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Temporal Probabilistic Object Bases

VeronicaBiazzd  RosalbaGiugnd ~ ThomasLukasiavicz'  V.S.Subrahmaniahn

Abstract

Thereare numerousapplicationswherewe know that a certainevent occurredduring sometime
period,but we do not know exactly whenthateventoccurred.DyresonandSnodgrasfiave shavn how
this kind of temporaluncertaintycanbe handledin relationaldatabasesin this paper we proposetwo
datamodelsto handletemporaindeterminag in objectbasesThefirst model,whichwe call theexplicit
model, provides an extensionof the relationalalgebrathat explicitly considersall possibilities. This
makesdefiningalgebraicoperationseasy but makestheirimplementatiomuite inefficient. The second
model,which we call theimplicit model,overcomeghesedeficienciedy proposingtheintelligentuse
of constraintsThis causeshemodelto be succinct.We alsoproposeanimplicit algebraon theimplicit
representatione shav thateachimplicit algebraoperationpreciselycapturests explicit counterpart.

1 Intr oduction

Thereare numerousapplicationsinvolving temporalindeterminag. For instance considera commercial
packagedelivery compary (examplesof companiesn this broad classinclude UPS, Fede, DHL, and
mary others).Sucha compan hasdetailedstatisticalinformationon how long packagesake to getfrom
one zip codeto another and often even more specificinformation (e.g., how long it takesfor a package
from one streetaddresdo another). A compary expectingdeliverieswould like to have somestatistical
informationaboutwhenthedeliverieswill arrive (ananswernf theform “Thereis a10- 20% probability of
the packageébeingdeliveredbetweer® amandlpm,anda 80 - 90% probability of beingdeliveredbetween
1pmand5pm”)is far morehelpfulto thecompary’s decisionmakingprocessethantheblandanswemiven
today(“It will be deliveredsometimetodaybetweer®amand5pm”). Temporalindeterminag alsoarises
in mary other situations. Dyresonand Snodgras$5] have identified numerousother applicationswhere
temporaindeterminag isimportant.For example radio-carbordatingeffortsin archaeologretemporally
indeterminate— a historicalrelic may be datedas“sometimebetweens00and400BC." Likewise, time-
seriesprediction programsare also uncertainaboutwhen certaineventswill occur Thereare literally
hundredsof stock market prediction programscontainingmodelsof when stocksare expectedto reach
certainprices. Whenthe resultsof suchprogramsare storedin databaseand subjectedo querying,the
needto handletemporalindeterminag is evenmoreacute.

In this paper we proposefor thefirst time, a formal theoreticalfoundationfor objectbasescontaining
temporalindeterminag. As probabilitiesare the bestknovn methodfor handlinguncertaininformation,
our modelfor indeterminag (like thatof DyresonandSnodgras$d]) is probabilistic. The organizationand
contributionsof this paperareasfollows.
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Figurel: PackageExamplewith probabilityassignmenp

¢ In Section2, we introducesomebasicdefinitionsin probability theory andtemporaldatabasesAn
importantdefinitionintroducedhereis that of explicit valuesandimplicit values— the latter are succinct
representationsf theformer.

e In Section3, we definetheconcepbf atemporalprobabilisticobjectbase(TPOBfor short). We define
theimportantconceptof an explicit TPOB-instanceandanimplicit TPOB-instanceavith the latterbeinga
succinctrepresentationf theformer

e In Section4, we describean explicit TPOB-algebra (e-algebra for short) that operateson explicit
TPOB-instancesTheadwantageof the e-algebrds thatusingit, it is relatively intuitive to definethe opera-
tions. However, it doesnot have anefficientimplementation.

e In Section5, we defineanimplicit TPOB-algbra (i-algebra for short)thatoperate®nimplicit TPOB-
instancesWe shaw thatthei-algebracorrectlyimplementshe e-algebrgin otherwords,the answergro-
ducedby thei-algebraoperationsuccinctlyrepresenthe answergproducedy the corresponding-algebra
operations) As thei-algebraworks on succinctrepresentation$t hasbettercomputationaproperties.

e In Section6, we compareour work with relatedwork ontemporalindeterminag.
e Section7 containgdirectionsfor futurework andconcludeghe paper

Thekey contrilkutionsof this paperare: (1) the definitionof implicit TPOB-instanceq2) thedefinition
of theimplicit algebraoperationsand(3) theresultsstatingthatthesemplicit algebraoperationsarecorrect
implementation®f the explicit algebraoperationsTheimportanceof (3) cannotbe overemphasized- for
example,a simplestatemensuchas“PackageP will bedeliveredsometimebetweer@ amand5pm today”
expandsout into 8 explicit statementd our chronon(i.e., smallestemporalgranularityused)is hour, 480
explicit statementd ourchrononis minute,and28,800explicit statementd ourchrononis asecond.Thus,
a single statementn the implicit algebracan capturehugeamountsof explicit datain a succinctfashion.
Theability to correctlymanipulatethis implicit datais critical to the efficiency of TPOB systems.

Our work builds directly on top of pioneeringwork by Dyresonand Snodgras$5]. Our work differs
from theirsin several ways. First, it appliesto objectbaseswhile theirsappliesto relationaldatabases.
Secondwe make no independencassumptionbetweenavents— the users querycanexplicitly encode
herknowledgeof thedependenciegsetweerevents,if ary. Third, ourworkintroducesanalgebrawhile their
work definesan SQL extension.Fourth, we presenformal definitionsof importantnotionslike coherence
and consisteng and shav that underappropriateassumptionsall our operationspresere coherenceand
consisteng



2 BasicDefinitions

In this section,we recapitulatesomebasicdefinitions. In particular we recallthe notion of a calendarWe
thendefineclassicaltypesandtheir values,andintroduceprobabilistictypesandtheir explicit andimplicit
values.Finally, we describethe conceptof a probabilisticstrateyy.

2.1 Calendars

We now recapitulatethe conceptof a calendardueto Krauset al. [15]. A calendarconsistsof a linear
temporalhierarchyof time unitsanda validity predicatespecifyingvalid time points.

Definition 2.1 (time unit) A timeunit consistf anameandatime-valueset
For example thetime unit namedday hasthetime-valueset{1,2,...,31}.

Definition 2.2 (linear temporal hierarchy) A lineartempogl hierarchy is afinite setof distincttime units
with alinearorderd amongthem.

For example,day 3 hour 13 minute is alineartemporalhierarchy

Definition 2.3 (time point) Let H = T7 J ... O T, bealineartemporalhierarchy A time point over H
is atuple (¢1,-..,t,), whereeacht; is atime-valuein thetime-value setof 7;. We use< g to denotethe
usuallexicographicorderon all time pointsover H, which is definedby (¢1,...,¢,) <@ (t},...,t,) iff
somei € {1,...,n} existssuchthatt; = t; forall j € {1,...,7 — 1} andt; < ¢;. Weuse<y to denote
thereflexive closureof < g.

For example, (1997, 1, 31) is atime pointover H = year J month 3 day.

Definition 2.4 (calendar) A calendarC consistf alineartemporalhierarchyH andavalidity predicate
Thevalidity predicatespecifiesa non-emptysetof valid time pointsover H. A calendatis finite if the set
of all its valid time pointsis finite. In the restof this paper all calendarsare assumedo be finite unless
specifiedotherwise.

Intuitively, (1997,1,31) and (1997,2,31) aretime pointsover H = year J month J day. The
validity predicatemay now characterizehe formerasvalid andthelatterasinvalid. The readerinterested
in how to specifyvalidity predicatesnay consult[15].

2.2 Typesand Values

This sectionintroducestypes,andvaluesassociatedvith types. It is divided into threeparts— classical
typesandvalues probabilistictypes,andexplicit andimplicit valuesof probabilistictypes.

2.2.1 ClassicalTypesand Values

Every classicaltype 7 is associatedvith adomain denoteddom(7), which specifieghe setof valuesof .
In this paper we assumehat7 = {integer, string, Boolean, float} is the setof atomictypesandthattheir
domainsaretheusualdomains We alsoassumehe existenceof somearbitrarybut fixedset.A of attributes.

Definition 2.5 (temporal atomic type) Every calenderr is atemporl atomictypewith the setof all valid
time pointsasits associatedlomaindom(r).

Classicalypesareeitheratomictypesor comple typesconstructedrom atomictypesby usingthesetand
thetuple constructar
Definition 2.6 (classicaltype) We defineclassicaltypesby inductionasfollows:

e Everyatomictypefrom 7 andeverytemporalatomictypeis a classicatype.

e If 7isatype,then{r} is aclassicakype(calledclassicalsettypd.

e If Aq,..., A, arepairwisedistinctattributesfrom A andry, ..., 7 areclassicatypes,
then[A;: m,..., Ag: 7] is aclassicakype (calledclassicaltupletype.
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We may now definevaluesof classicakypes.

Definition 2.7 (valuesof classicaltypes) We definevaluesof classicatypesinductively asfollows:
e Forall atomictypest € T, everyv € dom(r) is avalueof the classicatype .

o If vy,..., v arevaluesof 7, then{vy,. .., v} isavalueof theclassicakype{r}.
e If Aq,..., Ay arepairwisedistinct attributesfrom A andws, ..., v, arevaluesof 7, ..., 7, then
[A1: v1,..., Ak vg] isavalueof theclassicatype[A;: 11,. .., Ag: k).

2.2.2 Probabilistic Types

A probabilistictypeis eitheranatomicprobabilistictype,or a complex probabilistictype constructedrom
classicakypesandatomicprobabilistictypesby usingthetuple constructar

Definition 2.8 (probabilistic type) We defineprobabilistictypesby inductionasfollows:
¢ If 7 isaclassicakype,then[r] is aprobabilistictype (calledatomicprobabilistictypg).

o If Ay,..., A, arepairwisedistinctattributesfrom A andry, . . . , 7, areeitherclassicabr probabilistic
typesithen[A;: 7y,..., Ax: %] IS aprobabilistictype (calledprobabilistictupletypé).

Example 2.9 Considemnapplicationmaintaininginformationabouthow longit takespackage$o getfrom
onelocationto another Suchan applicationmay be usedby a packageadlelivery servicelike DHL, Fede,
or UPS.TheattributesOrigin andDestination may be definedover the atomictypestring. In contrastthe
attributesDelivery andSTOPone mayrespectiely bedefinedover theatomicprobabilistictype [time] and
overtheprobabilistictupletype[City: string, Arrive: string, Shipment: [[time]]], wheretime is acalendar

Probabilistictypescanhave valuesthatarerepresenteditherexplicitly or implicitly. Eachof thesetwo
optionsis now consideredelow.

2.2.3 Explicit Valuesof Probabilistic Types

We now introduceexplicit valuesof probabilistictypes.

Definition 2.10(explicit valuesof probabilistic types) We defineexplicit valuesof probabilistictypesby
inductionasfollows:
¢ An explicit value of an atomic probabilistictype [[7] is a finite setof pairs (v, [I, u]), wherev is a
valueof 7 andil, u arerealswith0 <[ < u < 1.
e An explicit value of a probabilistictype [A1: 71,..., Ax: 7] is of theform [A;: vq,..., Ag: vk,
wherevs, ..., v, areeithervaluesor explicit valuesof 71, . . ., 7%.

Example 2.11 An exampleof anexplicit valueof the atomicprobabilistictype [[time], wheretime is the
calendawover thelineartemporalhierarchyhour Jminute, is {((12, 30), [.4, .6]), ((12, 35), [ .4, .6])}. An
explicit valueof theatomicprobabilistictype [[string] is { (New_York, [.3,.4]), (Washington, [.5, .6])}.

Let A beanattributeandv = {(v1, [l1,u1]),- - ., (vn, [ln, us)) } beanexplicit valueof anatomicprob-
abilistic type. Then,“ A: v” intuitively saysthat “The probability that A hasthe value v; lies in the in-
tenal [I;,u;]”. We assumehatthe events® A: v;” areexhaustve andpairwisemutually exclusive, which
impliesthefollowing notionof consisteng for explicit valuesof probabilistictypes.

Definition 2.12(compactnessand consistency) An explicit valuev = {(v1, [l1,u1]),---, (Vn, [ln,un])}
of an atomic probabilistictype is compactiff v, ..., v, arepairwisedistinct. We sayv is consistentff
v is compactand)_"  I; <1 < Y7 u;. An explicit valuewv of a probabilistictype is compact(resp.,
consistentiff all containedexplicit valuesof atomicprobabilistictypesarecompactresp.,consistent).

2.2.4 Implicit Valuesof Probabilistic Types

We now introduceimplicit valuesof probabilistictypes.Theseareimplicit representationsf explicit values
— we generalizea constraint-basedpproactdueto Dekhtyaret al. [2].
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Temporal and Data Constraints. Using a temporalconstraint,we canimplicitly definea setof valid
time points (namelythe solutionsof that constraint)w.r.t. a given calendar In contrast,a dataconstraint
specifiesa setof datavaluesfrom a totally ordereddomain.We now definethe syntaxof temporalanddata
constraints.

Definition 2.13(temporal constraint) Letr beacalendamith lineartemporahierarchyd =77 J --- O
T,. An atomictempoal constaint for 7 hasoneof the following forms:
e (T;0v;) wheref belongsto {<, <, =, #,>, >} andw; is atime-valuein the time-value setof time
unit 7;. We call (T; 8 v;) anatomictime-valueconstaint.
e (t1 ~ to) Wherety,to € dom(1) andt; <pg to. Wecall (t; ~ t2) anatomictime-intervalconstaint.
We use(t,) to abbreviate (¢, ~ #1).

