intersectionof two explicit values��9 and �bÂ of thesametype j , andthenaturaljoin of two
explicit values� 9 and � Â of two probabilistictupletypes j 9 and j Â , respectively.

Definition 4.31(intersection of explicit values) Let ��9 and ��Â be eithertwo valuesof the sameclassical
type j , or two explicit valuesof the sameprobabilistic type j . Let

�
be a conjunctionstrategy. The

intersectionof ��9 and ��Â under
�

, denoted��9+°*ã �bÂ , is inductively definedby:
	 If j is a classicaltypeand ��915§�bÂ , then ��9+°*ã ��Â=5§��9 .
	 If j is anatomicprobabilistictypeand ù ½5Áø , then � 9 ° ã � Â 5Áù , where

ù#5Á��AB�%�Bê�9 � ê�ÂNG�ÒHAB�%�Bê�9|G_Re��9��:AB�1�Bê�ÂNG_R,�bÂv���
	 If j is aprobabilistictupletypeover thesetof top-level attributes % andall ��9�� �â°*ã;�bÂ�� � aredefined,

then AB� 9 ° ã � Â GC� �>5#� 9 � �H° ã � Â � � for all �YR)% .
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	 Otherwise,��9+°*ã ��Â is undefined.

Thefollowing exampleillustratestheabove concept.

Example4.32 Let u�r��Sw be the standardcalendarwith respectto the linear temporalhierarchy "%$v&1'Á�
),+.-/&%0E2 , andlet

�
beaconjunctionstrategy.

	 Considerthevalues� 9 5Ö� Â 5 A3�D������¥�G and � i 5 A3�D���E©�¥�G of thetemporalatomictype u�r��Sw . Then,
��9+°*ã �bÂ�5ì��9 , while ��9+°*ã ��i is undefined.

	 Considerthefollowing explicit valuesof theatomicprobabilistictype � � uCrt�Sw|� � :
��9¨58��AEAWa���¥b¥�GC�N����������«v�BGC�vAEA3�N¥���¥b¥�GC�N�þ�����D��ªv�WGC�NA�A3������¥�¥�G|�N�������D��«v�BGC���Û�bÂM58��AEA3�D����¥b¥�GC�N���������£©��BG��Ã�
��iM58��AEAWa���¥b¥�GC�N���������£©��BGC�vAEA3������¥b¥�GC�N�þ�����D��ªv�WGC�NA�A3�N����¥�¥�G|�N�������D�£©��BGC���

Then, � 9 ° ã �@è � Â is undefined,while � 9 ° ã ��è � i 58��AEAWa���¥b¥�GC�N��� ¥�a������v�BGy�NAEAE�b�b��¥b¥�GC�v��� ¥�ª��D���v�BGC� .
Wenow cometo oursecondpreliminarydefinition— thatof anaturaljoin of two explicit values.

Definition 4.33(natural join of explicit values) Let ��9 and �bÂ be explicit valuesof probabilistic tuple
types j�9 and j�Â , respectively. Let

�
bea conjunctionstrategy. Let %[9 and % Â bethetop-level attributesof

j 9 and j Â , respectively, andlet %í5A% 9 °7% Â . Let all �ÔR!% have thesametypesin j 9 and j Â . Thenatural
join of ��9 and �bÂ under

�
, denoted��9 =
> ã§�bÂ , is definedasfollows:

	 AB��9 =
> ã³�bÂDGC� �Ð5ì��I3� � for all �ÔR!% I�\B% , +%R¼��������� , AB��9 =
> ãË�bÂNGC� �Ð5ì��9�� � =
> ã³�bÂ�� � for all �ÔR!% .
If all � 9 � � =
>Zã � Â � � with �ÊR!% aredefined,then � 9.=
>Zã � Â is defined.

Wearenow readyto definethenaturaljoin of two TPOB-instances.

Definition 4.34(natural join of TPOB-instances) Let Ä�9Ç5áA�Â=9y�XÅ�9|G and Ä�Âæ5áA�Â%Â��XÅ�ÂNG be two TPOB-
instancesover the natural-join-compatible TPOB-schemas¬:9@5¦A^_19��B`/9D�9a#9D��ngb�9D�y�:9CG and ¬/Â,5¶A^_�Â��B`1Â ,aØÂ���ngbNÂ��y�¡ÂNG , respectively. For +XR#��������� , let % I denotethesetof top-level attributesof ¬¡I . Let

�
be a

conjunctionstrategy. Thenatural join of Ä�9 and Ä�Â under
�

, denotedÄ�9 =
> ã Ä�Â , is definedastheTPOB-
instanceÄM5ÖA�ÂU�XÅ%G over theTPOB-schema¬Ç5 ¬ 9C=
> ¬ Â , where:

	 Â�A�dDG�58��Ao$�9N��$�ÂNG¨RâÂ=9DA�dv9|GY¶�Â%ÂbA�dyÂNGÕÒ�Å�9vAo$�9|G =
> ã»Å�Â�Ao$�ÂDG is defined� , for all dÕ5ÖA�dv9D�Bd|Â�G¨R®_19¯¶«_�Â .
	 Å=Ao$�G�5 Å�9NAo$�9|G =
> ã»Å�ÂbAo$�ÂNG , for all $�5ÖAo$�9D��$�ÂNG_R«Â�A^_@9¯¶®_HÂNG .

Example4.35 Let ¬:9 and ¬/Â betheTPOB-schemasgivenin Example3.6andproducedin Example4.25,
respectively. Let Ä�9 and Ä�Â be the TPOB-instancesover ¬�9 and ¬/Â producedin Examples4.11and4.27,
respectively. Then, Ä�9 =
> ã �ED Ä�Â is the TPOB-instanceÄÐ5 A�ÂU�XÅ%G over ¬:9 =
> ¬/Â , where Â is given
by Â�AEA3�:zWr ~�zWr uo�m�D�:zWr ~�zWr uo��GEG�58��Ao$�i���$�iNG�� and Â�A�dDG�5Áø for all otherclassesd , and Å is givenby Table15.

Table15: Å resultingfrom naturaljoinÎ Ñ � Î /� Î Ï � Î Ï / � ����� } ���A�SÒ\�Z� ~ �#� ~ �O�%��� z �%� �Z�C� � �G�"�O�Z���C� ~.� � � ~ �	�A� Ì �"�"N9ÓZ�%4G4o/��9�@Ô Õ5�XNX$-/B�9���ON9Ó5��×5NV/��V��Ô ×Z�9NB$0/ Í �� ��� ~ � Ì ����Ó5��4G4o/��V��Ô ÕoØZ�XNB$0/��V�"�^ÓZ�XNV4�/B�9�@Ô Õ¾�XNB$0/ Í $

4.7 CartesianProduct and Conditional Join

In the above definition of naturaljoin, if the sets %)F and %4G aredisjoint, then the naturaljoin is called
Cartesianproduct and denotedby the symbol ¶ . The following condition describeswhen two TPOB-
schemas¬:9 and ¬¡Â canbecombinedusingCartesianproduct.

Definition 4.36(Cartesian-product-compatibleTPOB-schemas)TheTPOB-schemas¬:9@5ØA^_@9D�B`/9D�9a#9 ,
ngb�9��y�:9|G and ¬/Â(5 A^_�Â , `1Â��9aTÂ���ngbNÂ��y�/ÂNG areCartesian-product-compatible if f for all classesdv9=R>_@9 andd Â RT_ Â , thetypes ` 9 A�d 9 G and ` Â A�d Â G have disjoint setsof top-level attributes.
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Theconditionaljoin operationcombinesvaluesof two TPOB-instancesthatsatisfyaprobabilisticselec-
tion condition ä . Let Ä�9 and Ä�Â beTPOB-instancesover theCartesian-product-compatible TPOB-schemas¬ 9 and ¬ Â , respectively. The conditional join of Ä 9 and Ä Â with respectto ä , denotedÄ 94=
> � Ä Â , is the
TPOB-instanceÄ�9 =
> � Ä�ÂM5 ` � A�Ä�9·¶âÄ�ÂDG over theTPOB-schema¬�9¯¶õ¬/Â .
Example4.37 Let ¬:9 and Ä�9 betheTPOB-schemaandtheTPOB-instance,respectively, producedin Exam-
ple4.23.Let ¬ Â and Ä Â betheTPOB-schemaandtheTPOB-instanceobtainedfrom ¬ 9 and Ä 9 , respectively,
by renamingtheattributes �;z.r x�rts and ��rt��w with �;zWr x�rtsH� and �Õrt��w�� , respectively. TheCartesianproductof¬:9 and ¬¡Â is theTPOB-schema¬Ç5ÖA^_��B`¡�9a>��ngbb�y�ÛG partially shown in Table16 andFigure3. Thecondi-
tional join of Ä�9 and Ä�Â with respectto ä,5´A.�;zWr x�rts�5JI¡~��SwÃÅe��zWr x�r�sK�S5Ö�m��zWr {CGy�þ���D�|� is theTPOB-instanceÄ;5qA�ÂU�XÅ%G over theTPOB-schema¬�9§¶º¬¡Â , where Â is givenby Â�AEA3�Ûz.r ~�z.r uo�m���]­�~ - u|z²��sN{�vWw�zoGEG�5´��Ao$�ib��$�hNG��
and Â�A�dDG�5>ø for all otherclassesd , and Å is shown in Table17.