A tempoal constaint for 7 is a Booleancombinationof atomictemporalconstraintdor 7 (thatis, con-
structedrom atomictemporalconstraintdy usingthe Booleanoperators-, A, andV).

Definition 2.14(data constraint) Letr beaclassicatypewith totally ordereddomaindom(7). An atomic
dataconstaint for 7 is eitherof theform (D 6 v), wheref € {<, <, =, #, >, >} andv € dom(7), or of the
form (v1 ~ wv9), wherew,ve € dom(7) with v; < vo. We use(v;) to abbreiate (v1 ~ v1). A data
constaint for 7 is a Booleancombinationof atomicdataconstraintgor .

We now definethe semanticof temporaland dataconstraintsthatis, the setof time pointsanddata
values respectiely, thatthey specify

Definition 2.15(solution to a temporal constraint) Let + be a calendarwith linear temporalhierarchy
H=1T 3--- 31T, Atmepoints = (s1,...,8,) € dom(r) is a solutionto an atomic tem-
poral constraint(T; 8 v;) (resp.,(t; ~ t3)), denoteds | (T;0wv;) (resp.,s E (t1 ~ t2)), iff s;0v;
(resp.t1 <pg s <pg t3). Weinductively extendthe notion of solutionsto all temporalconstraintdy:

e s |=—C iff it is notthecasethats = Ci,

e s =(Cy NCy)iff s =Cy ands = Cs,

e s=(CLV(0y)iff s =Cyors = Cs.

Definition 2.16(solution to a data constraint) Let 7 be ary classicaltype with totally ordereddomain
dom(7). A values € dom(7) is a solutionto (D 8v) (resp.,(v1 ~ v9)), denoteds = (D6 v) (resp.,
s = (v1 ~ v2)), iff s@v (resp.,u; < s < v2). Theconceptof solutionsis extendedin the usualway to
all dataconstraintgseeDefinition 2.15).

Definition 2.17(constraint and solution set) Let 7 beacalendairesp. classicatypewith totally ordered
domaindom(7)). A constaint C for 7 is atemporal(resp.,data)constrainfor . We usesol(C) to denote
the setof all solutionss € dom(r) to C.

Probability Distrib ution Functions. We arenow readyto recallthewell-knowvn conceptof a probability
distribution function (pdf for short). In the sequelwe assumehat S is asetof n > 1 pairwisemutually
exclusive eventssy, .. ., s,.

Definition 2.18(probability distrib ution function) A probability distribution function (or simply distri-
bution functior) over S is amappingp: S — [0,1] suchthat}” 4 p(s) < 1.

The mostwidely usedpdf is the uniform distribution: The uniformdistribution over S, denotedUs, is
thefunctionUg: S — [0, 1] definedby U(s) =1/nforall s € S.
Thefollowing aresomeotherstandardgrobability distribution functions.Here,we additionallyassume
thatS is totally orderedby s; < s; iff 4 < jforallé,j € {1,...,n}:
e The geometricdistribution over S for 0 < p < 1, denotedG', ,, is thefunctionGg ,: S — [0,1]
definedby G, »(si) = p- (1 —p)¢ forall s; € S.
e The binomial distribution over S for 0 < p < 1, denotedBg, ,, is the function Bg ,: S — [0,1]
definedby Bs, ,(s;) = (7)-p*- (1 —p)" i forall s; € S.
e The Poissondistribution over S for A > 0, denotedPs ,, is thefunction Ps : S — [0, 1] defined
byPS,)\(Si) =e M\ /’L' forall s; € S.



Implicit Valuesof Probabilistic Types. In orderto defineimplicit valuesof probabilistictypes,we start
by definingimplicit tuples— a conceptorravedfrom [2].

Definition 2.19(implicit tuple) Letr beeitheracalendalor aclassicatypewith atotally ordereddomain.
An implicit tuple (or i-tuple) for 7 is a 5-tuple (C, D, 1, u,d), whereC, D areconstraintsfor 7 with ) C
sol(C) C sol(D), l,u arerealswith 0 < [ < u < 1, and{ is a distribution function over sol(D). If
sol(C) = sol(D), we use(#) to abbreiate C.

We next give aformal definition of implicit valuesof probabilistictypes.

Definition 2.20(implicit valuesof probabilistic types) We defineimplicit valuesof probabilistictypesby
inductionasfollows:

¢ An implicit valueof anatomicprobabilistictype [ 7] is afinite setof implicit tuplesfor 7.
e An implicit value of a probabilistictype [A41: 7,..., Ag: %] is of theform [A;: vq,..., Ag: vk,
wherevs, ..., v, areeithervaluesor implicit valuesof 7, ..., 7%.

Example 2.21 An implicit valueof the atomic probabilistictype [[time]], wheretime is the calendarover
thelineartemporalhierarchyhour Jminute, isv = ((#), ((12,30) ~ (12,34)),0.5,1,U).

Every implicit valuev of anatomicprobabilistictype [[7] hasanequivalentexplicit valuee(v), which
is definedby e(v) = {(v, [l - 6(v"),u-8(v")]) | I(C, D,l,u,d) € v: v’ €s0)(C)}.

Example 2.22 Let usreconsidethe implicit valuev of Example2.21. Its explicit valuee(v) is given by
{((12,30), .1,.2]), ((12,31), [1,-2]), ((12,32), .1, 2]), (12, 33), [.1, 2]), (12, 34), [.1,.2]) }.

It is now easyto extendthe notionsof compactnesandconsisteng to implicit values.

Definition 2.23(compactnessand consistency) An implicit valuev = {(C1, D1,l1,u1,61),...,(Cn, Dy,
In,un,dn)} of an atomic probabilistictype is compactiff sol(C; A C;) # 0 for all 4,5 € {1,...,n}
with ¢ # 5. We sayw is consistentff v is compactand

2?21 quiEsol(Ci) li-di(vi) < 1 < 2?21 Zviesol(Ci) u; - i (vi) -

An implicit valuewv of a probabilistictypeis compact(resp.,consistentiff all containedmplicit valuesof
atomicprobabilistictypesarecompaciresp.,consistent).

2.3 Probabilistic Strategies

Considertwo eventse; andes, which have a probabilityin theintenals[l;, ;] and[ls, us], respectiely. To
computethe probability interval associatedavith the compoundeventse; V es, e; A eg, ande; A —eq, We
needto know thedependenciesetweere; andes (or lackthereof).Forinstanceg; ande, maybemutually
exclusive, or probabilisticallyindependentor positively correlatedwhene; implieses, or e implieser),
orwe maybeignorantof therelationshipbetweere; ande,. Eachof thesesituationsyieldsadifferentway
of computingthe probabilityof e; V es, e1 A eg, ande; A —es.

Definition 2.24(conjunction, disjunction, and differ encestrategy) Letl/ denotethesetof all nonempty
subinterals [I, u] of theunitinterval [0, 1]. Assumethatthe probabilitiesof the eventse; ande; arein the
intenals[l1, u;] and[lz, us], respectrely. A conjunction(resp. disjunction differencé strategyis afunction
Q:U? = U (resp.@: U? - U, ©: U? — U) thatcomputesheprobabilityinterval of e; Aes (resp.e1 Ves,
e1 N\ —eg).

Lakshmanaret al. [16] give axiomsthat conjunctionanddisjunctionstrategies shouldsatisfy but we
do not repeatthesehere,exceptto saythat our conjunctionanddisjunctionstratgies shouldalso satisfy

suchaxioms.Tablesl-3shav someexamplesof conjunction disjunction,anddifferencestratgies([7] has
moreexamples).

For associatie and commutatie conjunction(resp.,disjunction)stratgies ® and nonemptyintenals
(11, u]y oy [, ug] € [0,1] with & > 1, we use®r_, [l;, u;] to denotelly, ui] ® -+ @ [I, ug]. Fork = 0,
we define@le[li, u;] astheconstantsl, 1] (resp.,[0, 0]).
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Tablel: Conjunctionstratgies

Mutual exclusion
Positive correlation
Independence
Ignorance

I1, u1] ®me [l2,u2]) = [0,0]

l1,u1 Qpe l2,U2 ) = min(ll,lg),min(ul,'uQ)]
I, u1] ®in [l2,u2]) = [l1 - Iz, u1 - us]

I, u1] ®ig [l2, ua]) = [max(ly, l2), min(1, u1 + us)]

Py Py P

Table2: Disjunctionstratgies

Mutual exclusion
Positive correlation
Independence
Ignorance

ll,’IL1 DBme [lg,’ltg]) = [min(l,l1 + l2),min(1,u1 + UQ)]
l1,u1 Dpe l2,U2 ) = max(ll,lg),max(ul,uz)]

ll,ul Din lz,Uz): l1+l2—ll'l2, U1+U2—U1-U2]
ll,ul @ig [lQ,Uz]) = [maX(O,ll + 15 — 1),min(u1,u2)]

Py Py P

Table3: Differencestratgjies

Mutual exclusion
Positive correlation
Independence
Ignorance

l1,u1] ©me [l2,us]) = [l1, min(uy, 1 —Io)]

l1,uq Spe o, us ) = max(O,h - uz),max(O,ul — 12)]
I1,u1] Oin [l2,uz2]) = [l1 - (1 = u2), ur - (1 = 12)]

l1,u1] Cig [la, up]) = [max(0,1; — ug), min(uy, 1 —1I5)]

Py Py P

3 Temporal Probabilistic Object Bases

In this section,we first introducethe conceptof a schemdor temporalprobabilisticobjectbases We then
definethe inheritancecompletionof a schema. Finally, we introducetemporalprobabilisticobjectbase
instancesvith respecto this inheritancecompletion.

3.1 Temporal Probabilistic Object BaseSchema

A temporalprobabilisticobjectbaseschemaonsistf a hierarchyof classesith associatedypes.Mem-
bershipof anobjectin animmediatesubclas®f ary classis expressedy a conditionalprobabilityvalue.

Definition 3.1 (temporal probabilistic object baseschema) A tempoal probabilisticobjectbaseschema
(TPOB-stiema)is a5-tuple(C, o, =, me, p), where:

e (C is afinite setof classes

e o mapseachclassc € C to a probabilistictuple type. Intuitively, o specifiesthe datatype of each
class.

e = isabinaryrelationonC suchthat(C, =) is adirectedagyclic graph(dag). Intuitively, eachnode
of thedirectedagyclic graph(C, =) is aclassfrom C, andeachedgec; = ¢, saysthattheclassc; is
animmediatesubclasof cs.

e me mapseachclassc to apartitionof thesetof all immediatesubclassesf c. Intuitively, supposehat
theclassc hasthefive subclasses;, . . ., c; andsupposehatme(c) is thepartition{{c1, c2 }, {c3, ca,
¢s}}. Here,me(c) produceswo clusters.An objecto belongingto classc canbelongto no, or either
or both clustersof ¢. However, the classeswithin a clusterare mutually exclusive, thatis, o cannot
belongto both¢; andcy in thesametime.

e © mapseachedgein (C,=>) to a positive rationalnumberin the unit intenal [0, 1] suchthatfor all
classes andall clustersP € me(c), it holdsthat X cpp(d,c) < 1. Intuitively, if ¢; = c¢o, then
p(c1, c2) specifieghe conditionalprobabilitythatanarbitraryobjectbelongsto the subclasg:; given
thatit belongsto the superclasss.

Example 3.2 The TPOB-scheméor the PackageExamplecontainghefollowing components:

e C = {Package, Letter, Box, Tube, Priority, Express_saves, One-transfer, Two-transfer}.
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o is givenby Table4 below.

(C,=) is the graphresultingfrom Figure 1 whenthe d-nodesare contractedto Package andthe
probabilitylabelsareremaoved.

e me(Package) = {{Letter, Box, Tube}, {Priority, Express_saves}},
me(Box) = me(Express_saves) = {{Two-transfer}},
me(Tube) = me(Priority) = {{One-transfer}},
me(Letter) = me(One-transfer) = me(Two-transfer) = ().

p is the probabilityassignmenin Figurel.

Table4: Typeassignmendr

| c | a(c)
Package Origin: string, Destination: string, Delivery: [time]]
Letter Height: float, Width: float]
Box Height: float, Width: float, Depth: float
Tube Height: float, Width: float, Depth: float
Priority Time: [time
Express_saves | [Time: [time
One-transfer | [City: string, Arrive: [time], Shipment: [time]]
Two-transfer | [STOPone: [City: string, Arrive: [time]], Shipment: [time]],

STOPtwo: [City: string, Arrive: [time]], Shipment: [time]]]

A directedpathin thedag(C, =) is asequencef classes;, ¢, . . ., ¢x suchthatc; = co = --- = ¢
andk > 1. We use=-* to denotethereflexive andtransitive closureof =. We saythatc; is asubclas®f ¢y
iff c; =* co. Wesayc; is astrictsubclas®f cg, iff ¢; is asubclas®f ¢, ande; # ¢o. A classd is minimal
under=-* in asetof classe® iff d € D andnoclassin D is a strict subclas®f d. A classd is asubclass
of apartitionclusterP iff d is asubclas®f somec € P.

We arenow readyto definea notionof consisteng for TPOB-schemas.

Definition 3.3 (consistentTPOB-schema) Let S = (C, 0, =, me, p) bea TPOB-schemaAn interpreta-
tion of S is ary mappinge from C to the setof all finite subset®f aset©. An interpretatiore of S is called
ataxonomiamodelof S iff it satisfieghefollowing conditions:

C1l e(c) # 0, for all classes: € C.