Table16: Typeassignment` resultingfrom conditionaljoinw x � w /� y5z {.|Bz[}G~ � y¾z { |Bz[}G~ / ������� } ���C�5�O������� } �\����� } ���ML��Z�O������� } $� �A�o�.~ � y¾z { |Bz[}G~ / ������� } ���C�5�O������� } �\����� } ���ML��Z�O������� } $� y �0� ����� ����� y5z { |Bz[}�~ / ������� } ���C�5�O������� } � � ��� ~ �C� � �%��� ~ $ $��\����� } ���ML��Z�"���0��� } $����� ~ - ��� z �[�O� ~ �O� � ~ �D� ~ ��/ ������� } ���C�5�O������� } � � ��� ~ �C� � �%��� ~ $ $��\����� } ���ML��Z�"���0��� } $
Table17: ValueassignmentÅ resultingfrom conditionaljoinÎ Ñ � Î /� Î Ï � Î Ð / �����0� } ���C�SÒ\�5� ~ � � ��� ~ � Ì �"��Ó5��4�4�/��V��Ô ÕoØZ�XÔ�Ø[$0/��V�"��Ó5�XNV4�/��V��Ô Õ5�9Ô Ø $-/ Í ,���0� } ���NL�� y5z ��� �B� � ��� ~ L�� Ì ���ONVÚZ��4�4�/��V��Ô ×Z�9Ô ÕG$-/B�9���ONVÚZ��4oØG/��V��Ô Õ5�9Ô�Û[$-/ Í $

4.8 Intersection, Union, and Differ ence

Wefinally definetheoperationsof intersection,union,anddifferenceontwo TPOB-instancesover thesame
TPOB-schema.Wefirst describeintersection.Informally speaking,thisoperationintersectsthesetsof oids
of two TPOB-instances,aswell astheexplicit valuesassociatedwith eachoid in bothTPOB-instances.

Definition 4.38(intersection of TPOB-instances) Let Ä�9�5OA�Â/9D�XÅ�9CG and Ä�ÂD5¼A�Â1Â��XÅ�ÂNG be TPOB-instances
over the sameTPOB-schema¬´5ÎA^_��B`¡�9aÁ��ngb��y�ÛG , and let

�
be a conjunctionstrategy. The intersec-

tion of Ä�9 and Ä�Â under
�

, denotedÄ�9+°*ã¹Ä�Â , is theTPOB-instanceA�ÂU�XÅ%G over ¬ , where:
	 Â�A�dDG�58�N$_RÉÂ=9NA�d�G:°®Â%ÂbA�dDGMÒ�Å�9vAo$�G�°*ã Å�Â�Ao$�G is defined� , for all dUR>_ .
	 Å=Ao$�G�5 Å�9NAo$�G�°*ãgÅ�ÂbAo$�G , for all $¨RÉÂ�A^_=G .

Example4.39 Let ¬ be theTPOB-schemaof Example3.6. Let Ä�9 and Ä�Â be theTPOB-instancesover ¬
given in Example3.8andproducedin Example4.14,respectively. Theintersectionof Ä�9 and Ä�Â underthe
conjunctionstrategy

� IPO is theTPOB-instanceÄ�5 A�ÂU�XÅ%G over ¬ , where Â is givenby Â�A3�:zWr ~�zWr uo��G�5<�N$�i��
and Â�A�dDG�5>ø for all otherclassesd , and Å is shown in Table18.

Table18: Å resultingfrom intersectionÎ Ñ � Î /Î Ï �����0� } ���C�#Ò\�Z� ~ �S� ~ �"�%��� z �%� �5�S� � �G�"�O�Z���#� ~.� � � ~ �	�Q� Ì ���ON9Ó5��4�4�/��V��Ô Õ5�9NB$0/��V�"�ONVÓZ�%×ZNV/B�9�@Ô ×5�XNX$-/ Í ,� ��� ~ � Ì �"�^ÓZ��4�4�/B�9�@Ô Õ�Ø��XNX$-/ Í $
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Likewise,theunionoperationintuitively computestheunionof thesetsof oidsof two TPOB-instances,
combinedwith theunionof the two explicit valuesassociatedwith eachoid in bothTPOB-instances.We
first definetheunionof two explicit valuesof thesametype.

Definition 4.40(union of explicit values) Let ��9 and �bÂ beeithertwo valuesof thesameclassicaltype j ,
or two explicit valuesof thesameprobabilistictype j , andlet � bea disjunctionstrategy. Theunionof ��9
and � Â under � , denoted� 9 2 ç � Â , is inductively definedasfollows:

	 If j is a classicaltypeand � 9 5§� Â , then � 9 2 ç � Â 5ì� 9 .
	 If j is anatomicprobabilistictype,then

��9$2*çX�bÂ 5 ��AB�1�Bê�9yG@R���9�Òv��RÇô¡9D\§ô%Âv�?2Ç��AB�%�Bê�Â�G@R��bÂ�Òv��RÉô%Âb\§ô/9|��2
��AB�1�Bê�9W�eê�ÂDGÕÒ�AB�%�Bê�9�G@R���9D�ÛAB�%�Bê�ÂvG@R��bÂv���

where ô 9 58�D�,Ò�AB�1�Bê�G@RX� 9 � and ô Â 5Y�D�,Ò�AB�1�Bê�G@RX� Â � .
	 If j is aprobabilistictupletypeover thesetof top-level attributes % andall � 9 � �B2 ç � Â � � aredefined,

then AB��9�2*ç ��ÂNGC� �>5#��9�� �Q2*ç �bÂv� � for all �YR)% .
	 Otherwise,��9�2*ç ��Â is undefined.

Wearenow readyto definetheunionof two TPOB-instances.

Definition 4.41(union of TPOB-instances) Let Ä 9 5ÚA�Â 9 �XÅ 9 G and Ä Â 5ÚA�Â Â �XÅ Â G beTPOB-instancesover
the sameTPOB-schema¬>5ÉA^_��B`¡�9aÁ��ngb��y�ÛG . Let � be a disjunctionstrategy. The union of Ä�9 and Ä�Â
under � , denotedÄ�9#2*ç¹Ä�Â , is theTPOB-instanceA�ÂU�XÅ%G over ¬ , where:

	 Â�A�dDG�5ÖA�Â=9vA�d�G|\§Â%ÂbA�dDGEG32ËA�Â1Â�A�d�G|\§Â/9NA�dDGEGR2
�N$_RÉÂ 9 A�dDG2°«Â Â A�dDGMÒ�Å 9 Ao$�GS2 ç Å Â Ao$�G is defined� , for all dUR>_ .

	 Å=Ao$�G�5 TUV UW
Å�9DAo$�G if $_RÃÂ/9NA�dDG|\¯Â1ÂbA�d�GÅ�Â�Ao$�G if $_RÃÂ%ÂbA�dDG|\¯Â=9NA�d�GÅ 9 Ao$�GS2 ç Å Â Ao$�G if $_RÃÂ 9 A�dDG2°®Â Â A�dDG .

Wefinally definethedifferenceof two TPOB-instances.

Definition 4.42(differenceof explicit values) Let � 9 and � Â be either two valuesof the sameclassical
type j , or two explicit valuesof the sameprobabilistictype j , and let � be a differencestrategy. The
differenceof ��9 and ��Â under � , denoted��9�\YX �bÂ , is inductively definedby:

	 If j is a classicaltypeand ��915§�bÂ , then ��9�\YX ��ÂM5ì��9 .
	 If j is anatomicprobabilistictype,then

��9/\<X��bÂÍ5 ��AB�1�Bê�9yG@R���9SÒ���Rüô¡9N\¯ô%Â��Z2Ç��AB�1�Bê�9W�eê�ÂNG�ÒHAB�1�Bê�9|G@R���9��:AB�%�Bê�ÂNG@R��bÂ����
where ô 9 58�D�,Ò�AB�1�Bê�G@RX� 9 � and ô Â 5Y�D�,Ò�AB�1�Bê�G@RX� Â � .

	 If j is aprobabilistictupletypeoverthesetof top-level attributes % andall � 9 � �§\ X � Â � � aredefined,
then AB��9�\YX ��ÂNGC� �>5#��9�� �ì\YX �bÂv� � for all �YR)% .

	 Otherwise,��9�\YX ��Â is undefined.

Definition 4.43(differenceof TPOB-instances) Let Ä�9;5íA�Â=9��XÅ�9|G and Ä�Â(5íA�Â%Â��XÅ�ÂNG beTPOB-instances
over the sameTPOB-schema¬#5hA^_U�B`¡�9aì��ncb��y�=G . Let � be a differencestrategy. The differenceof Ä�9
and Ä�Â under � , denotedÄ�9�\YX¹Ä�Â , is theTPOB-instanceA�ÂU�XÅ%G over ¬ , where:

	 Â�A�dDG�5ÖA�Â=9vA�d�G|\§Â%ÂbA�dDGEG32[�N$_RÉÂ=9NA�d�G:°®Â%ÂbA�dDGMÒ�Å�9vAo$�GU\YX¹Å�Â�Ao$�G is defined� , for all dUR>_ .

	 Å=Ao$�G�5
ö Å�9NAo$�G if $¨RTÂ=9vA�dDG|\·Â%Â�A�dDGÅ�9NAo$�GU\YX®Å�Â�Ao$�G if $¨RTÂ=9vA�dDG2°®Â%ÂbA�dDG .
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5 The Implicit Algebra

The explicit algebradescribedin the precedingsectionsuffers from many problems. First, the sizesof
TPOB-instancescanbe very large. As we can seefrom Table7, a probability must be associatedwith
eachtime point involved. However, to merelysaythat a given packagewill arrive at St. Louis sometime
between5:30pmand6:30pm may(if we reasonat a minuteby minutelevel) require60 time pointsto be
specified(Table7 only shows a coupleof time points). Second,becauseof the large sizeof the explicit
TPOB-instances,thecostsof executingtheoperationsis alsopotentiallyhighastheir inputsarelarge.

In this section,we alleviate this problemby definingTPOB algebraicoperationson implicit TPOB-
instances.Theseimplicit operationscorrectlyimplementtheir explicit counterpartsdefinedin Section4.

5.1 Selection

In orderto definetheselectionoperationfor implicit TPOB-instances,it is sufficient to definehow to eval-
uatepathexpressionsandhow to assesstheprobability thatan implicit valuesatisfiesanatomicselection
condition. Thevaluationof selectionconditions,thesatisfactionof probabilisticselectionconditions,and
theselectionon implicit TPOB-instancesarethendefinedin thesamewayasin Section4.1.

Definition 5.1(valuation of path expressions)Let ô beapathexpressionfor theprobabilistictype j . The
valuationof ô underanimplicit value � of j , denoted�1� ô , is definedasfollows:

	 If �è5Ö� ��9 � ��9D�������D����� � �b�N� and ô85Á�MIDé , then �%� ôÓ5#��I�é .
	 If �Ô5h��A.fM9D��È!9D��¤.9D�E&=9D��÷v9yGC�������v�NA.f¨����Èè����¤µ���E&1����÷y�bG�� and ôi5 � ��é�� � , then �1� ôi5h��A.fM9N��È!9D��¤W9D�E&Û9 ,
÷ 9 �Bé�GC�������N�NA.f¨����Èè����¤µ���E&1����÷y���Bé�G�� . Wecall suchsetsgeneralizedimplicit valuesof j .

	 �%� ô is undefinedotherwise.

Definition 5.2(valuation of atomic selectionconditions) Let ÄÊ5çA�ÂU�XÅ%G be an implicit TPOB-instance
over theTPOB-schema¬e5´A^_��B`¡�9a>��ngbb�y�ÛG , andlet $_RÃÂ�A^_ÛG . Let � bethedisjunctionstrategy for mutual
exclusion. The probabilistic valuationwith respectto Ä and $ , denotedë#ì�l�í î ï ð , is the following partial
mappingfrom thesetof all atomicselectionconditionsto thesetof all closedsubintervalsof � ¥��D�|� :

	 ë#ì�l�í î ï ð AB+°-�A�d�GEGÃ5Ö� ncñ0ò=A�b[ß�àNA�áNGDAo$�GEGC��ncóoß:A�b[ß�àNA�áNGDAo$�GEG°� .
	 Let ô bea pathexpressionfor thetypeof $ . If ÅÛAo$bGC� ô is avalueof aclassicaltype,thendefine ôÖ5
��AEA.ûOGC�NADÅ=Ao$�GEGC�D���D���yå¨��ôXG�� , elseif Å=Ao$�GC� ô is a generalizedimplicit valueof an atomicprobabilistic
type,thendefine ôÓ5 Å=Ao$�GC� ô . Otherwise,ô is undefined.

ë#ì�l�í î ï ð Aoôê»]��G�5
öø÷ �I�¹:9 êyI if ô is defined

undefined otherwise,

where ê�9y�������v�Bê�� arethe intervals � ¤�ºC÷�A�ù;GC�E&Xºy÷�A�ù;G°� suchthat A.f;��È[��¤F�E&Û��÷N�CÞ�G@Rÿô , ùÔR�Ü�l�Ý.A.f�G , andù��tÞO»U� , if ô is defined.Notethat ëSì�l�í î ï ð Aoôæ»]�HG is undefined,if someùX�tÞè»]� is undefined.
	 For each+�R¦��������� , let ô:I bea pathexpressionfor thetypeof $ . If Å=Ao$�GC� ôÛI is a valueof a classical

type, thendefine ôHI�5 ��AEA.ûOGC�NADÅ=Ao$�GEGC�D���D���yåÃ��ô:I�G�� , elseif Å=Ao$�GC� ôÛI is a generalizedimplicit valueof
anatomicprobabilistictype,thendefine ô I 5 Å=Ao$�GC� ô I . Otherwise,ô I is undefined.Then,

ë#ì�l�í�î ï ð Aoô�91»�ãXô:ÂNG�5
ö ÷ �I·¹:9 ê I if ô 9 and ô Â aredefined

undefined otherwise,

where ê�9D�������N�Bê�� is thelist of all intervals � ¤.9=º�÷v9vAB��9|GC�E&=9=º�÷v9vAB��9|G°� � � ¤µÂUºC÷yÂbAB�bÂNGC�E&1Â�º�÷yÂ�AB��ÂNG°� suchthat
A.fÃI3��È¼IJ��¤µI3�E&%I3��÷|I3�CÞ@IWG@RÇôHI , ��I�R�Ü�l�Ý°A.fÃI°G , and ��9D�tÞ�9H»���Â��tÞ¡Â , if ô/9 and ômÂ are defined. Observe thatë#ì�l�í î ï ð Aoô�9]»oã[ô:ÂDG is undefined,if some��9y�tÞ�9%»U��Â��tÞ/Â is undefined.

Thefollowing resultshowsthattheselectiononimplicit TPOB-instancescorrectlyimplementsits coun-
terpartonexplicit TPOB-instances.Thatis, themappingü commuteswith ` � .
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Theorem 5.3(correctnessof selection) Let ÄM5ÖA�ÂU�XÅ1G beanimplicit TPOB-instanceovera TPOB-schema¬e5ÖA^_U�B`¡�9aì��ncb��y�=G , andlet ä bea probabilisticselectioncondition.Then,

` � Aoü�A�ÄNGEGÎ5 ü�A�` � A�ÄNGEG1�
5.2 RestrictedSelection

In order to definethe restrictedselectionoperationon implicit TPOB-instances,it is sufficient to define
restrictedselectionon implicit values.Therestrictedselectionon implicit TPOB-instancesis thendefined
in thesamewayasin Section4.2.

Definition 5.4(restricted selectionon implicit values) Let j beaprobabilistictupletype.Let ä beof the
form ô��tf , where ô is a pathexpressionfor j , and f is a constraint.Let � bean implicit valueof j . The
restrictedselectionon � with respectto ä , denoted̀��� AB��G , is definedby:

	 If �Ë5 � ��9 � ��9��������N���SI � ��IF�������D���S� � ���N� , ��I is a valueof a classicaltype, ô 5 �SI , and ��I�R�ÜEl�Ý.A.f�G ,
then ` �� AB�HG�5#� .

	 If �Ç5 � � 9m� � 9 �������N��� I�� � I �������v���S� � �b�N� , � I is an implicit valueof anatomicprobabilistictype,and
ô85ì�SI , then ` �� AB�HG�5Ö� ��9 � ��9D�������D���MI � ��IBQ²�������v���S� � �b��� , where

��I Q 5 ��A.fXÅOf Q ��ÈÇ��¤J�E&:��÷�G�Ò�A.f Q ��ÈÇ��¤J�E&:��÷�G@R(��IF�%ÜEl�Ý.A.f�Å f Q G�½5Áø����
	 If �#5Î� ��9 � ��9D�������v���MI � ��IJ�������v���S� � ���N� , ��I is an implicit value of a probabilistictuple type, and
ô85ì�SI3�Þé , then `��� AB�HG�5Ö� ��9 � ��9D�������D���MI � `����� 
 AB��I°GC�������D����� � �b�N� .

	 Otherwise,̀ �� AB�HG is undefined.

Thenext theoremshows that therestrictedselectionon implicit TPOB-instancescorrectlyimplements
its counterparton explicit TPOB-instances.Thatis, themappingü commuteswith ` �� .
Theorem 5.5(correctnessof restrictedselection) Let Ä be an implicit TPOB-instanceover a TPOB-
schema ¬<5ÌA^_��B`¡�9a>��ngbb�y�ÛG . Let ä be an expressionof the form ôÕ�tf , where ô is a path expression
for all `�A�dDG with d�R«_ , and f is a constraint. Then,

`��� Aoü�A�ÄNGEGÎ5 ü�A�`��� A�ÄNGEG1�
5.3 Renaming

To definerenamingon implicit TPOB-instances,we needto definerenamingon implicit values,which is
thenextendedto implicit TPOB-instancesin thesamewayasin Section4.3.

Definition 5.6(renamingon constraints) Let f be a constraintfor the classicaltype j , and let � be a
renamingconditionfor j . The renamingon f with respectto � , denoted÷ � A.f�G , is obtainedfrom f by
replacingevery value ��I in f by ÷��XAB��I°G .
Definition 5.7(renamingon implicit values) Let � bea renamingconditionof theform ô � ô Q for the
probabilistictupletype j 5<� ��9 � j�9y�������v���M? � jy?�� . Let � 5´� ��9 � ��9��������N���S? � ��?�� beanimplicit valueof j .
Therenamingon � with respectto � , denoted÷��(AB��G , is definedby:

	 If ôY5ì�SI and ô Q 5ì�MI Q , then ÷��XAB�HG is obtainedfrom � by replacing�SI by �MI Q .
	 If ôÑ5¶�MIF�µ� ��é�� � , ô�QX5¶�MIF�µ� ��é;Qt� � , and ��I is a value of an atomic probabilistictype, then ÷��(AB��G is

obtainedfrom � by replacingevery A.f;��È[��¤F�E&Û�EßHG@R���I by AW÷ �$��� � A.fXGC��÷ ����� � AoÈ�GC��¤F�E&Û�Eß\[�÷ ò/9����� � G ,
where ÷ ò/9�$���"� denotestheinverseto ÷ �$���"� � ÜEl�Ý°AoÈ,G�àÉÜ�l�Ý.AW÷ ����� � AoÈ�GEG .

	 If ôY5#�SI3�Þé , ô Q 5ì�SI3�Þé Q , and ��I is notavalueof anatomicprobabilistictype,then ÷��XAB��G is obtained
from � by replacing��I by ÷ ����� � AB��I°G .