C2 ¢(c) C g(d), for all classeg;, d € C with ¢ = d.

C3 e(c) Ne(d) = 0, for all distinctclasseg, d € C thatbelongto thesameclusterP € | me(C).

We saythattwo classeg, d € C aretaxonomicallydisjoint (t-disjoini) iff (c) N e(d) = @ for all taxonomic
modelse of S. An interpretatiore of S is ataxonomicand probabilisticmodel(or simply mode) of S iff it
is ataxonomicmodelof S andit satisfieghe following condition:

C4 |e(c)| = p(c,d) - |e(d)| for all classes:, d € C with ¢ = d.

We sayS is consistentff S hasamodel.

Thework in this sectionbuilds upondefinitionsin [6]. There,it is shavn thatdecidingthe consisteng
of probabilisticobjectbaseschemads NP-complete— this resultalso applieshere. However, thereare
importantspecialcase®f TPOB-schemasyhich canbetestedn polynomialtime, andfor which deciding
consisteng canalsobedonein polynomialtime (see[6] for detailedalgorithms).



3.2 Inheritance Completion

We now definetheinheritancecompletionof aTPOB-schemalntuitively, aclassin aTPOB-schemahould
inheritattributesfrom its ancestorsAn inheritancestratgy, definedoelav, explainshow to resohe conflicts
thatarisedueto multiple inheritance.

Definition 3.4 (inheritance strategy) LetS = (C, 0, =, me, p) bea TPOB-schemalet A denotethe set
of all top-level attributesof S. Letming: C x A — C bethemappingthatassigngo eachpair(c, A) € Cx A
thesetof all classesl € C suchthat(i) ¢ =* d, (ii) A is atop-level attribute of d, and(iii) nootherd’ such
thatc =* d' =* d satisfiesconditions(i) and(ii). An inheritancestrategy for S is a partial mapping
inhg: C x A — C thatassignsa classd € ming(c, A) to each(c, A) € C x A suchthatming(c, A) # 0.

Theinheritancecompletiorof aTPOB-schemés obtainecby addingto eachtypeof aclass all top-level
attributes(with their types)thatareinheritedfrom superclasses.

Definition 3.5 (inheritance completion TPOB-schema) The inheritancecompletionTPOB-stiemaof a
TPOB-schem& = (C, 0, =, me, p) istheTPOB-schem&* = (C, o*, =, me, p), wheres*(c) = [A1: 11,
..., Ag: 1] suchthatsomed € C existswith (i) inhg(c, A;) = d and(ii) A; is atop-level attribute of d
with typer;. If S = S*, thenS is saidto befully inherited

Example 3.6 Considerthe TPOB-schem& = (C,o0,=,me, p) givenin Example3.2. Its inheritance
completionTPOB-schemds givenby S* = (C, o*, =, me, p), wherec™* is givenin Tableb.

Table5: Typeassignment™ of theinheritancecompletionTPOB-schema

E [ (0) |
Package Origin: string, Destination: string, Delivery: [[time]]

Letter Origin: string, Destination: string, Delivery: [[time], Height: float, Width: float]

Box Origin: string, Destination: string, Delivery: [[time], Height: float, Width: float, Depth: float

Tube Origin: string, Destination: string, Delivery: [[time], Height: float, Width: float, Depth: float

Priority Origin: string, Destination: string, Delivery: [[time], Time: [[time

Express_saves | [Origin: string, Destination: string, Delivery: [time], Time: [time

One-transfer |[Origin: string, Destination: string, Delivery: [time], Height: float, Width: float, Depth: float,

Time: [time]], City: string, Arrive: [time]], Shipment: [time]]

Two-transfer |[Origin: string, Destination: string, Delivery: [[time]], Height: float, Width: float, Depth: float,
Time: [[time]], STOPone: [City: string, Arrive: [time], Shipment: [time]],

STOPtwo: [City: string, Arrive: [time]], Shipment: [time]]]

3.3 Temporal Probabilistic Object Baselnstance

In this section,we introducethe notion of a temporalprobabilisticobjectbaseinstance which is defined
with respecto theinheritancecompletionof a TPOB-schema.

Assumption. In therestof this paperwe assumehatthereis a (countably)infinite setO of objectidentifieis
(oids). For thealgebraicoperationf naturaljoin, Cartesiarproduct,andconditionaljoin (seeSection4),
weassumdghatO x O C O, thatis, O is closedunderCartesiarproduct.

A temporalprobabilisticobjectbaseinstanceassociatesvith eachclassc a setof oids 7(c), andwith
eachoid o € 7(c) avalueof appropriateype o*(c).

Definition 3.7 (temporal probabilistic object baseinstance) A tempoal probabilistic object basein-
stance(TPOB-instanckl over a consistenfTPOB-schem®& = (C, o, =, me, p) is apair (r,v), where(i)
7 : C — 29 mapseachclassc to afinite subsebf O suchthatz(c;) N7 (cz) = 0 for ary distincte, co € C,
and(ii) » mapseachoid o € 7(c), ¢ € C, to avalueof type o*(c). We sayI is explicit (resp.,implicit)
iff all v(0) with o € 7(c) for somec € C areexplicit (resp.,implicit) values. Every implicit instancel is



associatedavith the explicit instances(I), which is obtainedfrom I by replacingevery containedmplicit
valuewv of anatomicprobabilistictype by its correspondingxplicit valuee(v).

We definer(C) = J{w(c)|c € C} andn*(c) = U{r () | ¢ € C, ¢ =* ¢}. Informally, 7(c) is theset
of all objectsthatarecreatedin ¢, while 7*(c) is the setof all objectsthatbelongto c.

Example 3.8 Tables6 and7 shav a sampleTPOB-instancever the TPOB-schemaf Example3.2.

Table6: Themappingsr andn*

| c | m(c) | 7*(c) |

Package {} {03,05}
Letter {} {}

Box 0 [Hos)
Tube 4 |1 {
Priority {03} | {03}
Express_saves | {} {05}
One-transfer | {} {}
Two-transfer | {05} | {o5}

Table7: Valueassignment

o | v(o)

o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00), [.4, .6]), ((18,31),[.3,.5])}.

Time: {((8,00),[.45,.5]), ((8,10),[4,.5])}]

o5 | [Origin: Paris, Destination: San_Jose, Delivery: {((12,00),[.5,.7]), ((12,15),[4, .5])},

Height: 60, Width: 50, Depth: 40, Time: {((12,00),[.3, .4]), ((12,05), [4,.7])},

STOPone: [City: New_York, Arrive: {((14,00),[.3,.5]), ((14, 30),[.7,.8])},

Shipment: {((16,00),[1,1])}], STOPtwo: [City: ST_Louis,

Arrive: {((17,30),[.2, .6]), ((17,45),[.5,.6])}, Shipment: {((18,00),[.3,.5]), ((18, 30), [.6,.7]) }]]

We now definethe concepiof a probabilisticextent. Informally, the probabilisticextentof a classc € C
specifieghe probabilitythatanoid o € 7(C) belongsto c.

Definition 3.9 (probabilistic extent) LetI = (7, ») bea TPOB-instancever a consistenlTPOB-schema
S = (C,0,=,me, p), andlet ¢ beaclassfrom C. The probabilistic extentof ¢, denotectxt(c), mapseach
oid o € w(C) to asetof rationalnumbersn [0, 1] asfollows:
(1) If 0 € 7*(c), thenext(c) (o) = {1}.
(2) If 0o € 7*(') with aclassc’ € C thatis t-disjoint from ¢ (thatis, for all modelse of S, the setse(¢)
ande(c) aredisjoint), thenext(c) (o) = {0}.
(3) Otherwisegext(c)(o) = {p | p is theproductof theedgeprobabilitieson a pathfrom c upto aclassd
suchthat(i) o € 7*(d) andc =* d, and(ii) d is minimalunder=* with (i) }.

We call theclassc in (1), theclassc’ in (2), andevery classd thatsatisfieqi) and(ii) in (3) a characteristic
classfor ext(c) (o).

Example 3.10 The probabilisticextentof One-transfer in our PackageExampleis asfollows:
ext(One-transfer)(o3) = {.2}, ext(One-transfer)(os) = {0}.

The notion of coherencef TPOB-instancegiven belav requiresthatthe probabilisticextent of every
classassignsa uniqueprobabilityto every oid.

Definition 3.11(coherent TPOB-instance) LetI = (w,r) bea TPOB-instancever a consistenfTPOB-
schemaS = (C,o0,=,me, p). The TPOB-instancd is coheentiff for all classes: € C andall objects
o € w(C), theprobabilisticextentext(c) (o) containsat mostoneelement.
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We now cometo theimportantnotion of consisteng for TPOB-instances.

Definition 3.12(consistentTPOB-instance) A TPOB-instancd = (w,v) over a TPOB-scheme& =
(C,0,=,me, p) is consistentf v(o) is consistentor all o € «(C).

4 Explicit Temporal Probabilistic Object Algebra

In this section,we introducethe explicit TPOB-algebrge-algebra).The e-algebraoperatordake explicit
TPOB-instancesver TPOB-schemaasinputandproduceanexplicit TPOB-instancevera TPOB-schema
asoutput. Unlessspecifiedbtherwise weassumehatall input TPOB-stiemasare fully inheritedandthat
all input TPOB-instanceare explicit.

4.1 Selection

Wefirst definetheselectioroperationwith respecto probabilisticselectionconditions.We startby defining
pathexpressionandatomicselectionconditions which arethenusedto constructselectionconditionsand
probabilisticselectionconditions.

Definition 4.1 (path expression) We definepath expressionsnductively asfollows:

e A pathexpressionfor the classicalor probabilistictuple type [A;: 71,. .., Ag: 7x] is eitherof the
form A; or of theform A;.P;, whereP; is a pathexpressiorfor ;.

¢ A pathexpressiorfor theatomicprobabilistictype [ 7] is of theform [[P]], whereP is a pathexpres-
sionfor 7.

For example,STOPone, STOPone.City, andSTOPone.Arrive arepathexpressiongor the probabilistic
tupletype[STOPone: [City: string, Arrive: [time], Shipment: [time]]].

Definition 4.2 (atomic selectioncondition) Let S = (C,0,=,me, p) be a TPOB-schema.An atomic
selectionconditionhasoneof thefollowing forms:

e in(c), wherecisaclassin C.

e P v, whereP is apathexpressiony isavalue,andf € {<, <,=,#,>,>}.

e P, 05 P»,whereP;, P, arepathexpressionsg is aconjunctionstratgy, andd € {<, <,=,#,>,>}.

For example,in(Letter) andSTOPone.City = New_York aretwo atomicselectionconditions.They say
“find all objectsthatareletters”and“find all objectsthathave New York asthefirst stop”, respectely.
Definition 4.3 (selectioncondition) We defineselectionconditionsby inductionasfollows.

e Everyatomicselectionconditionis a selectioncondition.

e If ¢ andy areselectionconditionsand® (resp. @) is aconjunction(resp. disjunction)stratgy, then
¢ Ng P (resp.,¢ Vg 1) is aselectioncondition.

In thePackageExample in(One-transfer) Ag,, (Arrive < (13,00) Vg,, Arrive > (14, 00)) is aselection
condition,which says‘find all objectsin One-transfer thatarrive before13:000r after 14:00".

Definition 4.4 (probabilistic selectioncondition) We defineprobabilisticselectionconditionsinductively
asfollows. If ¢ is aselectionconditionandi, v arerealswith 0 <! <wu <1, then(¢)[l, u] is a probabilistic
selectioncondition.If ¢ and« areprobabilisticselectionconditionsthensoare—¢, (¢ A %), and(¢ V ).

For instance(Time < (14, 00))[.5, 1] is a probabilisticselectioncondition,which says“find all objects
whosevaluesin theattribute Time aresmallerthan14:00with associategrobabilityin [.5,1]".

In orderto definethe semanticsof probabilisticselectionconditions,we first definethe semanticof
pathexpressions.

Definition 4.5 (valuation of path expressions)Let P beapathexpressiorfor theprobabilistictyper. The
valuationof P underanexplicit valuev of 7, denotedv.P, is definedasfollows:
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o Ifv= [A1: Vlye-- ,Ak: Uk] andP = A;R, thenv.P = v;R.

o If v={(v1,11),...,(vk,Ix)} andP = [[R], thenv.P = {(v1, 1, R), ..., (v, Ix, R) }. Wecall such
sets{(v1, I1, R), ..., (v, I, R)} geneanlizedexplicit valuesof 7.

e v.P isundefinedtherwise.

We maynow definethe semantic®of atomicselectionconditionsandselectionconditions.

Definition 4.6 (valuation of atomic selectionconditions) LetI=(r,») beaTPOB-instanceveraTPOB-
schemaS = (C,o0,=,me, p), andleto € 7(C). Let & bethedisjunctionstratgy for mutual exclusion.
The probabilistic valuationwith respecto I ando, denotecproby ,, is thefollowing partialmappingfrom
the setof all atomicselectionconditionsto the setof all closedsubinterals of [0, 1]:

e proby ,(in(c)) = [min(ext(c)(0)), max(ext(c)(0))].
e Let P be a path expressionfor the type of o. If v(0).P is a value of a classicaltype, then de-

fine V ={(v(0),[1,1], P)}, elseif v(o).P is a generalizedxplicit value of an atomicprobabilistic
type,thendefineV = v (0).P. OtherwiseV is undefined.

@F 1, if Visdefined

b1 (POv) =
probye(P0v) { undefined otherwise,

wherely, ..., I; aretheintenals I suchthat(w,I,S) €V andw.S @v, if V is defined. Note that
proby ,(P 6v) is undefinedf somew.S 0 v is undefined.

e Foreachi € {1,2}, let P, bea pathexpressiorfor thetype of o. If v(0).P; is avalueof aclassical
type,thendefineV; = {(v(0),[1,1], B;)}, elseif v(0).P; is ageneralizedxplicit valueof anatomic
probabilistictype,thendefineV = v(0).P;. OtherwiseV; is undefined.Then,

@®F, I, if Vi andV; aredefined

by (P 0g P) =
proby,(P1 0 P2) {undefined otherwise,

wherely, ..., I aretheintenalsI ® J suchthat(vy, I, S1) € V4, (v2, J, S2) € Vo, andv;.S1 0 v2.5,
if V1 andV; aredefined.Notethatprob I,O(Pl 0g P») isundefinedf somew;.S; 6 v2.S9 is undefined.

In thePackageExample theatomicselectiorconditionin(One-transfer) is assignedheintenals|[.2, .2]
and [0, 0] underproby ,, andproby . , respectiely. The atomic selectioncondition STOPone.City =
New_York is undefinedunderproby ,,, andit is assignedl, 1] underproby . .

Definition 4.7 (valuation of selectionconditions) LetI=(r,v) beaTPOB-instance@veraTPOB-schema
S = (C,0,=,me, p), andleto € 7(C). Weextendprob , to apartialmappingfrom thesetof all selection
conditionsto the setof all closedsubinterals of [0, 1] asfollows:

e proby,(¢ Ag %) = proby,(¢) ® proby ,(7),

® proby,(¢ Ve 1) = proby,(¢) @ proby,,(1)).

For instancethe selectionconditionin (Priority) Ag,, Time < (14, 00) is assignedhe probabilityinter
vals[.95, 1] and[0, 0] underproby ,, andproby ,_, respectiely.

We arenow readyto definewhatit meangor anobjecto in aTPOB-instancd over someTPOB-schema
S to satisfya probabilisticselectioncondition .

Definition 4.8 (satisfactionof probabilistic selectionconditions) LetI = (r,v) bea TPOB-instancever
aTPOB-schem® = (C,0,=,me, p), andleto € ©(C). Let ¢ bea probabilisticselectionconditionsuch
thatproby ,(¢5) is definedfor all selectionconditionse thatoccurin ¢. Thesatisfactionof ¢ underl and
o, denotedprob , = ¢, isinductively definedasfollows:

e proby, = (¢)[l,u] iff proby,(¢) C [1,ul.
e proby, = ~¢iff it is notthe casethatproby , = ¢.
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e proby, = ¢ A iff proby, = ¢ andproby , |= .
e proby, = ¢ V¢ iff proby, = ¢ orproby, |= 9.
Weillustratethe notion of satishctionvia thefollowing example.
Example 4.9 Thefollowing satishction(andnon-satisdiction)relationshold in our PackageExample.
e proby,, [~ (in(Priority) Ag,, Time < (14,00))[.96,1],
e proby,, [= (in(Priority) Ag,, Time < (14,00))[.5, 1],
e proby,, |= (in(Priority) Ag,, Time <(14,00))[.5, 1] A (in(One-transfer))[.2, .3].

We arenow readyto definethe selectionoperationon TPOB-instances.

Definition 4.10(selectionon TPOB-instances) Let I = (7, v) be a TPOB-instanceover a TPOB-schema
S=(C,o0,=,me, p), andlet ¢ be aprobabilisticselectioncondition. The selectionon I with respecto ¢,
denotedr,(I), is the TPOB-instancéxr’, v') overS, where:

e 7'(c) = {0 € 7(c) | |= is definedfor prob; , and¢, and proby , |= ¢}, forall ¢ € C.
o V =v|7(C).
Thefollowing exampleillustratesthe useof the selectionoperatoron the PackageExample.

Example4.11 LetI= (w,v) bethe TPOB-instancef Example3.8,andlet the probabilisticselectioncon-
dition ¢ begivenby —(in(Priority) Ag,, Time < (14,00))[0,0]. Then,o4(I) = (', +'), wherer' is given
by #'(Priority) = {03} andn’(c) = 0 for all otherclasseg, andv’ is givenby Table8.

Table8: ' resultingfrom selection

Lo | V(o) |
o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00),[.4,.6]),((18,31),[.3,.5])},
Time: {((8,00), [-45, .5]), ((8,10), [-4,.5]) }]

4.2 Restricted Selection

We now introducethe operationof restrictedselection. Informally, this operationis a selectionon the
explicit valuesof an atomic probabilistictype of an object. Beforewe candefinerestrictedselectionon
TPOB-instancesnintermediatedefinitionis needed.

Definition 4.12(restricted selectionon explicit values) Let T beaprobabilistictupletype. Let ¢ beof the
form P.C, whereP is a pathexpressiorfor 7, andC' is a constraint.Let v be anexplicit valueof 7. The
restrictedselectionon v with respecto ¢, denotedvg(v), is definedby:

o If v =[A1:v1,...,4;: v4,..., Ag: vg], v; IS avalueof aclassicaltype, P = A;, andv; € sol(C),
thenog(v) = v.

o Ifv=1[A1:v1,...,4;: v;,..., Ax: v, v; is anexplicit value of anatomicprobabilistictype, and
P =A;, thena;(v) = [All V1y...y Ajt {(’UZ'I,I) € v; | v’ € SOI(C)}, e Ay ’Uk].

o If v = [A1: vy,..., 4 v,..., A Vi), v; is an explicit value of a probabilistictuple type, and

P =A;.R, thenag(v) =[Ai:vi,..., A 0 o(vi),. ., Ak vk
e Otherwisegy(v) is undefined.
We arenow readyto definetherestrictedselectionoperatoron TPOB-instances.

Definition 4.13(restricted selectionon TPOB-instances)LetI=(r, v) beaTPOB-instanceveraTPOB-
schemaS = (C,o,=,me, p). Let ¢ be anexpressionof the form P.C, whereP is a pathexpressiorfor
all o(c) with ¢ € C, andC'is a constraint.Therestrictedselectionon I with respecto ¢, denotedvy (1), is
definedasthe TPOB-instancén’, ') overS, where:
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o 7'(c) = {o € m(c) | oy (v(0)) is defined, forall c € C.
e V'(0) = o3(v(0)), forallo € 7'(C).

Thefollowing exampleillustratesthe useof therestrictedselectionoperator

Example4.14 LetI = (7, v) bethe TPOB-instancegivenin Example4.11,andlet ¢ = (Time < (8,05)).
Then,oy(I) = (', '), wherer’ = m andv’ is shavn in Table9.

Table9: v/ resultingfrom restrictedselection
Lo [ V(o) |

o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00), [.4, .6]), ((18,31),[.3,.5])}.
Time: {((8,00),[.45,.5])}]

4.3 Renaming

We now definethe renamingoperation. Informally, this operationrenamessomeattributesin types of
TPOB-schemaandvaluesof TPOB-instancesWe usepathexpressionso allow for arenamingof attributes
at lower levels insidetypesandvalues. We first definethe syntaxof renamingconditions,which specify
which attributesareto berenamedandhow they areto berenamed.

Definition 4.15(renamingcondition) Letr beaprobabilistictupletype. A renamingconditionfor 7 is an
expressiorof theform P« Q whereP = Py, ..., P isalist of pairwisedistinct pathexpressiongor 7,
andQ = Q1,-...,Q isalist of pairwisedistinctpathexpressionsuchthat P, and@); differ exactlyin their
rightmostattribute, for everyi € {1, ...,1}.

Weillustratethe conceptof renamingconditionsvia our PackageExample.

Example 4.16 Let 7 bethe probabilistictupletype [STOPone: [City: string, Arrive: [time], Shipment:
[time]]]. A renamingconditionfor 7 is givenby STOPone.City, STOPone«+STOPone.Cityl, STOPonel.

Beforedefininghow to applytherenamingoperatoron TPOB-instancesye neediwo definitions— one
onapplyingit to probabilistictupletypes,andanotheron applyingit to TPOB-schemas.

Definition 4.17(renamingon probabilistic tuple types) Let N bearenamingconditionof theform P «
P’ for the probabilistictupletype 7 = [A;: 71,..., Ap: 7). Therenamingof 7 with respecto N, de-
noteddy (1), is definedasfollows:

o If P=A; andP’' = A/, thendy(7) is obtainedrom 7 by replacing4; by A;’.
e If P = A, [R], P' = A;.[R'], andr; is anatomicprobabilistictype,thend () is obtainedfrom 7
by replacingr; = [7;'] by [6r«r: (7i')]-
o If P = A;.R, P' = A;.R', andT; is notanatomicprobabilistictype,thendy (7) is obtainedfrom 7
by replacingr; by g g (7).
LetN = Py,..., P, + P/,..., P/ bearenamingconditionfor 7. Therenamingof = with respecto N,
denotediy (7), is definedasthe simultaneousenamingon = with respecto all P; < P;’.
We now definetherenamingof TPOB-schemas.

Definition 4.18(renamingof TPOB-schemas)Let S = (C, 0,=,me, p) be a TPOB-schemandlet N
bearenamingconditionfor every o(c) with ¢ € C. Therenamingof S with respecto N, denotediy (S), is
the TPOB-schemdC, o/, =, me, p), wherea'(c) = dn(o(c)) forallceC.

Beforedefiningthe renamingon TPOB-instancesye needto defineit on explicit values.

Definition 4.19(renamingof explicit values) Let N bearenamingconditionof theform P «+ P’ for the
probabilistictupletyper = [A1: 71,...,Ap: 7). Letv = [A1: vq, ..., Ay vy] beanexplicit valueof 7.
Therenamingof v with respecto N, denotediy (v), is definedby:

14



o If P=A; andP’' = A/, thendy (v) is obtainedirom v by replacing4; by 4;’.

o If P = A,.[R], P = A;[R'], andv; is a value of an atomic probabilistictype, then iy (v) is
obtainedfrom v by replacingevery (v;’, I;) € v; by (0rerr (vi'), I;).

e If P = A;.R, P' = A;.R', andv; is notavalueof anatomicprobabilistictype,thend y (v) is obtained
from v by replacingv; by dg. g (v;).

LetN = Pi,...,P, « P/,..., P/ bearenamingconditionfor 7. Therenamingof » with respecto N,
denotedSy (v), is definedasthe simultaneousenamingon v with respecto all P; « P;'.

We arefinally readyto definethe renamingof TPOB-instances.

Definition 4.20(renamingof TPOB-instances) LetI = (w, ) bea TPOB-instanc@vera TPOB-schema
S = (C,0,=,me, p), andlet N be a renamingconditionfor every o(c) with ¢ € C. The renamingof I
with respectto N, denoteddy (I), is the TPOB-instance(r, ') over the TPOB-schemay (S), where
V'(0) = dn(v(0)) forall o€ n(C).

4.4 Projection

The projectionoperationremovessomeattributeswith their associatedypesfrom TPOB-schemasandthe
sameattributeswith their valuesfrom TPOB-instancesWe first definethe projectionof TPOB-schemasn
asetof attributes.

Definition 4.21(projection of TPOB-schemas)Let S = (C, 0, =, me, p) be a TPOB-schemaandlet A
beasetof attributes. The projectionof S on A, denotedIa (S), is definedasthe TPOB-schemdC, o', =,
me, p), wherethe new type o’(c) of eachclassc € C is obtainedfrom theold typeo(c) = [B1: m1,---,
By: 1] by removing all B;: ;'swith B; ¢ A.

We maynow definethe projectionof a TPOB-instancen a setof attributes.
Definition 4.22(projection of TPOB-instances) LetI = (w, v) bea TPOB-instanc@vera TPOB-schema
S=(C,0,=,me, p), andlet A beasetof attributes. Theprojectionof I on A, denotedIa (I), is definedas

the TPOB-instancén, ') overthe TPOB-schemdl 4 (S), wherethe new valuer’ (o) of eachoid o € 7(C)
is obtainedrom theold valuev (o) = [B; : vy, ..., By: vi] byremoving all B;: v;’swith B; ¢ A.

Example 4.23 Considerthe fully inherited TPOB-schem& = (C, o, =, me, p) of Example3.6 andthe
TPOB-instancd = (,v) over S of Example3.8. The assignments’ andv’ obtainedby projectingS
andI on A = {Origin, Time} areshavn in Tablesl0and11, respectiely.

Table10: ¢’ resultingfrom projection

Lc | o'() |
Package Origin: string
Letter Origin: string
Box Origin: string
Tube Origin: string
Priority Origin: string, Time: [[time
Express_saves | [Origin: string, Time: [time
One-transfer Origin: string, Time: [[time
Two-transfer | [Origin: string, Time: [time

4.5 Extraction

To our knowledge, the extraction operationis onethat hasnever beendefinedin probabilisticdatabases.
This operationis uniqueto objectbasesbecausat allows for classego be selectedand hencefor other
classedo bedropped)rom the classhierarchyof a TPOB-schema.
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Table11: v/ resultingfrom projection

Lo [ V(o) |
o3 | [Origin: Rome, Time: {((8,00),[.45,.5]), ((8,10),[.4,.5])}]
os | [Origin: Paris, Time: {((12,00),[.3, .4]), ((12,05),[.4,.7])}]

Thatis, the extractionoperationremovesclassegrom the classhierarchyandall objectsin thedropped
classesWe first definethe extractionoperationon TPOB-schemas.