Let �É5Yô�9D�������D��ô�� � ô�9 Q �������v��ô#� Q bea renamingconditionfor j . The renamingon � with respectto � ,
denoted÷ � AB�HG , is definedasthesimultaneousrenamingon � with respectto all ô I � ô I Q .
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Thefollowing resultshowsthattherenamingonimplicit TPOB-instancescorrectlyimplementsits coun-
terpartonexplicit TPOB-instances.Thatis, themappingü commuteswith ÷�� .

Theorem 5.8(correctnessof renaming) Let Ä bean implicit TPOB-instanceover theTPOB-schema¬³5
A^_��B`¡�9aÁ��ngb��y�ÛG , andlet � bea renamingconditionfor every `�A�dDG with dURÃ_ . Then,

÷ � Aoü�A�ÄNGEGÎ5 ü�AW÷ � A�ÄNGEG1�
5.4 Natural Join

In orderto definethenaturaljoin operationon implicit TPOB-instances,we needto definetheintersection
of implicit values.Thejoin of implicit valuesandthejoin of TPOB-instancesarethendefinedin thesame
wayasin Section4.6.

Definition 5.9(intersectionof implicit values) Let ��9 and �bÂ be either two valuesof the sameclassical
type j or two implicit valuesof the sameprobabilistictype j , and let

�
be a conjunctionstrategy. The

intersectionof ��9 and ��Â under
�

, denoted��9+°*ã �bÂ , is inductively definedasfollows:
	 If j is a classicaltypeand ��9Ã5#�bÂ , then ��9+°*ã ��ÂÛ5Ë��9 .
	 If j is anatomicprobabilistictypeand ù ½5Áø , then ��9J°*ã �bÂM5Áù , where:

ù 5 ��AEA.ûOGC�NAB�HGC��¤F�E&Û�yå�G�Òbý=A.fM9y��È!9D��¤.9D�E&=9D��÷v9yG@R���9��NA.f¨Â���ÈèÂb��¤²Â��E&1Â���÷yÂvG@R��bÂ �
�!ReÜEl�Ý°A.fM9�Åef¨ÂDGC�:� ¤F�E&%�¡5Ö� ¤W9=º�÷v9vAB�HGC�E&=9Ûº|÷v9vAB��G°� � � ¤²ÂUº�÷yÂ�AB��GC�E&@Â]ºC÷yÂbAB��G°�W���

	 If j is aprobabilistictupletypeoverthesetof top-level attributes% , andall ��9D� �æ°*ã���Â�� � aredefined,
then AB� 9 ° ã � Â GC� �>5#� 9 � �H° ã � Â � � for all �YR)% .

	 Otherwise,��9+°*ã ��Â is undefined.

Thenext resultshows that thejoin on implicit TPOB-instancescorrectlyimplementsits counterparton
explicit TPOB-instances.Thatis, themappingü commuteswith =
> ã .

Theorem 5.10(correctnessof natural join) Let Ä�9 and Ä�Â be implicit TPOB-instancesover the natural-
join-compatibleTPOB-schemas¬:9 and ¬/Â , respectively. Let

�
bea conjunctionstrategy. Then,

ü�A�Ä�9|G =
> ãËü�A�Ä�ÂNGÎ5 ü�A�Ä�9 =
> ãõÄ�ÂNG1�
5.5 Intersection, Union, and Differ ence

To defineintersection,union, anddifference,we needto definethe intersection,union, anddifferenceof
implicit values,whicharethenextendedto implicit TPOB-instancesin thesamewayasin Section4.8.The
intersectionof implicit valuesis givenby Definition5.9,while theunionanddifferenceof implicit valuesis
definedbelow.

Definition 5.11(union of implicit values) Let ��9 and �bÂ beeithertwo valuesof thesameclassicaltype j
or two implicit valuesof thesameprobabilistictype j , andlet � bea disjunctionstrategy. Theunionof ��9
and �bÂ under � , denoted��9�2*ç ��Â , is inductively definedasfollows:

	 If j is a classicaltypeand ��915§�bÂ , then ��9�2*ç ��ÂM5ì��9 .
	 If j is anatomicprobabilistictype,then

� 9 2 ç � Â 5 ��A.f 9 ÅeÄ^]f Â ��È 9 ��¤ 9 �E& 9 ��÷ 9 GÕÒ�A.f 9 ��È 9 ��¤ 9 �E& 9 ��÷ 9 G@R�� 9 �%Ü�l�Ý.A.f 9 ÅeÄ^]f Â G;½5Áø���2
��A.f¨Â�ÅeÄ ]fM9y��ÈèÂ���¤²Â��E&1Â���÷yÂNGÕÒ�A.f¨Â���ÈèÂ���¤²Â��E&1Â���÷yÂNG@R���Â��%Ü�l�Ý.A.f¨Â�ÅeÄ ]fM9CG;½5Áø���2
��AEA.ûOGC�NAB�HGC��¤F�E&Û�yå�G;Ò�ý=A.fM9y��È!9D��¤.9D�E&=9D��÷v9|G@R���9��NA.f¨Â���ÈèÂ���¤²Â��E&1Â���÷yÂNG@R��bÂ �

�!ReÜEl�Ý°A.f 9 Å,f Â GC�:� ¤F�E&%�¡5Ö� ¤ 9 º�÷ 9 AB�HGC�E& 9 º�÷ 9 AB�HG°���Á� ¤ Â º�÷ Â AB��GC�E& Â º�÷ Â AB��G°�W���
where ]f I , +%Rè��������� , denotesthelogicaldisjunctionof all f I suchthat A.f I ��È I ��¤ I �E& I ��÷ I G@R�� I .
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	 If j is aprobabilistictupletypeover thesetof top-level attributes % andall ��9�� �B2*ç;�bÂ�� � aredefined,
then AB��9�2*ç ��ÂNGC� �>5#��9�� �Q2*ç �bÂv� � for all �YR)% .

	 Otherwise,��9�2*ç ��Â is undefined.

Definition 5.12(differenceof implicit values) Let ��9 and �bÂ be either two valuesof the sameclassical
type j or two implicit valuesof the sameprobabilistictype j , and let � be a differencestrategy. The
differenceof ��9 and ��Â under � , denoted��9�\YX �bÂ , is inductively definedasfollows:

	 If j is a classicaltypeand � 9 5§� Â , then � 9 \ X � Â 5ì� 9 .
	 If j is anatomicprobabilistictype,then

� 9 \ X � Â 5 ��A.f 9 ÅeÄ^]f Â ��È 9 ��¤ 9 �E& 9 ��÷ 9 GÕÒ�A.f 9 ��È 9 ��¤ 9 �E& 9 ��÷ 9 G@R�� 9 �%Ü�l�Ý.A.f 9 ÅeÄ^]f Â G;½5Áø���2
��AEA.ûOGC�NAB�HGC��¤F�E&Û�yå�G;Ò�ý=A.fM9y��È!9D��¤.9D�E&=9D��÷v9|G@R���9��NA.f¨Â���ÈèÂ���¤²Â��E&1Â���÷yÂNG@R��bÂ �

�!ReÜEl�Ý°A.fM9�Å,f¨ÂNGC�:� ¤F�E&%�¡5Ö� ¤W9=º�÷v9vAB�HGC�E&=9Ûº|÷v9DAB�HG°���Á� ¤²ÂUº�÷yÂ�AB��GC�E&@Â]º�÷yÂ�AB��G°�W���
where ]fÃI , +%Rè��������� , denotesthelogicaldisjunctionof all fÃI suchthat A.fÃI3��È¼IF��¤·I3�E&%I3��÷|I°G@R���I .

	 If j is aprobabilistictupletypeoverthesetof top-level attributes % andall � 9 � �§\ X � Â � � aredefined,
then AB��9�\YX ��ÂNGC� �>5#��9�� �ì\YX �bÂv� � for all �YR)% .

	 Otherwise,��9�\YX ��Â is undefined.

The following theoremshows that the intersection,union, anddifferenceof implicit TPOB-instances
correctlyimplementtheir counterpartson explicit TPOB-instances.That is, themappingü commuteswith°*ã , 2*ç , and \<X , respectively.

Theorem 5.13(correctnessof intersection,union, and difference) Let Ä�9 and Ä�Â be two implicit TPOB-
instancesover the sameTPOB-schema ¬ , and let

�
(resp., � , � ) be a conjunction(resp.,disjunction,

difference)strategy. Then,

ü�A�Ä 9 G2° ã ü�A�Ä Â GÑ5 ü�A�Ä 9 ° ã Ä Â G1� (1)

ü�A�Ä�9CGS2*ç!ü�A�Ä�ÂNGÑ5 ü�A�Ä�9�2*ç¹Ä�ÂDG1� (2)

ü�A�Ä�9CGU\YX!ü�A�Ä�ÂNGÑ5 ü�A�Ä�9�\YX¹Ä�ÂDG1� (3)

5.6 Projection, Extraction, CartesianProduct, and Conditional Join

Theoperationsof projection,extraction,Cartesianproduct,andconditionaljoin for implicit TPOB-instances
aredefinedin exactly thesamewayastheir counterpartsfor explicit TPOB-instances.

5.7 CompressionFunctions

The implicit operationsof naturaljoin, intersection,union, anddifferencemay generateimplicit TPOB-
instancesthatcontaina largenumberof implicit tuples.Adoptinganideafrom [2], wenow definecompres-
sionfunctionsthroughwhichsuchimplicit TPOB-instancescanbemademorecompact.