Definition 4.24(extraction on TPOB-schemas)Let S = (C, o,=, me, p) be a TPOB-schemaandlet C
beasubsebf C. Theextractionon S with respecto C, denoted=¢(S), is definedasthe TPOB-schema
S'=(C',d',=',me, p'), where
o ('=C.
e ¢’ istherestrictionof o to C'.
e ='isabinaryrelationon(’ suchthatfor eachc;, co € C’, it holdsc; =/ ¢, iff thereexistssomepath
di = dy = --- = d suchthatd; = ¢y, dy = co, anddg, s, dp 1 € c-C.
° me'(c) = {((X ﬂC’) U Xcl) # 0 | XGme(C)}, whereXq = {dl el | dy = dy = --- = dj, for
someds,...,dy—1 € C—C', dy € X —C'},forallce (.
e Forall ¢y, cy € C', wedefinep!(c1, o) = Hf;ll p(d;,d;+1), wherethed,’saresuchthatd; = dy =
- = dg,dy =c1,dp, = co,andds,...,d,_1 € c-C.

Thefollowing exampleillustratesthe useof the extractionoperatoron TPOB-schemas.

Example 4.25 Considerthe fully inherited TPOB-schem& = (C, o, =, me, p) of Examples3.6. The
extractionon S with respecto the setof classe€C = {Package, Letter, Priority, One-transfer} is givenby
the TPOB-schem&¢(S) = (C', o', =", me’, '), where:

e (' = {Package, Letter, Priority, One-transfer}.

e ¢’ isgivenin Table12.
(C',=') andg’ aregivenin Figure2.
me'(Package) = {{Letter, One-transfer}, {Priority}}, me’(Priority) = {{One-transfer}},
andme’(Letter) = me'(One-transfer) = ().

Table12: Typeassignment’ resultingfrom extraction

IE [ (0) |
Package Origin: string, Destination: string, Delivery: [time]|]
Letter Origin: string, Destination: string, Delivery: [[time], Height: float, Width: float]
Priority Origin: string, Destination: string, Delivery: [[time], Time: [time]]
One-transfer | [Origin: string, Destination: string, Delivery: [time]], Height: float, Width: float,

Depth: float, Time: [time]], City: string, Arrive: [time], Shipment: [time]]

Our next stepis to definethe extractionoperationon TPOB-instances.

Definition 4.26 (extraction on TPOB-instances) Let I=(r, v) bea TPOB-instancever a TPOB-schema
S = (C,0,=,me, p), andlet C be a setof classedrom C. The extraction on I with respectto C, de-
noted=c(I), is the TPOB-instancén’, v') overthe TPOB-schem&¢(S) = (C', o', =', me’, p'), where:

e 7’ istherestrictionof 7 to C'.
¢ / istherestrictionof v to #'(C').

Thefollowing exampleillustratesthe applicationof the extractionoperatoron TPOB-instances.
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Example 4.27 Considerthe fully inheritedTPOB-schem& = (C, o, =, me, p) of Example3.6 andthe
TPOB-instancd = (7, v) overS of Example3.8. TheextractiononI with respecto thesetof classeC =
{Package, Letter, Priority, One-transfer} resultsn aTPOB-instancér’, v') overtheTPOB-schem&(S)
in Example4.25,wherer’ is givenby Table13 and:' is givenby v/(03) = v(03).

Tablel13: «" and(n)* resultingfrom extraction

L [ ') [ (7)(c) |

Package {} {03}
Letter {} {}
Priority {03} | {03}
One-transfer | {} {}

4.6 Natural Join

Theoperationsve have presentedhusfaracces®nly oneTPOB-instancatatime. We now definetheim-
portantconceptof anaturaljoin. Recallthatfor eachclassc € C of aTPOB-schem& = (C, 0, =, me, p),
the type o(c) is a probabilistictuple type over S. Moreover, eachoid o € 7(c) thatoccursin a TPOB-
instancel = (w,v) overS is associateavith a valueof the probabilistictupletypeo(c). Eachsucho may
bewritten asthelist of thevalues(possiblycomplex values)for thetop-level attributesA;, . . . , Ay, of o(c).
We first describevhentwo TPOB-schema8; andS, canbe combinedusingnaturaljoin.

Definition 4.28(natural-join-compatible TPOB-schemas)The TPOB-schema$; = (Cy,01,=1, mey,
p1) andSse = (Co, 09, =92, meg, po) arenatural-join-compatble iff for all classes; € C; ande; € Cs, the
commontop-level attributesof o1 (c;) andoy(c2) areassociateavith the sametypesin o1 (c1) andos(cz).

We maynow definethe naturaljoin of two natural-join-compatilel TPOB-schemas.
Definition 4.29(natural join of TPOB-schemas)LetS; = (C1,01, =1, meq, 1) andSy = (Ca, 02, =2,

megy, p2) betwo natural-join-compaltle TPOB-schemasThenatural join of S; andS9, denotedS; < S,
isthe TPOB-schem& = (C, 0, =, me, p), where

.C:CI XCQ.

e Forall ¢ = (¢1,c2) € C, theprobabilistictupletypeo(c) = [A1: 71,..., A;: 7] containsexactly all
A; :7; thatbelongto eitherthetypeoi (c1) orthetypeos(cs).

e The directedagyclic graph(C,=>) is definedasfollows. For all ¢ = (¢1,¢2),d = (d1,d2) € C:
c = diff (01 =1dy N cg = dg) or (Cl =di Ncy =9 d2)

e The partitioningme is givenasfollows. Forall ¢ = (c1,c2) € C: me(c) = {P1x{ca} | P1 €
mel(cl)} U {{Cl}XPQ | Py € mez(CQ)}.
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e Theprobabilityassignmenp is definedasfollows. For all ¢ = (¢1,¢2) = d = (d1,ds):

1 (Cl, d1) If Cy = dg
.d) = :
go(c ) { pz(CQ,dz) if c1 — d1 .

Thefollowing exampleillustratesthe naturaljoin of TPOB-schemasia the PackageExample.

Example4.30 Let S; and S, be the TPOB-schemadrom Examples3.6 and 4.25, respectiely. Then,
S1 1 Sg isthe TPOB-schem& = (C, 0, =, me, p) partially shovn in Table14 andFigure3.

Tablel4: Typeassignmend resultingfrom naturaljoin

Lc [o(c) |
(Package, Package) |[Origin: string, Destination: string, Delivery: [time[|]
(Tube, Package) Origin: string, Destination: string, Delivery: [[time], Height: float, Width: float,

Depth: float]
(Priority, Package) Origin: string, Destination: string, Delivery: [[time]], Time: [time]]
(One-transfer, Letter) | [Origin: string, Destination: string, Delivery: [time]], Height: float, Width: float,
Depth: float, Time: [time]], City: string, Arrive: [time], Shipment: [time]]

To definethe naturaljoin of TPOB-instancesye first needsomepreliminarydefinitions. Theseinclude
the concepof intersectiorof two explicit valuesy; andwvy of the sametype 7, andthe naturaljoin of two
explicit valuesv; andv, of two probabilistictupletypesr; andry, respectiely.

Definition 4.31 (intersection of explicit values) Let v; andw, be eithertwo valuesof the sameclassical
type 7, or two explicit valuesof the sameprobabilistictype 7. Let ® be a conjunctionstrategy. The
intersectionof v; andvy under®, denotedy; Ng vo, is inductively definedby:

e If 7 isaclassicatypeandv; = vy, thenv; Ng ve =v;.
e If 7 isanatomicprobabilistictypeandw # (, thenv; Ng v2 = w, where

w= {(’U,Il ®Ig) | (U,I1) € vy, (U,IQ) € 1)2}.

e If 7 isaprobabilistictupletypeoverthesetof top-level attributesA andall v;.ANg v2. A aredefined,
then(m Ng ’UQ).A =v1.A Ng ve.Aforall A € A.
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e Otherwisep; Ng w2 is undefined.

Thefollowing exampleillustratesthe above concept.

Example 4.32 Let time be the standardcalendarwith respectto the linear temporalhierarchyhour 3
minute, andlet ® beaconjunctionstratey.
e Considerthevaluesv; = vo = (12,30) andvs = (12,40) of thetemporalatomictypetime. Then,
V1 Ng V2 = V1, while vq Ng V3 is undefined.
e Considerthefollowing explicit valuesof the atomicprobabilistictype [time]:

v1 = {((9,00),[.3,.5]), ((10,00), .3, .6]), ((11,00), [.2,.5]) }, v2 = {((12,00),[.2, .4])},
vz = {((9,00), [.3, .4]), ((11,00), [.3, .6]), ((12,00), [.2, .4]) } .

Then,v; Ng,, ve is undefinedwhile v; Ng,, v3 = {((9,00), [.09, .2]), ((11,00), [.06, .3])}.

We now cometo our secondoreliminarydefinition— thatof a naturaljoin of two explicit values.

Definition 4.33(natural join of explicit values) Let v; and vy be explicit valuesof probabilistic tuple
typesm; andr,, respectiely. Let ® bea conjunctionstrat@y. Let A; and A, bethetop-level attributesof
71 andry, respectiely, andlet A = A; N A,. Letall A € A havethesametypesin 1 andr,. Thenatural
join of v; andwy under®, denotedy; xig ve, is definedasfollows:
o (v1 g ve).A=uv;. Aforall Ac A; — A, i€ {1,2}, (v1 g v2).A =v1.Axg va. Aforall A€ A.
If all v1.A4 g ve.A With A € A aredefined thenv; t<g v9 is defined.

We arenow readyto definethe naturaljoin of two TPOB-instances.

Definition 4.34(natural join of TPOB-instances)Let I; = (m,v4) andly = (w9, v,) betwo TPOB-
instancesover the natural-join-compalile TPOB-schema$; = (C1, 01, =1, me1, p1) andSy = (Ca, 09,
=9, Imey, 2), respectiely. Fori € {1,2}, let A; denotethe setof top-level attributesof S;. Let ® bea
conjunctionstratgy. The natural join of I; andI, under®, denotedl; g I, is definedasthe TPOB-
instancel = (w, v) overthe TPOB-schem® = S; < Sq, where:

o 7(c) = {(01,02) € mi(c1) X ma(c2) | v1(01) g vo(02) is defined, for all ¢ = (¢1,¢2) € C1 X Ca.

e v(0) = v1(01) Mg v2(02), forall o = (01,092) € ©(C1 X C3).
Example 4.35 Let S; andS, bethe TPOB-schemagivenin Example3.6 andproducedn Example4.25,
respectiely. Let I; andIs bethe TPOB-instancesver S; andS, producedn Examples4.11and4.27,

respectiely. Then,I; g, I is the TPOB-instancd = (m,v) over S; b Sp, wherer is given
by ((Priority, Priority)) = {(03,03)} and=(c) = () for all otherclasseg, andv is givenby Table15.

Tablel5: v resultingfrom naturaljoin

Lo | v(o) |
(03,03) | [Origin: Rome, Destination: Boston, Delivery: {((18,00),[.4,1]), ((18,31),[.3,1])},
Time: {((8,00),[.45,1]), ((8,10), [-4, 1])}]

4.7 CartesianProduct and Conditional Join

In the above definition of naturaljoin, if the setsA; and A, aredisjoint, thenthe naturaljoin is called
Cartesianproduct and denotedby the symbol x. The following condition describesvhentwo TPOB-
schema$; andS, canbecombinedusingCartesiarproduct.

Definition 4.36(Cartesian-product-compatible TPOB-schemas) The TPOB-schemaS8; = (C1, 01, =1,
mer, p1) andSy = (Ca, 02, =2, mey, o) areCartesian-poduct-comptble iff for all classes; € C; and
co € Co, thetypeso; (c1) andos(c2) have disjoint setsof top-level attributes.
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Theconditionaljoin operationcombinesvaluesof two TPOB-instancethatsatisfyaprobabilisticselec-
tion condition¢. Let I; andI, be TPOB-instancesver the Cartesian-product-comtilsle TPOB-schemas
S1 and Sy, respectrely. The conditionaljoin of I; andI, with respectto ¢, denotedl; <y I, is the
TPOB-instancd; >4 Io = 04(I; x I) overthe TPOB-schem®; x S,.

Example 4.37 LetS; andI; bethe TPOB-schemandthe TPOB-instancerespecirely, producedn Exam-
ple4.23.Let S, andI, bethe TPOB-schemandthe TPOB-instancebtainedrom S; andI,, respectiely,
by renamingtheattributesOrigin andTime with Originl andTimel, respectiely. The Cartesiarproductof
S; andS, isthe TPOB-schem®& = (C, o, =, me, p) partially shovn in Table16 andFigure3. The condi-
tional join of I; andIs with respecto ¢ = (Origin = Rome A Originl = Paris)[1, 1] is the TPOB-instance
I = (m,v) overthe TPOB-schem&; x S, wherer is givenby «((Priority, Two-transfer)) = {(03, 05)}
andr(c) = 0 for all otherclasses;, andv is shovn in Table17.