Definition 5.14(compressionfunction) Let j be an atomic probabilistictype. A compressionfunction_
for j is a function that mapsevery implicit value � of j to an implicit value

_ AB��G of j suchthat (i)
Ò _ AB��G�Òm`YÒ �/Ò , and(ii) thereexistsa bijectionbetweenü�AB��G and ü�A _ AB��GEG thatmapseach AB�1�N� ¤J�E&%�BG@R¼ü�AB��G to a
pair AB�1�N� ¤F�E&%Qþ�BG@R�ü�A _ AB��GEG suchthat ¤]`T&1Q@`T& .

Example5.15 Let j beanatomicprobabilistictype. Thesame-distribution compressionfunction
_

maps
every implicit value � of j to theimplicit value

_ AB��G , which is obtainedfrom � by iteratively replacingany
two distinct A.fM9D��È!9D��¤F�E&Û��÷�GC�NA.f¨Â���ÈèÂ���¤J�E&:��÷�G@RX� with ÜEl�Ý.AoÈ!9|GH5æÜEl�Ý.AoÈèÂNG by A.fM9�Æef¨Â���È!9D��¤F�E&Û��÷�G .

Wenow definethecompressionof implicit valuesof probabilistictypes.Here,weassumethatfor every
atomicprobabilistictype j , we have somecompressionfunction

_3`
.
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Definition 5.16(compressionof implicit values) Let � beeitheravalueof aclassicaltype j , or animplicit
valueof aprobabilistictype j . Thecompressionof � , denoted

_ AB�HG , is inductively definedasfollows:
	 If j is a classicaltype,then

_ AB�HG�5#� .
	 If j is anatomicprobabilistictype,then

_ AB��G�5 _ ` AB��G .
	 If j is a probabilistictupletypeover thesetof top-level attributes % ,

then
_ AB�HGC� �Ð5 _ AB�1� �;G for all �ÔR!% .

Wefinally definethecompressionof implicit TPOB-instances.

Definition 5.17(compressionof implicit TPOB-instances) Let Ä 5dA�ÂU�XÅ%G be a TPOB-instanceover the
TPOB-schema¬[5ÖA^_��B`¡�9a>��ngbb�y�ÛG . Thecompressionof Ä , denoted

_ A�ÄNG , is definedastheTPOB-instance
A�ÂU�XÅ�QµG over ¬ , where Å�QWAo$�G�5 _ ADÅ=Ao$�GEG for all $_RÃÂ�A^_=G .
5.8 Preservation of Consistencyand Coherence

We now show thatall our explicit algebraicoperatorsdefinedin Section4 preserve consistency andcoher-
enceof schemasandinstances.If the input TPOB-schemas(resp.,TPOB-instances)areconsistent(resp.,
coherent),thentheoutputTPOB-schemas(resp.,TPOB-instances)arealsoconsistent(resp.,coherent).This
alsoshows thatall our implicit algebraicoperatorsgiven in Section5 preserve consistency andcoherence
of schemasandinstances,respectively, asthey correctlyimplementtheirexplicit counterparts.

Theexplicit operatorsof selection,restrictedselection,intersection,union,anddifferencetrivially pre-
serve consistency of schemas,asthe input TPOB-schemascoincidewith theoutputTPOB-schemas.Pro-
jection andrenamingalsopreserve consistency of schemas,as they only modify type assignments.The
following resultshows thatextractionandnaturaljoin, andthusalsoCartesianproductandconditionaljoin,
preserve consistency of schemas.

Theorem 5.18 Let ¬ be a TPOB-schema,and let + be a set of classesfrom ¬ . Let ¬�9 and ¬/Â be two
join-compatibleTPOB-schemas.

(a) If ¬ is consistent,then , - A�¬=G is consistent.

(b) If ¬:9 and ¬¡Â areconsistent,then ¬�9 =
> ¬/Â is consistent.

We now concentrateon the preservation of coherence.Recall that the coherenceof a TPOB-instanceÄÛ5ØA�ÂU�XÅ%G over a TPOB-schema¬�5TA^_U�B`¡�9aì��ngb��y�=G dependson Â , _ , a , ngb , and � . The explicit al-
gebraicoperationsof selection,restrictedselection,intersection,union,anddifferencepreserve coherence
of instances,asthey do not modify the input TPOB-schemasandthey mayonly modify the input TPOB-
instancesby removing objectsandchangingvalueassignmentsto objects.Similarly, projectionandrenam-
ing preserve coherenceof instances,asthey may only modify type andvalueassignmentsto classesand
objects,respectively. The resultbelow shows that naturaljoin, andthusalsoCartesianproductandcon-
ditional join, preserve coherenceof instances.Moreover, it shows that extractionpreservescoherenceof
instances,whenwe donot remove any characteristicclasses.

Theorem 5.19 Let Ä , Ä�9 , and Ä�Â be TPOB-instancesover theTPOB-schemas¬ , ¬:9 , and ¬/Â , respectively.
Let Ä;5ÚA�ÂU�XÅ%G and ¬�5TA^_U�B`¡�9aÁ��ngbb�y�ÛG . Let + úÈ_ such that �GdURÃ_ØÒ�d is characteristicfor b[ß\àNAo��GyAo$�G for
some�SRa+ andsome$_RÃÂ�Ab+èG��Xúc+ . Let ¬�9 and ¬/Â bejoin-compatible.

(a) If Ä is coherent,then , - A�ÄNG is coherent.

(b) If Ä�9 and Ä�Â are coherent,then Ä�9 =
> Ä�Â is coherent.

6 RelatedWork

Thereis quiteextensivework in theliteratureontemporaldatabasesandtemporalobject-orienteddatabases;
wereferespeciallyto therecentsurveys [19, 10] andthebooks[23, 22].
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Probabilisticextensionsto relationaldatabasesarealsowell-explored in the literature;seeespecially
[16, 7] for morebackgroundanda detaileddiscussionof recentwork on probabilisticrelationaldatabases.
Recently, morecomplex datamodelshavebeenextendedby probabilisticuncertaintyin anumberof papers.
In particular, Eiter et al. [7] presentedan approachthat addsprobabilisticuncertaintyto complex value
relationaldatabases,while Kornatzky andShimony [11, 12] andEiter et al. [6] describedapproachesto
probabilisticobject-orienteddatabases.Our approachin this paperis a temporalextensionof the model
by Eiter et al. [6]. Additionally, thepresentpapernewly introducesanimplicit datamodelandanimplicit
algebra,which is shown to correctlyimplementits explicit counterpart,andwhich canbemoreefficiently
realized.Moreover, thetwo operationsof restrictedselectionandextractionarenewly introducedhere.

Even thoughthe areasof temporaland probabilisticdatabasesare both well-explored, thereis very
little work on the integration of temporalreasoningand probabilisticdatabases.In particular, Dyreson
andSnodgrassin their pioneeringwork [5] andsubsequentlyDekhtyaret al. [2] presentedapproachesto
temporalindeterminacy in relationaldatabasesbasedon probabilisticuncertainty:d DyresonandSnodgrass[5] extendtheSQLdatamodelandquerylanguageby probabilisticuncertainty
ontimepoints.They addindeterminatetemporalattributes(whichhave indeterminateinstantsasassociated
values)to SQL.Indeterminateinstantsareintervalsof time pointswith associatedprobabilitydistributions.
TheSQL querylanguageis extendedby a constructto definetheorderingplausibility, which is aninteger
between1 and 100 that specifiesto which degreethe result of an SQL query shouldcontainuncertain
answers(where1 meansthat any possibleanswerto a queryis desired,while 100 saysthat only definite
answersto a queryaredesired).Moreover, thereis a constructto definethecorrelationcredibility, which
specifiessimple modificationsof the probability distributions in the baserelationsbeforeevaluatingthe
selectionconditionin SQLqueries.DyresonandSnodgrassalsodescribeefficientdatastructuresandquery
processingalgorithmsfor their approach.Our work in this paperdiffers from theirsin severalways.First,
we presentan extensionof object-orienteddatabases,while their approachis an extensionof relational
databases.Second,we make no independenceassumptionsbetweenevents(theuser’s querycanexplicitly
encodeherknowledgeof thedependenciesbetweenevents,if any), while DyresonandSnodgrassassume
thatall indeterminateeventsareprobabilisticallyindependentfrom eachother. Third, our work introduces
analgebra,while their work definesanSQL extension.Fourth,we presentformal definitionsof important
notionslike coherenceandconsistency andshow that underappropriateassumptions,our operationsall
preserve coherenceandconsistency. Fifth, we allow for interval probabilitiesover solutionsetsof temporal
constraints,while theirwork allows only for precisepoint probabilitiesover intervalsof time points.d Dekhtyaret al. [2] extend the relational data modeland algebra by temporalindeterminacy based
on probabilities. They definea theoretical annotatedtemporal algebra on large annotatedrelations, and
a temporal probabilistic algebra on succincttemporal probabilistic relations. They show that the latter
efficiently andcorrectlyimplementsthe former. They alsoreporton timings of the temporalprobabilistic
algebrain a prototypeimplementation.Our work in this paper, especiallythe ideaof having an explicit
algebraonlargeinstances,which is efficiently andcorrectlyimplementedby animplicit algebraonsuccinct
instances,is inspiredby Dekhtyaret al.’s work. Our work, however, is an extensionof the muchricher
object-orienteddatamodelandalgebra,ascomparedto therelationalalgebra.Our work maybeviewedas
ageneralizationof theirs.

To ourknowledge,therehasbeenno work to dateon temporalprobabilisticobject-orienteddatabases.