Table16: Typeassignmend resultingfrom conditionaljoin

Le [o(0) |
(Package, Package) Origin: string, Originl: string
(Tube, Package) Origin: string, Originl: string
(Priority, Package) Origin: string, Time: [time], Originl: string
(One-transfer, Letter) | [Origin: string, Time: [time], Originl: string

Tablel7: Valueassignment resultingfrom conditionaljoin

Lo [ v(0) |
(03,05) | [Origin: Rome, Time: {((8,00),[.45,.5]), ((8,10),[.4,.5])},
Originl: Paris, Timel: {((12,00),[.3, .4]), ((12,05),[.4,.7])}]

4.8 Intersection, Union, and Difference

Wefinally definethe operation®f intersectionunion,anddifferenceontwo TPOB-instancesverthesame
TPOB-schemaWwe first describantersectionInformally speakingthis operationintersectghe setsof oids
of two TPOB-instancesaswell asthe explicit valuesassociatedvith eachoid in both TPOB-instances.

Definition 4.38(intersection of TPOB-instances) Let I;=(n1,r1) and I,=(m9,v2) be TPOB-instances
over the sameTPOB-schem& = (C,0,=,me, p), andlet ® be a conjunctionstratgy. The intersec-
tion of I; andI, under®, denoted; Ng I, is the TPOB-instancén, ) over S, where:

o 7(c) = {oem(c) Nmc) | vi(0) Ng v2(0) is defined}, for all c€ C.

e v(0) =vi(0) Ng 12(0), forall o € 7(C).

Example 4.39 Let S bethe TPOB-schemaf Example3.6. Let I; andI, bethe TPOB-instancesver S
givenin Example3.8 andproducedn Example4.14,respectiiely. Theintersectiorof I; andI, underthe
conjunctionstratgy ®;, is the TPOB-instancd = (7, v) over S, wherer is givenby 7 (Priority) = {03}
andr(c) = 0 for all otherclasses;, andv is shavn in Table18.

Table18: v resultingfrom intersection

Lo | (o) |
o3 | [Origin: Rome, Destination: Boston, Delivery: {((18,00),[.4,1]), ((18,31),[.3,1])},
Time: {((8,00),[.45,1])}]
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Likewise,theunionoperationintuitively computeghe unionof the setsof oids of two TPOB-instances,
combinedwith the union of the two explicit valuesassociatedavith eachoid in both TPOB-instancesWe
first definethe unionof two explicit valuesof the sametype.

Definition 4.40(union of explicit values) Let v; andwvs be eithertwo valuesof the sameclassicaltype 7,
or two explicit valuesof the sameprobabilistictype 7, andlet & be a disjunctionstratgyy. The unionof v,
andve under®, denoteds; Ug vo, is inductively definedasfollows:

e If 7 isaclassicatypeandv; =wvy, thenv; Ug v = v;.
e If 7 isanatomicprobabilistictype,then

vUgvy = {(v,h1)€v |veVi-Vo}U{(v,Is) €vy |vEVo—-V1}U
{(Uajl EBI?) | (UaIl) €y, (UaIQ) EU?}a

whereV; = {v | (v,I) €vi} andVa = {v | (v,I) € v2}.

e If 7 isaprobabilistictupletypeoverthesetof top-level attributesA andall v;.A Ug v2.A aredefined,
then(v; Ug v2).A = v1.AUg vo.Aforall A € A.

e Otherwisep; Ug w9 is undefined.

We arenow readyto definethe unionof two TPOB-instances.

Definition 4.41(union of TPOB-instances) LetI; = (m,1) andIy = (w9, 2) be TPOB-instancesver
the sameTPOB-schem& = (C,o0,=,me, p). Let @& bea disjunctionstratgy. The unionof I; andI
under®, denoted; Ug, 1o, is the TPOB-instancér, v) over S, where:

o 7(c) = (mi(c)=ma(c)) U (ma(c)—mi(c)) U
{oemi(c) Nma(c) | v1(0) Ug 12(0) is defined}, for all c€C.
v1(0) if o€ mi(c)—ma(c)
e v(0) =< 1»(0) if 0 € ma(c)—m1(c)
v1(0) Ug 12(0) if oemi(c) Nma(c).
We finally definethe differenceof two TPOB-instances.

Definition 4.42 (differ enceof explicit values) Let v; and v be eithertwo valuesof the sameclassical
type 7, or two explicit valuesof the sameprobabilistictype 7, andlet © be a differencestratgy. The
differenceof v; andwv, unders, denoteds; —¢ vo, is inductively definedby:

¢ If 7isaclassicatypeandv; = vy, thenv; —g vy = ;.
¢ If 7 isanatomicprobabilistictype,then

vi—gve = {(v,[1)€vi|veVi-Va}U{(v,[1© )| (v,I1) €1, (v,]2) Eva},

whereVy = {v | (v,I) € v} andVe = {v | (v,I) € va}.

e If 7 isaprobabilistictupletypeoverthesetof top-level attributesA andall v;.A —g v2. A aredefined,
then(m -0 ’UQ).A = Ul.A —0 ’UQ.A forall A € A.

e Otherwisep; —g vy is undefined.
Definition 4.43(differenceof TPOB-instances) LetI; = (m1,v1) andIy = (w9, ) be TPOB-instances

over the sameTPOB-schem& = (C,o,=,me, p). Let © bea differencestratgy. The differenceof I,
andI, undero, denotedl; —g I, is the TPOB-instancén, v) over S, where:

o 7(c) = (m(c)—ma(c)) U{o€mi(c) Nma(c) | vi(0) —o 12(0) is defined}, for all c € C.

. v(0) = {Vl(o) it 0 €mi(e)—ms(c)

vi(o) —g 12(0) if o€mi(c) Nma(c).

21



5 The Implicit Algebra

The explicit algebradescribedn the precedingsectionsuffers from mary problems. First, the sizesof
TPOB-instancegan be very large. As we canseefrom Table 7, a probability mustbe associatedvith
eachtime point involved. However, to merely saythata given packagewill arrive at St. Louis sometime
betweerb:30pmand6:30 pm may (if we reasorat a minuteby minutelevel) require60 time pointsto be
specified(Table 7 only shawvs a coupleof time points). Second becausef the large size of the explicit
TPOB-instanceghe costsof executingthe operationss alsopotentiallyhigh astheirinputsarelarge.

In this section,we alleviate this problemby defining TPOB algebraicoperationson implicit TPOB-
instancesTheseimplicit operationsorrectlyimplementtheir explicit counterpartslefinedin Sectior4.

5.1 Selection

In orderto definethe selectionoperationfor implicit TPOB-instancest is sufficient to definehow to eval-
uatepathexpressionsandhow to assesshe probability thatan implicit value satisfiesan atomicselection
condition. The valuationof selectionconditions,the satisaction of probabilisticselectionconditions,and
the selectionon implicit TPOB-instancearethendefinedin the sameway asin Sectior4.1.

Definition 5.1 (valuation of path expressions)Let P beapathexpressiorfor theprobabilistictyper. The
valuationof P underanimplicit valuewv of 7, denotedv. P, is definedasfollows:
o Ifv=[A1:v1,...,A: vg] andP = A; R, thenv.P = v;R.
o If v = {(C1,D1,l1,u1,61),...,(Cky, Dg,lg,ug, 0x)} and P = [R], thenv.P = {(Cy, D1,l1,uq,
01,R),...,(Ck, Dg,lx, uk, 0, R) }. We call suchsetsgeneslizedimplicit valuesof 7.
e v.P isundefinedtherwise.

Definition 5.2 (valuation of atomic selectionconditions) Let I = (r,v) be animplicit TPOB-instance
overtheTPOB-schem® = (C, 0, =, me, p), andleto € 7(C). Let® bethedisjunctionstrateyy for mutual
exclusion. The probabilistic valuationwith respectto I ando, denotedproby ,, is the following partial
mappingfrom the setof all atomicselectionconditionsto the setof all closedsubinterals of [0, 1]:
e proby,(in(c)) = [min(ext(c)(0)), max(ext(c)(0))].
e Let P beapathexpressiorfor thetypeof o. If v(0).P is avalueof aclassicatype,thendefineV =
{((#), (v(0)),1,1,U, P)}, elseif v(0).P is a generalizedmplicit value of an atomic probabilistic
type,thendefineV = v(o).P. OtherwiseV is undefined.

@ I, if Visdefined

by (POv) =
proby,o(P6v) { undefined otherwise,

wherely, ..., I aretheintenals [l - 6 (w), u - §(w)] suchthat(C, D,l,u,6,5) € V, w €sol(C), and
w.S v, if V is defined.Notethatprob ,(P 6 v) is undefinedjf somew.S 6 v is undefined.

e Foreachi € {1,2}, let P, beapathexpressiorfor thetypeof o. If v(0).P; is avalueof aclassical
type,thendefineV; = {((#), (v(0)),1,1,U, P;)}, elseif v(o0).P; is ageneralizedmplicit value of
anatomicprobabilistictype,thendefineV; = v(o0).P;. OtherwiseV; is undefinedThen,

@ I, if Vi andV; aredefined

by (P 0g Py) =
probyo(P10p 12) {undefined otherwise,

wherel, ..., I is thelist of all intervals [I; - 61 (v1),u1 - 61(v1)] @ [l - b2(v2), ug - d2(ve)] suchthat
(Ci, Di, i, uiy 6, S;) € Vi, v; €s0l(C;), andwvy.S1 0 v9.5,, if Vi andV, aredefined. Obsenre that
proby ,(P1 g P») is undefinedif somev;.S1 8 2.5 is undefined.

Thefollowing resultshavs thattheselectioronimplicit TPOB-instancesorrectlyimplementsts coun-
terparton explicit TPOB-instancesThatis, themappinge commuteswith o.
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Theorem 5.3 (correctnesof selection) LetI = (, v) beanimplicit TPOB-instancevera TPOB-stiema
S = (C,0,=,me, p), andlet ¢ bea probabilistic selectioncondition. Then,

op(e(M)) = e(op(I)).

5.2 Restricted Selection

In orderto definethe restrictedselectionoperationon implicit TPOB-instancesit is suficient to define
restrictedselectionon implicit values. Therestrictedselectionon implicit TPOB-instancess thendefined
in the sameway asin Sectior4.2.

Definition 5.4 (restricted selectionon implicit values) Let = bea probabilistictupletype. Let ¢ be of the
form P.C, where P is a pathexpressiorfor 7, andC' is a constraint.Let v beanimplicit valueof 7. The
restrictedselectionon v with respecto ¢, denotedrj (v), is definedby:

o If v =[A1:v1,...,4;: v4,..., Ag: vg), v; is avalueof aclassicaltype, P = A;, andv; € sol(C),
thenog(v) = v.
o If v="[A1:v1,...,4;: v;,..., Ar: vg], v; IS animplicit value of anatomicprobabilistictype,and

P= Ai,thena;(v) =[A1:v1,...,Ai v, .., Ag: v, where
vi' = {(CAC',D,l,u,d)|(C',D,l,u,d)€v; sol(CAC") # 0}.

o If v = [A1:vy,..., Ai: v, ..., Ag: vk, v; IS animplicit value of a probabilistictuple type, and
P=A;.R, thenag('u) = [A1 U1y ,Ai: UTR_c('Ui), C ,Ak: ’Uk].
e Otherwisegy(v) is undefined.

The next theoremshaws thatthe restrictedselectionon implicit TPOB-instancesorrectlyimplements
its counterparbn explicit TPOB-instancesThatis, the mappinge commuteswith a;.

Theorem 5.5 (correctnessof restricted selection) Let I be an implicit TPOB-instanceover a TPOB-
sthemaS = (C,o0,=,me, p). Let ¢ be an expressionof the form P.C, wher P is a path expression
for all o(c) with ¢ € C, andC is a constaint. Then,

op(e(D) = elog(D).

5.3 Renaming

To definerenamingon implicit TPOB-instancesye needto definerenamingon implicit values,which is
thenextendedo implicit TPOB-instance® the sameway asin Section4.3.

Definition 5.6 (renamingon constraints) Let C' be a constraintfor the classicaltype 7, andlet N be a
renamingconditionfor 7. Therenamingon C with respecto N, denotediy (C), is obtainedfrom C by
replacingevery valuev; in C by én(v;).

Definition 5.7 (renamingon implicit values) Let N bearenamingconditionof theform P < P’ for the
probabilistictupletyper = [A1: 7y, ..., Ay 7). Letv = [A1: vy,..., Ay vy] beanimplicit valueof 7.
Therenamingon v with respecto N, denotedy (v), is definedby:

o If P=A; andP’ = A/, thendy(v) is obtainedirom v by replacing4; by 4;’.

o If P = A, [R], P = A;[R'], andv; is a value of an atomic probabilistictype, thendy (v) is
obtainedfrom v by replacingevery (C, D, 1, u, p) € v; by (drr (C),drr' (D),l,u,p o 5;“1_}3,),
whered,! ., denotegheinverseto §r. g : sol(D) — sol(Sgep: (D)).

e If P = A;.R, P' = A;.R', andv; is notavalueof anatomicprobabilistictype,thend y (v) is obtained
from v by replacingv; by dg. g (v;).

LetN = Py,...,P, < P/,..., P/ bearenamingconditionfor 7. Therenamingonv with respecto N,
denotedSy (v), is definedasthe simultaneousenamingon v with respecto all P; « P;'.
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Thefollowing resultshavsthattherenamingonimplicit TPOB-instancesorrectlyimplementsts coun-
terparton explicit TPOB-instancesThatis, the mappings commuteswith d .

Theorem 5.8 (correctnessof renaming) LetI beanimplicit TPOB-instanc@ver the TPOB-stiemaS =
(C,0,=,me, p), andlet N bearenamingconditionfor everyo(c) with c € C. Then,

on(e@) = e(@n(D).