Thereis otherwork on nonprobabilistictemporalindeterminacy in databases,which is lessrelatedto
ourwork. In particular, Snodgrass[21] modelsindeterminacy usingamodelthatis basedona three-valued
logic. Dutta[4] andDuboisandPrade[3] proposea fuzzy logic approachto temporalindeterminacy, while
Koubarakis[14, 13] andBrusonietal. [1] suggestapproachesbasedonconstraints.Gadiaetal. [8] introduce
partialtemporaldatabases,whicharebasedonpartialtemporalelements.
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7 Conclusions

DyresonandSnodgrass[5], followed subsequentlyby Dekhtyaret al. [2], have arguedpersuasively that
therearenumerousreal-world applicationswheretemporaluncertaintyabounds.In this paper, we have
useda simpleexampletrackingshipmentscarried,for instance,by commercialcarriers. Many otherex-
amplesabound: stock market modelsmaking predictionsof stock pricesinvolve temporalprobabilities
specifyingwhena stockwill reacha specificprice. Archaeologicaldatabasescontainingradio-carbondat-
ing of historicalartifactsinvariably involve temporaluncertaintyaswell. Programstrackingthebehavior
of partson a factoryfloor andpredictingwhenthey will needto be servicedand/orreplacedalsoinvolve
temporaluncertainty. Thefactthatmany of theseapplicationsalsoinvolveobjectmodelsshouldcomeasno
surprise.Descriptionsof threedimensionalhistoricalartifactsareoftenstoredusingobjectmodels.Main-
taininginformationaboutmachinepartsoftenincludesdesigninformation,drawings,andmanualsthatare
oftenrepresentedwith objectmodelsaswell.

In this paper, we have madea first attemptto dealwith temporaluncertaintyin object-basedsystems.
We have provided two models. The first is an explicit modelwherea probability is associatedwith each
time point. As temporalgranularitygetsfiner andfiner, this modelgetsmoreandmoreimpracticalto use.
For thisexplicit model,we provide analgebra(e-algebra)thatextendstherelationalalgebra.

Toavoid theproblemsassociatedwith thee-algebra,weintroduceasuccinctimplicit algebra(i-algebra).
Wedefineoperatorsfor thei-algebra.Weshow thateachoperatorin thei-algebracorrectlyimplementsthe
correspondingoperatorin the e-algebrawithout computingthe entire explicit representation.Thus, the
e-algebraoperators“work” on acompactimplicit representof a muchlargerexplicit representation.

Therearenumerousdirectionsfor futureresearch.Building physicalcostmodelsandcostbasedquery
optimizersfor TPOBsis a majorchallengethatmustbeaddressedif applicationssuchasthepackageand
stockmarket exampleareto scaleup for heavy duty use. Building mechanismsto updatesuchdatabases
posesyetanotherchallenge.Building view creationandmaintenancealgorithmsprovidesathird challenge.
Developinganimplementationof (theimplicit versionof) TPOBsposesa fourth majorchallengeasit will
provide a testbedfor all thealgorithmsresultingfrom theotherproblemsmentionedhere.
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0197K0135,the Army ResearchOffice undergrant numberDAAD190010484,by DARPA/RL contract
numberF306029910552,by theARL CTA onAdvancedDecisionArchitectures,by aDFG grant,andby a
Marie CurieIndividual Fellowshipof theEuropeanCommunity.

Appendix A. Proofsfor Section5

For the proof of Theorem5.3, we needthe following lemma,which saysthat the valuationof path ex-
pressionsunderimplicit valuescorrectlyimplementsthe valuationof pathexpressionsunderexplicit val-
ues.Here,themappinge is extendedto generalizedimplicit valuesasfollows: Every generalizedimplicit
value fhgjiKkmlYnporqsntoru
ntowv3nto�÷xnto�yCz�o�{�{�{popkmlZ| , qa|}oru~|Howv�|Ko�÷�|Ko�yCz�� is associatedwith thegeneralizedexplicit
value eKk1f�z.g�iKk1f<�
or�"o�yCzY�Rk1fY��or�Hz��BeKkbiKkmlYnporqsntorumntowvSnto�÷xn�z�o�{�{�{xopkmlZ|}orqa|Horu~|Kowv�|Ko�÷�|�z��Nz�� .
Lemma 7.1 Let ô bea pathexpressionfor theprobabilistictype � , and � bean implicit valueof � . Then,eHk1� { ô�z�g eKk1�Rz�{ ô�{ (4)

Proof. It is sufficient to show that eKk1� { ô^z�g�eKk1�Rz�{ ô holdsfor every implicit value � of an atomicproba-
bilistic type � . Let ��g�iKkmlYntorqsntorumntowvSnto�÷xn�z�o�{�{�{popkmlZ|Korqa|Horu~|Kowv�|Ko�÷�|�z�� and ô�g�� ���(� � . Then,eHk1� { ô�z�g eKkbiKkml n orq n oru n owv n o�÷ n or�!z�o�{�{�{xopkmlZ|Horqa|}oru�|}owv$|}o�÷�|Hor�!z��Nzg iKk1fY�
or� or�!z���k1fY��or��z��7eKkbiKkmlYnxorqsntoru
ntowvSnto�÷xn�z�o�{�{�{popkmlZ|Korqa|}oru�|}owv$|Ko�÷�|�z��Nz��g iKk1fY�
or� or�!z���k1fY��or��z��7eKk1�Rz��g eKk1�Rz�{ ô�{��
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Proof of Theorem5.3. It is sufficient to show thatthevaluationof atomicselectionconditionswith respect
to implicit TPOB-instancesis correct.Let �3g�k���o�� z beanimplicit TPOB-instanceover theTPOB-schema� g�k���or �o�¡cor¢�£�o�¤Sz , andlet ¥6�B�Ck��3z . Let ¦ bethedisjunctionstrategy for mutualexclusion.Then,d¨§"©rª�«"¬®­ ¯ k1°m±.k�²tzwz.g³� ¢�´:µSk1£�¶�·pk�¸pztk�¥�zwz�or¢�¹N¶#k1£�¶�·pk�¸pztk�¥�zwzº��g § ©rª�«R»�¼P¬m½�­ ¯ k1°m±.k�²tzwz .d Let ô bea pathexpressionfor thetypeof ¥ . If �3k�¥�z�{ ô is avalueof aclassicaltype,thendefine ¾�giKkwkm¿�z�opk
�Sk�¥�zwz�otÀMotÀMo�ÁZo�ô�z�� , elseif �Sk�¥�z�{ ô is a generalizedimplicit valueof an atomicprobabilistic

type,thendefine ¾JgA�Sk�¥�z�{ ô . Otherwise,¾ is undefined.§"©rª�«Z¬®­ ¯ koôÃÂÄ��zCgÆÅÆÇ |ÈÊÉ n � È if ¾ is defined

undefined otherwise,

where �Nn�o�{�{�{xor��| arethe intervals � uHËC÷Hk1fÌz�owv�Ëy÷Hk1fÌzº� suchthat kmlÌorq)oru®owv3o�÷po�yCz$�\¾ , f¨��Í ª�Î kml!z , andf!{Ïy�Â�� , if ¾ is defined.Thatis, theintervals � u � owv � � suchthat k1f�op� u � owv � �mo�y.z$�!eKkm¾6z and f!{ÏyaÂ�� , if ¾
is defined.By Lemma7.1andas eKkbiKkwkm¿\z�opk
�Sk�¥�zwz�otÀMotÀMo�ÁÐo�ô�z��MzYg�iKk
�Sk�¥�z�op�PÀMotÀ��mo�ô�z�� , it follows that§"©�ª�«"¬®­ ¯ koôÑÂ���zCg § ©rª�«R»�¼P¬m½�­ ¯ koôÒÂÄ�Rz�{d For each°(�Qi}ÀMo�ÓK� , let ô È bea pathexpressionfor thetypeof ¥ . If �Sk�¥�z�{ ô È is a valueof a classical
type, thendefine ¾ È gÔiKkwkm¿�z�opk
�Sk�¥�zwz�otÀMotÀMo�ÁÐo�ô È z�� , elseif �Sk�¥�z�{ ô È is a generalizedimplicit valueof
anatomicprobabilistictype,thendefine ¾ È gA�Sk�¥�z�{ ô È . Otherwise,¾ È is undefined.Then,§"©�ª�« ¬®­ ¯ koôCn�ÂMÕXô#ÖpzCg Å Ç |È:É n � È if ¾ n and ¾ Ö aredefined

undefined otherwise,

where � n o�{�{�{por��| is thelist of all intervals � u n Ë�÷ n k1� n z�owv n Ë�÷ n k1� n zº�"×Ø� u Ö ËC÷ Ö k1� Ö z�owv Ö Ë�÷ Ö k1� Ö zº� suchthatkml È orq È oru È owv È o�÷ È o�y È z$�^¾ È , � È ��Í ª�Î kml È z , and �Hn�{Ïy�n Â��MÖM{Ïy�Ö , if ¾�n and ¾"Ö aredefined.Thatis, thelist of
all intervals � u
n � owvSn � ��×A� u~Ö � owv�Ö � � suchthat k1� È op� u È � owv È � �mo�y È z$��eKkm¾ È z and �Hnt{Ïy#n"ÂÄ��ÖN{Ïy�Ö , if ¾�n and ¾"Ö are
defined.By Lemma7.1andas eHkbiKkwkm¿�z�opk
�Sk�¥�zwz�otÀMotÀMo�ÁÐo�ô È z��Nz.g�iKk
�3k�¥�z�op�PÀMotÀ��mo�ô È z�� , it follows that§ ©rª�« ¬®­ ¯ koô.n�ÂMÕ(ô#ÖtzCg § ©rª�« »�¼P¬m½�­ ¯ koô.n ÂNÕ(ô�Öpz�{

Thisshows that § ©rª�«"¬®­ ¯ kmÙ$z.g §"©rª�«R»�¼Ú¬m½
­ ¯ kmÙ�z for all atomicselectionconditionsÙ . Noticethatthis statement
alsoincludesthat § ©rª�« ¬®­ ¯ kmÙ�z is definediff §"©rª�« »�¼Ú¬m½
­ ¯ kmÙ$z is defined. �
Proof of Theorem 5.5. It is sufficient to show that the restrictedselectionon implicit valuesof atomic
probabilistictypesis correct. Let �JgÛ� Ü!n"ÝS�Nn�o�{�{�{porÜ(|3ÝS��|t� be a probabilistictuple type, and let �Øg� Ü n Ý"� n o�{�{�{torÜ(|�Ý"��|t� beanimplicit valueof � . Let ÙÞgJÜ È {Ïl , where ° �6i}ÀMo�{�{�{No�ß�� and l is a constraint,
andlet � È beanatomicprobabilistictype.Then,eKkbiKkml�à\l � orq*orubowv#o�÷Nz(��kml � orq*orubowv#o�÷Nz$�^� È o Í ª�Î kml!à\l � z(ágÁøK�Nzg iKk1� È � op� uHËC÷Hk1� È � z�owv�ËC÷Kk1� È � zº�1z���â�kml � orq*oru®owv3o�÷Mz$�!� È ÝR� È � ��Í ª�Î kml�à�l � z��g iKk1� È ��op� u1��owv �Ï�1z$�!eHk1� È z��N� È ����Í ª�Î kml!z��C{
Thisshows that eKk� �ãä k1��zwz.gc �ãä k�eHk1��zwz . �
Proof of Theorem 5.8. It is sufficient to show that therenamingof singleattributesinsideimplicit values
of atomicprobabilistictypesis correct. Let å be a renamingconditionof the form Ü È {~� �æ�(� �<ç Ü È {~� �æ�Ì�Ï� �
for theprobabilistictupletype �*gj� Ü!n"Ý �Nnto�{�{�{torÜ<èZÝ���è�� , where � È is anatomicprobabilistictype,andlet�6g�� Ü!n"Ý"�Hn�o�{�{�{porÜ<èÐÝR�Mè�� beanimplicit valueof � . Then,eKkbiKkW÷�é$ê�é"ërkml�z�o�÷�é�ê�é ëwk�q4z�oru®owv3owì!í�÷�î né$ê�é ë z���kmlÌorq)oru®owv3owìRz$�^� È �Nzg iKk1� È � �1op� u�Ëwì$kW÷�î né$ê�é"ë k1� È � �:zwz�owv!Ë�ì$kW÷�î né$ê�é ë k1� È � �Êzwzº�1z<��â�kml(orq*orubowv#owì�z$��� È Ý"� È � �M�!Í ª�Î kW÷ é�ê!é ëwkml!zwz��g iKkW÷ é�ê�é ë k1� È �:z�op� u�Ërì$k1� È �Êz�owv�Ë�ì�k1� È �~zº�1z���â�kml(orq*oru®owv3owìRz$�!� È ÝR� È ����Í ª�Î kml�z��g iKkW÷ é�ê�é ë k1� È � z�op� u � owv � �1z���k1� È � op� u � owv � �1z$��eKk1� È z��C{
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Thisshows that eKkW÷�ï^k1��zwzÐgÁ÷�ï�k�eHk1��zwz . �
Proof of Theorem 5.10. It is sufficient to show that the intersectionof two implicit valuesof the same
atomicprobabilistictypeis correct.Let �Kn and ��Ö betwo valuesof thesameatomicprobabilistictype,and
let × beaconjunctionstrategy. Then,eHkbiKkwkm¿�z�opk1��z�oru®owv3o�Á�z���â�kmlYn�orqsntoru
ntowv3nto�÷xn�z$���Hn�opkmlZÖMorqaÖMoru~ÖMowv$ÖMo�÷�Öxz$����Ö$Ý�4�7Í ª�Î kmlYn�àBlZÖtz�o#� u®owv ��g�� u
nSË|÷xntk1�Rz�owvSn3Ë|÷xnxk1��zº��×A� u�Ö�Ë�÷�Ö�k1��z�owv$ÖÄËC÷�Ö�k1��zº�
�Nzg iKk1��op� ubowv �1z<�}â�kmlYn�orqsntoru
ntowvSnto�÷xn�z$���KntopkmlZÖMorqaÖMoru�ÖMowv�ÖMo�÷�Öpz$�!�MÖ$Ý�4�7Í ª�Î kmlYn�àBlZÖtz�o#� u®owv ��g�� u
nSË|÷xntk1�Rz�owvSn3Ë|÷xnxk1��zº��×A� u�Ö�Ë�÷�Ö�k1��z�owv$ÖÄËC÷�Ö�k1��zº�
�g iKk1��op� u
n � owvSnr�Ï�H×A� u�Ö � owv$Ö��Ï�1zY��k1� op� u
n � owv3nr�E�1z$��eKk1�Hn�z�opk1� op� u�Ö � owv�Ö��Ï�1z$�!eKk1��Öpz��C{
Thisshows that eKk1�Hn�ðÄÕ���Ötz is definediff eKk1�Hn�zHðÄÕ�eKk1��Öpz is defined.Moreover, if they arebothdefined,theneKk1�Hn�ðÄÕñ��ÖpzÄgceKk1�Hn�zSðÄÕseHk1�MÖpz . �
Proof of Theorem 5.13.Equation(1) follows immediatelyfrom theproofof Theorem5.10.Wenext prove
Equation(2). It is sufficient to show that theunionof two implicit valuesof thesameatomicprobabilistic
typeis correct.Let �Kn and ��Ö betwo valuesof thesameatomicprobabilistictype,andlet ¦ beadisjunction
strategy. Then,eHk1�KnÄòÄóñ�MÖtzg eHkbiKkmlYnÄà7ô^õlZÖNorqsntoru
ntowv3nto�÷xn�z��RkmlYn�orqsnporumntowvSn�o�÷xn�z$���Hn�o Í ª�Î kmlYn#àBô^õlZÖ�z�ágÁøK�NzRòeHkbiKkmlZÖZà7ô õlYn�orqaÖMoru~ÖMowv$ÖMo�÷�Öxz��RkmlZÖNorqaÖ�oru�ÖMowv�ÖNo�÷�Öxz$����ÖNo Í ª�Î kmlZÖCàBô õlYn�z�ágÁøK�NzRòeHkbiKkwkm¿�z�opk1��z�oru®owv3o�Á�z���â�kmlYn�orqsntoru
ntowv3nto�÷xn�z$���Hn�opkmlZÖMorqaÖ�oru~ÖMowv$ÖNo�÷�Öxz$����Ö�Ý�4�BÍ ª�Î kmlYn�àBlZÖtz�o#� u®owv ��g�� u
nSË|÷xnxk1��z�owvSn#Ë�÷xnxk1��zº��¦A� u�Ö�ËC÷�Ö�k1��z�owv$ÖCË�÷�Ö�k1��zº�
�Nzg iKk1�Hn��1op� u
nSËC÷xnxk1�Hnw�~z�owvSnSËC÷xnpk1�Hnr�~zº�1z���â�kmlYntorqsntorumntowvSn�o�÷xn�z$���Hn"ÝR�Hnr�N�!Í ª�Î kmlYn�z�öÒÍ ª�Î k õlZÖpz���òiKk1��Ö � op� u~Ö�ËC÷�Ö�k1��Ö � z�owv�Ö�ËC÷�Ö�k1��Ö � zº�1z���â�kmlZÖMorqaÖMoru�ÖMowv�ÖNo�÷�Öxz$����Ö�ÝR��Ö � �!Í ª�Î kmlZÖpz�öÒÍ ª�Î kMõlYn�z���òiKk1��op� u
n � owvSn � ��¦A� u�Ö � owv$Ö � �1zY��k1� op� u
n � owv3n � �1z$�!eKk1�Hn�z�opk1� op� u�Ö � owv�Ö � �1z$�!eKk1��Öpz��g iKk1�Hn��1op� u
n � owvSnr�Ú�1z$��eHk1�Kn�zY�N�Hn÷�Äá�7Í ª�Î k õlZÖpz��?ò*iKk1��Ö���op� u�Ö � owv�Ö��Ï�1z$��eKk1��Öxz��N��Ö��Äá�BÍ ª�Î k õlYn�z���òiKk1��op� u
n � owvSnr�Ï��¦A� u�Ö � owv$Ö��E�1zY��k1� op� u
n � owv3nr�Ï�1z$�!eKk1�Hn�z�opk1� op� u�Ö � owv�Ö��Ï�1z$�!eKk1��Öpz��g eHk1�Kn�z�òÄóseKk1��Öpz�{
Wefinally proveEquation(3). Again,it is sufficient to show thatthedifferenceof two implicit valuesof the
sameatomicprobabilistictypeis correct.Let �Hn and �MÖ betwo valuesof thesameatomicprobabilistictype,
andlet ø beadifferencestrategy. Then,eHk1�KnZöYùñ�MÖtzg eHkbiKkmlYn�àBô^õlZÖNorqsntoru
ntowv3nto�÷xn�z��RkmlYn�orqsntoru
ntowv3nto�÷xn�z$���Hn�o Í ª�Î kmlYn�àBô^õlZÖ�z�ágÁøK�NzRòeHkbiKkwkm¿�z�opk1��z�oru®owv3o�Á�z���â�kmlYn�orqsntoru
ntowv3nto�÷xn�z$���Hn�opkmlZÖMorqaÖMoru~ÖMowv$ÖMo�÷�Öxz$����Ö$Ý�4�7Í ª�Î kmlYn�àBlZÖtz�o#� u®owv ��g�� u
nSË|÷xntk1�Rz�owvSn3Ë|÷xnxk1��zº��øA� u�Ö�Ë�÷�Ö�k1��z�owv$ÖÄËC÷�Ö�k1��zº�
�Nzg iKk1� n�� op� u n � owv nr� �1z$�!eHk1� n zY�x� nr� á�BÍ ª�Î k õl Ö z���òiKk1��op� u
n � owvSnr�Ï�HøA� u�Ö � owv$Ö��Ï�1zY��k1� op� u
n � owv3nr�E�1z$��eKk1�Hn�z�opk1� op� u�Ö � owv�Ö��Ï�1z$�!eKk1��Öpz��g eHk1�Kn�zÄöYùseKk1��Öpz�{!�
Appendix B. Proofsfor Section5.8