5.4 Natural Join

In orderto definethe naturaljoin operationon implicit TPOB-instancesye needto definetheintersection
of implicit values.Thejoin of implicit valuesandthe join of TPOB-instancearethendefinedin the same
way asin Section4.6.

Definition 5.9 (intersection of implicit values) Let v; andwvs be eithertwo valuesof the sameclassical
type 7 or two implicit valuesof the sameprobabilistictype 7, andlet ® be a conjunctionstratgy. The
intersectionof v; andwv, under®, denotedv; Ng, v2, is inductively definedasfollows:

e If 7 isaclassicatypeandv; = vy, thenv; Ng vy =v;.
e If 7isanatomicprobabilistictypeandw # ), thenv; Ng vo = w, where:

w = {((#),('u),l,u, U) | EI(Cl,Dl,ll,ul,él) E'Ul,(CQ,DQ,lQ,UQ,(SQ) Cvy:
v E SOl(Cl A 02), [l,u] = [ll -(51(1)),’(11 (51(1))] ® [12 '(52(1)),’[1,2 . (52(’0)]} .

o If 7 isaprobabilistictupletypeoverthesetof top-level attributesA, andall v;. ANgv2.A aredefined,
then(m Ng ’UQ).A =v1.A Ng v9.Aforall A € A.

e Otherwisep; Ng w2 is undefined.
The next resultshawvs thatthejoin onimplicit TPOB-instancesorrectlyimplementsts counterparbn
explicit TPOB-instancesThatis, the mappings commuteswith t<ig .

Theorem5.10(correctnessof natural join) LetI; and Iy beimplicit TPOB-instancesver the natural-
join-compatibleTPOB-stiemasS; andSs, respectivelyLet® bea conjunctionstrategy. Then,

E(Il) Mg E(Ig) = E(Il Mg 12) .

5.5 Intersection, Union, and Difference

To defineintersectionunion, and difference,we needto definethe intersection,union, and differenceof
implicit values which arethenextendedo implicit TPOB-instancem the sameway asin Section4.8. The
intersectiorof implicit valuesis givenby Definition 5.9, while theunionanddifferenceof implicit valuesis
definedbelow.

Definition 5.11(union of implicit values) Let »; andwvs be eithertwo valuesof the sameclassicaltype ©
or two implicit valuesof the sameprobabilistictype r, andlet & bea disjunctionstratgy. Theunionof v
andve under®, denoteds; Ug vo, is inductively definedasfollows:

e If 7 isaclassicatypeandv; =y, thenv; Ug v = 1.
e If 7isanatomicprobabilistictype,then

vy Ug v = {(01 A ﬂ@,Dl,ll,ul,él) | (Cl,Dl,ll,U1,(51) € vy, SOl(Cl A —'52) # @}U
{(Ca A =C, Da,la,uz,65) | (Co, Dy, Iy, us, 82) € vg, 80(Cy A =Cy) # 0} U
{((#), (),l,u,U) | 3(Cy, D1,l1,u1,61) €v1,(Ca, Da,la,uz, d2) € va:
v € sol(C1 A C2), [l,u] = [l1-61(v),u1 - 61(v)] @ [l2 - d2(v),ug - d2(v)]},

whereC;, i € {1, 2}, denoteghelogical disjunctionof all C; suchthat(C;, D;, l;, u;, 8;) € v;.
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e If 7 isaprobabilistictupletypeoverthesetof top-level attributesA andall v;.A Ug v2. A aredefined,
then(vy Ug v2).A = v1.AUg vo.Aforall A € A.

e Otherwisep; Ug w9 is undefined.

Definition 5.12(differ enceof implicit values) Let v; and vy be eithertwo valuesof the sameclassical
type 7 or two implicit valuesof the sameprobabilistictype 7, andlet © be a differencestratgy. The
differenceof v; andwv, unders, denotedy; —¢ vo, is inductively definedasfollows:

If 7 is aclassicatypeandv; =wvs, thenv; —g vy = v;.
If 7 is anatomicprobabilistictype,then

V1 —o V2 = {(Cl N ﬁ@Q,Dl,ll,ul,él) ‘ (Cl,Dl,ll,ul,él) € vy, SO](Cl N —162) 75 @}U
{((#), ), L,w,U) | 3(C1, D1,l1,u1,01) €v1,(Ca, Do, la, ug, d2) € va:
v € s0l(Cy A Cy), [l,u] = [l1-61(v),u1 - 61(v)] © [l - d2(v), ug - 2(v)]},

where@, i € {1, 2}, denoteghelogical disjunctionof all C; suchthat(C;, D;, ;,u;, 6;) € v;.
If 7 is aprobabilistictupletype overthesetof top-level attributesA andall v;.4 —g v2. A aredefined,
then(v; —g v2). A =v1.A —gve. Aforall A € A.

Otherwisep; —g w9 is undefined.

The following theoremshaws that the intersection,union, and differenceof implicit TPOB-instances
correctlyimplementtheir counterpart®n explicit TPOB-instancesThatis, the mappinge commuteswith
Ng, Ug, and—g, respectrely.

Theorem 5.13(correctnessof intersection, union, and difference) LetI; and I, be two implicit TPOB-
instancesover the sameTPOB-stiemas, and let ® (resp.,®, ©) be a conjunction(resp.,disjunction,
difference)strategy. Then,

eI1) Ng e(I2) = e(I1 Ng o), (1)
eI1) Uge(la) = ¢e(I1Ugly), (2
el1) —oe(lz) = e(li —g o). (3)

5.6 Projection, Extraction, Cartesian Product, and Conditional Join

Theoperation®f projection extraction,Cartesiaproduct,andconditionaljoin for implicit TPOB-instances
aredefinedin exactly the sameway astheir counterpart$or explicit TPOB-instances.

5.7 CompressionFunctions

The implicit operationsof naturaljoin, intersection,union, and differencemay generatamplicit TPOB-
instanceghatcontainalarge numberof implicit tuples.Adoptinganideafrom [2], we now definecompres-
sionfunctionsthroughwhich suchimplicit TPOB-instancesanbe mademorecompact.

Definition 5.14(compressionfunction) Let 7 be an atomic probabilistictype. A compessionfunction
" for 7 is a function that mapsevery implicit valuev of 7 to animplicit valueI'(v) of 7 suchthat (i)
IT'(v)| < |v|, and(ii) thereexistsa bijectionbetweere(v) ande(I'(v)) thatmapseach(v, [I,u]) € e(v) toa
pair (v, [I,u']) € e(T'(v)) suchthat! < u' < u.

Example5.15 Let 7 be anatomicprobabilistictype. The same-distritition compessionfunctionT” maps
every implicit valuew of 7 to theimplicit valueT'(v), which is obtainedirom v by iteratively replacingary
two diStinCt(C1, Dy, 1, u, 5), (CQ, Do, 1, u, (S) € v with SOl(Dl) = SO](DQ) by (01 V Cy, D1, u, (5)

We now definethe compressiomf implicit valuesof probabilistictypes.Here,we assumeéhatfor every
atomicprobabilistictype 7, we have somecompressioriunctionT .
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Definition 5.16(compressionof implicit values) Letv beeitheravalueof aclassicatyper, oranimplicit
valueof a probabilistictype r. Thecompessionof v, denoted’(v), is inductively definedasfollows:

¢ If 7 isaclassicakype,thenI'(v) = v.
e If 7isanatomicprobabilistictype,thenI'(v) = I';(v).

e If 7 isaprobabilistictupletype overthe setof top-level attributes A,
thenI'(v).A = T'(v.A) forall A€ A.

We finally definethecompressiomf implicit TPOB-instances.

Definition 5.17 (compressionof implicit TPOB-instances) LetI = (x,v) bea TPOB-instancever the
TPOB-schem®& = (C, 0, =, me, p). Thecompessionof I, denoted’(I), is definedasthe TPOB-instance
(mw,v") overS, wherev'(0) = T'(v(0)) for all o € ©(C).

5.8 Presewation of Consistencyand Coherence

We now shaw thatall our explicit algebraicoperatorglefinedin Section4 presere consisteng andcoher
enceof schemasandinstances.If theinput TPOB-schemagesp., TPOB-instancesdre consisten{resp.,
coherent)thentheoutputTPOB-schemagesp., TPOB-instancesirealsoconsisten{resp.,coherent).This
alsoshaws thatall our implicit algebraicoperatorggivenin Section5 presere consisteng andcoherence
of schemasndinstancestespectiely, asthey correctlyimplementtheir explicit counterparts.

The explicit operatorf selectionrestrictedselectionntersectionunion,anddifferencetrivially pre-
sene consisteng of schemasasthe input TPOB-schemasoincidewith the output TPOB-schemasPro-
jection and renamingalso presere consisteng of schemasasthey only modify type assignments.The
following resultshavs thatextractionandnaturaljoin, andthusalsoCartesiarproductandconditionaljoin,
presere consisteng of schemas.

Theorem5.18 Let S bea TPOB-stiema,and let C be a setof classesfromS. LetS; and S, be two
join-compatibleTPOB-stiemas.

(a) If S is consistentthen=¢(S) is consistent.
(b) If S; andS- are consistentthenS; < Ss is consistent.

We now concentrateon the preseration of coherence Recallthatthe coherenceof a TPOB-instance
I=(m,v) over a TPOB-schem& = (C, 0, =, me, p) dependn =, C, =, me, andp. The explicit al-
gebraicoperationsof selection restrictedselection,intersectionunion, anddifferencepresere coherence
of instancesasthey do not modify the input TPOB-schemaandthey may only modify theinput TPOB-
instancedy removing objectsandchangingvalueassignmentto objects.Similarly, projectionandrenam-
ing presere coherencef instancesasthey may only modify type andvalue assignment$o classesand
objects,respectiely. The resultbelon shavs that naturaljoin, andthusalso Cartesiarproductand con-
ditional join, presere coherencef instances.Moreover, it shavs that extraction preseres coherenceof
instanceswhenwe do notremove ary characteristiclasses.

Theorem5.19 LetI, I;, andI, be TPOB-instancesver the TPOB-stiemasS, S, and S,, respectively
LetI = (m,v) andS =(C,0,=,me, p). LetC C C sud that{c € C | c is characteristicfor ext(d)(o) for
somed € C andsomeo € 7(C)} C C. LetS; andS, bejoin-compatible

(a) If Iis coheent,then=¢(I) is coheent.
(b) If I, andI, are coheent,thenI; < I, is coheent.

6 RelatedWork

Thereis quiteextensve work in theliteratureontemporaldatabaseandtemporalobject-orientedlatabases;
we referespeciallyto therecentsuneys [19, 10] andthe books[23, 22)].
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Probabilisticextensionsto relationaldatabasesre alsowell-exploredin the literature; seeespecially
[16, 7] for morebackgroundanda detaileddiscussiorof recentwork on probabilisticrelationaldatabases.
Recentlymorecomplex datamodelshave beenextendedby probabilisticuncertaintyin anumberof papers.
In particular Eiter et al. [7] presentedan approachthat addsprobabilisticuncertaintyto comple value
relationaldatabaseswhile Kornatzlky and Shimory [11, 12] and Eiter et al. [6] describedapproacheso
probabilisticobject-orienteddatabasesOur approachn this paperis a temporalextensionof the model
by Eiter etal. [6]. Additionally, the presentpapermenly introducesanimplicit datamodelandanimplicit
algebrawhich is shavn to correctlyimplementits explicit counterpartandwhich canbe moreefficiently
realized.Moreover, thetwo operationf restrictedselectionandextractionarenewly introducedhere.

Even thoughthe areasof temporaland probabilistic databasesre both well-explored, thereis very
little work on the integration of temporalreasoningand probabilisticdatabases.In particulay Dyreson
and Snodgrasén their pioneeringwork [5] and subsequentipekhtyaret al. [2] presentedipproacheso
temporalindeterminag in relationaldatabasebasedn probabilisticuncertainty:

e DyresonandSnodgras§] extendtheSQLdatamodelandquerylanguage by probabilisticuncertainty
ontime points. They addindeterminatéemporalattributes(which have indeterminaténstantsasassociated
values)to SQL. Indeterminateénstantsareintervals of time pointswith associategrobability distributions.
The SQL querylanguagds extendedby a constructto definethe ordering plausibility, which is aninteger
betweenl and 100 that specifiesto which degreethe result of an SQL query should containuncertain
answergwherel meansthatary possibleanswerto a queryis desired,while 100 saysthat only definite
answerdo a queryaredesired).Moreover, thereis a constructto definethe correlation credibility, which
specifiessimple modificationsof the probability distributions in the baserelationsbefore evaluatingthe
selectionconditionin SQL queries.DyresonandSnodgrasalsodescribeefficient datastructuresandquery
processinglgorithmsfor their approach.Our work in this paperdiffers from theirsin severalways. First,
we presentan extensionof object-orienteddatabasesyhile their approachis an extensionof relational
databasesSecondwe make no independencassumptiondetweenevents(the users querycanexplicitly
encodeher knowvledgeof the dependenciebetweenevents,if ary), while Dyresonand Snodgrasgassume
thatall indeterminateventsareprobabilisticallyindependenfrom eachother Third, our work introduces
analgebrawhile their work definesan SQL extension.Fourth, we presenformal definitionsof important
notionslike coherenceand consisteng and shav that underappropriateassumptionspur operationsall
presere coherencendconsisteng Fifth, we allow for intenval probabilitiesover solutionsetsof temporal
constraintswhile theirwork allows only for precisepoint probabilitiesover intenals of time points.

e Dekhtyaret al. [2] extend the relational data modeland algebra by temporalindeterminag based
on probabilities. They definea theoetical annotatedtempoal algebra on large annotatedrelations and
a tempoal probabilistic algebra on succincttempoal probabilistic relations They shawv that the latter
efficiently andcorrectlyimplementsthe former They alsoreporton timings of the temporalprobabilistic
algebrain a prototypeimplementation.Our work in this paper especiallythe ideaof having an explicit
algebraonlargeinstanceswhichis efficiently andcorrectlyimplementedy animplicit algebraon succinct
instancesjs inspiredby Dekhtyaret al’s work. Our work, however, is an extensionof the muchricher
object-orientedlatamodelandalgebraascomparedo therelationalalgebra.Our work may beviewed as
ageneralizatiorof theirs.