Proof of Theorem 5.18. (a) Let
� gúk���or �o�¡cor¢a£�o�¤3z , andlet û.üYk � zRg � � gúk�� � or  � o�¡ � or¢a£ � o�¤ � z . Assume

that
�

is consistent.Thatis, thereexistsamodel eSÝR�)ýþÓ�ÿ of
�

. Let themappinge � Ý�� � ý Ó�ÿ bedefined
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by� et�mk�²tzCgceKk�²tz for all ²(�7�$� . Wenow show that ep� is amodelof
� � . C1holds,as eKk�²tz�ág>ø for all classes²��� implies e � k�²tzÌágÁø for all classes²��7� � . Wenext show C2. Considertwoclasses²xntor²�Ö��4� � suchthat ²xnZ¡ �² Ö . Thatis, somepath � n ¡�� Ö ¡ Ë�Ë�ËR¡��}| existssuchthat � n gA² n , �K|�gA² Ö , and � Ö o�{�{�{xo��}| î n �7�Bö � � .

As eHk��Rn�z���eKk��}ÖNz��AË�Ë�Ë	�QeHk��}|�z , it thusfollows eKk�²xn�z��QeHk�²�Öpz . Wenow provethatC3holds.Let ²xntor²�Ö��4�$�
betwo distinctclassesthatbelongto thesamecluster 
 � �Ã¢a£ � k�²tz for some²���� � . That is, thereexistsa
cluster 
���¢�£}k�²�z suchthat,for ° �ai}ÀMo�ÓK� , either ² È belongsto 
 or ² È is a propersubclassof a classin 
 .
As C2 andC3 hold for e , it thusfollows that eKk�²xn�z�ðseKk�²�ÖpzCg>ø . Thisshows thatC3holds.Wefinally prove
C4. Considertwo classes²pntor²�Öñ� �$� suchthat ²xnÌ¡���²�Ö . That is, somepath �RnÌ¡��}Ö�¡ Ë�Ë�Ë�¡��}| exists
suchthat �Rn�gØ²xn , �}|!gØ²�Ö , and �KÖxo�{�{�{xo��}| î n �B�Bö � � . Moreover, it holds ¤ � k�²xntor²�ÖpzÐg
� | î nÈ:É n ¤Äk�� È o�� È�� n�z .
As C4 holdsfor e , it follows that � eHk�� È z���g ¤Äk�� È o�� È�� n z�Ëx� eKk�� È�� n z�� for all ° �6i}ÀMo�{�{�{No�ßaöQÀN� . This shows
that � eHk�²xn�z���g � | î nÈ:É n ¤Äk�� È o�� È�� n�z�ËN� eKk�²�Öxz�� , thatis, � et�mk�²xn�z���g�¤���k�²xntor²�Öpz�ËN� et�mk�²�Öpz�� . ThisprovesC4.

(b) Let
� n$gúk���n�or Snto�¡ n�or¢a£�n�o�¤�n�z , � Ö3gúk��RÖ ,  �ÖMo�¡�ÖNor¢a£pÖNo�¤�Öpz , and

� n���� � Ö3gúk���or �o�¡Aor¢a£�o�¤3z . Let e�n�Ý��n(ý Ó�ÿ�� and exÖ6ÝR��Ö^ý�Ó�ÿ�� bemodelsof
� n and

� Ö , respectively. Let themappingesÝR�ÑýÛÓ�ÿ , where�Bg � n�� � Ö and ��g�� n�� � Ö , bedefinedasfollows:eHk�²�z�g e�nxk�²xn�z � exÖ�k�²�ÖNz�o for all ²Yg�k�²xntor²�Öpz?�s� .

We now show that e is a modelof
�

. We first prove C1. Since e�nxk�²xn�z ághø for all classes²xn)�c�$n andepÖ�k�²�Öpzñág ø for all classes²�Ös�Ã�RÖ , we get eHk�²tzságqø for all classes²s�Ñ� . We next show C2 andC4. Let²�ghk�²xntor²�Öxz�o��Bgjk��"nto��}Öpz�� � with ²�¡�� . Without lossof generality, we canassumethat ²xnÌ¡ n��"n and² Ö g�� Ö . Since e n is a modelof
� n , it holds that e n k�² n z �Æe n k�� n z and � e n k�² n z��Äg ¤ n k�² n o�� n z?Ë�� e n k�� n z�� .

Hence,it immediatelyfollows eKk�²tz!� eKk���z and � eKk�²tz��Rg³¤Äk�²No���zÄËR� eKk��Hz�� . We finally prove C3. Let ²No��B�B�
be two distinct classesthat belongto the samecluster 
 �#"�¢�£}k��Sz . Without lossof generality, we can
assumethat ²xnto��Rn��*�$n belongto thesamecluster 
Yn�� " ¢a£Mnpk��$n�z andthat ²�ÖÌg
�KÖ . Since e�n is a model
of

� n , it holdsthat e�nxk�²pn�z3ð4e�npk��Rn�zÄgÁø . Thus, eKk�²tzSð4eHk��Hz.g>ø . �
Proof of Theorem 5.19. (a) Let �Bg k���o�� z and ûCü<k��pz6g � � g k�� � o�� � z . Let

� g k���or �o�¡�or¢a£�o�¤3z andû ü k � zRg � � g�k�� � or  � o�¡ � or¢a£ � o�¤ � z . Towardsa contradiction,supposethat � � is not coherent.That is, there
existsa class²a� ��� andanobject ¥7�Ò���mk�²tz suchthat $Sn�o�$�Ö�� £�¶�·r�
k�²tz�k�¥�z with $3n\ág#$�Ö . Hence,thereare
at leasttwo distinct classes�Rnto��}ÖÞ��� � suchthat (i) ¥Ñ�/k�� � z&%Hk�� È z and ²Äkm¡ � z&%'� È , and(ii) � È is minimal
under km¡¨�~z % with (i), and(iii) $ È is the productof edgeprobabilitiesfrom ² up to � È . As ( containsall
characteristicclassesfor £�¶�·xk�²tz�k�¥�z , thereareat leasttwo distinctclasses� È �7� suchthat(i) ¥6�B�)%Kk�� È z and²�¡*%�� È , and(ii) � È is minimalunder ¡*% with (i). This impliesthat $ n o�$ Ö �7£�¶�·pk�²�z�k�¥�z . But thiscontradicts�

beingcoherent.

(b) Let
� n�gúk���ntor Snto�¡ n�or¢a£�n�o�¤�n�z , � Ö3gúk��RÖ ,  �ÖNo�¡úÖNor¢a£pÖNo�¤�Öpz , and

� n���� � Ö3g � gúk���or �o�¡cor¢a£�o�¤3z . Let�Nn)g k��Snto��Kn�z , ��ÖÒg k���ÖMo��MÖpz , and �Nn+���ú��ÖÒg �Ãg k���o�� z . Towardsa contradiction,supposethat � is
not coherent.That is, thereexists a class ²7g k�²xntor²�Öxz\�Q� andan object ¥Þg k�¥Kn�or¥MÖpzñ� �Ck�²�z suchthat
$ n o�$ Ö �¨£�¶�·xk�²tz�k�¥�z with $ n ág�$ Ö . Hence,thereareclasses� n g k�� nn o�� nÖ z�o�� Ö g k�� Ö n o�� ÖÖ z!�¨� suchthat (i)¥^�)�)%}k�� È z and ²Y¡*%�� È , (ii) � È is minimalunder¡,% with (i), and(iii) $ È is theproductof edgeprobabilities
from ² up to � È . Thus, ² , � n , and � Ö arepairwisedistinct. Moreover, $ n g-$ nn Ë�$ nÖ and $ Ö g.$ Ö n Ë�$ ÖÖ , where
$ È/ is the productof edgeprobabilitiesfrom ² / up to � È/ . Supposenow ²xn6g0� nn . Then, ¥Ò���)%Kkwk�²xnpo�� ÖÖ zwz ,² ¡ % k�²xnto�� ÖÖ z , and k�²xnpo�� ÖÖ zñ¡ % � Ö . By the minimality of � Ö , it then follows ²xnBg1� nn g2� Ö n , and thus
$ nn g3$ Ö n g À . Moreover, if � nn g4� Ö n , then $ nn g3$ Ö n . Thus,as $Sn ág3$�Ö , we canassumewithout lossof
generalitythat ²xn , � nn , and � Ö n arepairwisedistinct. As

� n is coherent,thereis some �65 n ���$n suchthat¥}n(�)�)%Hk�� 5 n z , ²xn?¡,%!� 5 n , � 5 n ¡,%!� nn , and � 5 n ¡,%7� Ö n . Without lossof generality, we canassumethat � 5 n ág�� nn .
Hence,¥7�Ò�)%Hkwk�� 5 n o�� nÖ zwz , ²!¡,%4k�� 5 n o�� nÖ z , k�� 5 n o�� nÖ z�¡,%8� n , and k�� 5 n o�� nÖ z6ág9� n . But this contradicts� n being
minimal under ¡ % with (i). Hence,� is coherent.�
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