To our knowledge therehasbeenno work to dateon temporalprobabilisticobject-orientediatabases.

Thereis otherwork on nonprobabilistidcemporalindeterminag in databasesyhich is lessrelatedto
ourwork. In particular Snodgras§21] modelsindeterminag usinga modelthatis basedn athree-alued
logic. Dutta[4] andDuboisandPrad€ 3] proposeafuzzy logic approacto temporalindeterminag, while
Koubarakig14, 13] andBrusonietal.[1] suggesapproachebasednconstraintsGadiaetal. [8] introduce
partialtemporaldatabasesyhich arebasedon partialtemporalelements.
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7 Conclusions

Dyresonand Snodgras$5], followed subsequentiypy Dekhtyaret al. [2], have agued persuasiely that
thereare numerousreal-world applicationswheretemporaluncertaintyabounds. In this paper we have
useda simple exampletracking shipmentscarried,for instance by commercialcarriers. Many otherex-
amplesabound: stock market modelsmaking predictionsof stock pricesinvolve temporalprobabilities
specifyingwhena stockwill reacha specificprice. Archaeologicablatabasesontainingradio-carbordat-
ing of historicalartifactsinvariably involve temporaluncertaintyaswell. Programdrackingthe behaior
of partson a factoryfloor and predictingwhenthey will needto be servicedand/orreplacedalsoinvolve
temporaluncertainty Thefactthatmary of theseapplicationsalsoinvolve objectmodelsshouldcomeasno
surprise.Descriptionsof threedimensionahistoricalartifactsare often storedusingobjectmodels.Main-
taininginformationaboutmachinepartsoftenincludesdesigninformation,dravings,andmanualghatare
oftenrepresentewvith objectmodelsaswell.

In this paper we have madea first attemptto dealwith temporaluncertaintyin object-basedystems.
We have provided two models. Thefirst is an explicit modelwherea probability is associatedvith each
time point. As temporalgranularitygetsfiner andfiner, this modelgetsmoreandmoreimpracticalto use.
For this explicit model,we provide analgebra(e-algebrajhatextendstherelationalalgebra.

To avoid theproblemsassociateavith thee-algebraywe introducea succinctmplicit algebrai-algebra).
We defineoperatordor thei-algebra.We shav thateachoperatorin thei-algebracorrectlyimplementshe
correspondingperatorin the e-algebrawithout computingthe entire explicit representation.Thus, the
e-algebraoperatorswork” onacompactmplicit represenbf a muchlargerexplicit representation.

Therearenumeroudirectionsfor future researchBuilding physicalcostmodelsandcostbasedjuery
optimizersfor TPOBsis a major challengethat mustbe addressed applicationssuchasthe packageand
stockmarket exampleareto scaleup for heary duty use. Building mechanismso updatesuchdatabases
posegyetanotherchallenge Building view creationandmaintenancalgorithmsprovidesathird challenge.
Developinganimplementatiorof (theimplicit versionof) TPOBsposesa fourth majorchallengeasit will
provide atestbedor all thealgorithmsresultingfrom the otherproblemsmentionechere.
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Appendix A. Proofsfor Section5

For the proof of Theorem5.3, we needthe following lemma,which saysthat the valuationof path ex-
pressionsunderimplicit valuescorrectlyimplementsthe valuationof pathexpressionsunderexplicit val-
ues. Here,the mappinge is extendedto generalizedmplicit valuesasfollows: Every generalizedmplicit
valuew = {(Cy, D1,11,u1,01,S5),...,(Ck, Dy, lx,uk, 0k, S)} is associateavith the generalizedxplicit
valuee(w) = {(w', I, S) | (’LU’, I) € 6({(01, Dy, lq,uq, (51), caey (Ck, Dy, Uy, ug, 5k)})}

Lemma7.1 Let P bea pathexpressionfor the probabilistictyper, andv beanimplicit valueof 7. Then,
e(v.P) = ¢(v).P. 4)

Proof. It is sufiicient to shav thate(v.P) = e(v).P holdsfor every implicit valuev of anatomicproba-
bilistic typer. Letv = {(01, Dy, 1y, uq, (51), ceny (Ck, Dy, 1, ug, 5k)} andP = [[R]] Then,

6(’().P) = 6({(01,D1,l1,’u,1,51,R),...,(Ck,Dk,lk,uk,ék,R)})
= {(w',LR)| (w',I) €e({(C1,D1,l1,u1,01), -, (Ck, D, I, ug, 6) }) }
= {(',1 )I(w',I) € e(v)}
(

= ¢(v).P
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Proof of Theorem5.3. It is sufficientto shav thatthevaluationof atomicselectionconditionswith respect
to implicit TPOB-instancess correct.LetI = (7, v) beanimplicit TPOB-instanceverthe TPOB-schema
S = (C,0,=,me, p), andleto € 7(C). Let @ bethedisjunctionstratgy for mutualexclusion.Then,
o proby,(in(c)) = [min(ext(c) (o)), max(ext(c)(0))] = prob(,(in(c)).
e Let P beapathexpressiorfor thetypeof o. If v(0).P is avalueof aclassicatype,thendefineV =
{((#), (v(0)),1,1,U, P)}, elseif v(0).P is a generalizedmplicit value of an atomic probabilistic
type,thendefineV = v(0).P. OtherwiseV is undefined.

probI,O(ngU) — { @z:l . If Visdefine

undefined otherwise,
wherely, ..., I aretheintenals [l - 6 (w), u - §(w)] suchthat(C, D,l,u,6,5) € V, w €sol(C), and

w.S0v, |fV|sdef|nedThat|s thelnter\.als[l’ u'] suchthat(w, [I', 4], S) € (V) andw.S v, if V
is defined.By Lemma7.1andase({((#), (v(0)),1,1,U, P)}) = {(v(0), [1,1], P)}, it follows that

proby ,(P §v) = proby) ,(P0v).

e Foreachi € {1,2}, let P, beapathexpressiorfor thetypeof o. If v(0).P; is avalueof aclassical
type, thendefineV; = {((#), (v(0)),1,1,U, F;)}, elseif v(o).P; is a generalizedmplicit value of
anatomicprobabilistictype,thendefineV; = v(o0).P;. Otherwise V; is undefined.Then,

@®F_ I if Vi andV; aredefined

by (P 0g Py) =
proby, (P g P») {undefined otherwise,

wherel, ..., I} is thelist of all intervals [I; - 61 (v1), u1 - 61(v1)] @ [l2 - b2(v2), uz - d2(v2)] suchthat
(Ci, Dy, l;,u, 65, S;) € Vi, v; €80)(C;), andvy.S1 0 v2.Ss, if V1 andV; aredefined.Thatis, thelist of
allintenals[ly’, u1'] ® [lo', ug'] suchthat (v;, [I;', u;'], S;) € e(V;) andw;.S; O ve.Ss, if V1 andV; are
defined.By Lemma7.1andasc({((#), (v(0)),1,1,U, P;)}) = {(v(0), [1, 1], P;)}, it follows that

pTObI,O(Pl 0@ PQ) = prObs(I),o(Pl 0@ PQ) .
This shavs thatproby ,(¢) = prob, ) ,(#) for all atomicselectionconditions¢. Noticethatthis statement
alsoincludesthatproby ,(¢) is definediff prob,  ,(¢) is defined.0

Proof of Theorem 5.5. It is suficient to shaw that the restrictedselectionon implicit valuesof atomic
probabilistictypesis correct. Let 7 = [A;: 71,...,Ar: 7%] be a probabilistictuple type, andlet v =
[A1: v1,...,Ag: vg] beanimplicit valueof 7. Let ¢ = A;.C, wherei € {1,...,k} andC is aconstraint,
andlet ; beanatomicprobabilistictype. Then,

e({(CANC",D,l,u,é) | (C',D,l,u,d) € v, sol(CAC") # 0})
= {(v,[l-0(vi"),u-6(v")]) | A(C', D,l,u,d) € v;: vi’ €s0l(CAC")}
= {/,[lI',u]) €e(vi) | vi' €s01(C)} .
Thisshavs thate(oy (v)) = og(e(v)). O

Proof of Theorem 5.8. It is sufficient to shaw thatthe renamingof singleattributesinsideimplicit values
of atomicprobabilistictypesis correct. Let N be a renamingconditionof the form A;.[R] + A;.[R']
for the probabilistictupletype r = [A1: 71, ..., A, 7], wherer; is anatomicprobabilistictype, andlet
v =[A1:v1,...,A: vy] beanimplicit valueof 7. Then,
e({Orr (C),6rr (D), L, p o 07l g) | (C, D, 1w, p) € vi})

= {11 p(gep (0")su- p(Sge g (0i"))]) | 3(C, D, 1w, p) €vi: 0" €s0l(0re g (C))}

= {0rer (v"), [ p(vi');u-p(vi")]) [ 3(C, D, 1, u,p) € vi: vy’ €s0l(C)}

= {Orr (), [, u]) | (v, [I',u']) €(vi)} -
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Thisshavs thate(dy (v)) = dn(g(v)). O

Proof of Theorem 5.10. It is sufficient to shav that the intersectionof two implicit valuesof the same
atomicprobabilistictypeis correct.Let v, andvy betwo valuesof the sameatomicprobabilistictype,and
let ® beaconjunctionstratgy. Then,

e({((#), W),l,u,U) | I(Cy,D1,l1,u1,01) €Ev1,(Co, Da,la,uz, d2) € vo:
v € 80l(Cy A Ca), [l,u] = [l1- 81 (v),u1 - 01 (v)] ® [l2 - b2(v), ug - d2(v)]})
= {(v,[l,u]) | I(C1, D1,l1,u1,61) €Ev1,(Ca, Da,la,uz,d2) € va:
v € sol(Cy A Cs), [l,u] = [l1 - 61(v),u1 - §1(v)] ® [l2 - d2(v), ug - d2(v)]}
= {, [, w'T @ [l ud]) | (v, [, ur']) € e(v1), (v, [I2", u2']) €€(v2)} -

Thisshavsthate(v1 Ng v2) is definediff e(v1) Ng (v2) is defined.Moreover, if they arebothdefined then
e(v1 Ng v2) = €(v1) Ng €(v2). O

Proof of Theorem 5.13. Equation(1) follows immediatelyfrom the proof of Theoremb.10. We next prove
Equation(2). It is sufiicient to shav thatthe union of two implicit valuesof the sameatomicprobabilistic
typeis correct.Let v; andvy betwo valuesof the sameatomicprobabilistictype,andlet & beadisjunction
stratgy. Then,

e(v1 Ug v2)
{(Cy A=Ca, D1, 11, u1,61) | (C1, Dy, li,u1,81) €1, s0l(Cy A =Co) # 0}) U
{(Cy A=Ci, Do, ly, uz,82) | (Ca, Da,lo, us, 82) € va, s0l(Ca A —C1) # 0}) U
{((#), (v),l,u,U) | I(C4, D1,l1,u1,81) €1, (Co, Da,l2,uz,d2) € va:

v € s0l(Cy A C3), [l,u] = [l1-61(v),u1 - 61 (v)] ® [l2 - b2(v), ug - 62(v)]})
(v’ [l1 - 61(v1"),u1 - 01 (v1")]) | 3(Cy, D1, 11, u1,61) €Evy: w1’ €s0l(Ch) — sol 62)}U
(vo', [l2 - 62(va"), ug - d2(v2")]) | 3(Ca, Da,la, ug, §2) € va: v’ € s0l(Co) — sol 61)}U
(v, [, urT @ [lo, u2']) | (v, [l wa']) € e(vn), (v, [l], u2']) € e(v2)}
(01", [l u1']) €e(vr) | v1' & sol(ag)} U {(va, [lo', us"]) € e(v2) | vo' & 501(61)} U
(
(

&

(
—
(
(

™

{ (
{ (
{

{
{(v, [l ud'T @ [l u2"]) | (v, [11 u']) € (1), (v, [l2, ua']) € (v2)}

= ¢e(v1) Ug e(v2) .

Wefinally prove Equation(3). Again,it is sufiicientto shav thatthe differenceof two implicit valuesof the
sameatomicprobabilistictypeis correct.Let v; andv, betwo valuesof the sameatomicprobabilistictype,
andlet &6 beadifferencestratgy. Then,

e(v1 —o v2)
= e({(Cy A~Cy, Dy, l1,u1,61) | (C1, D1, 11, u1,81) € vr, sol(Cy A —Cy) # B} U
e({((#), (),l,u,U) | 3(Cy, D1,l1,u1,81) € v1,(Ca, Do, lo, us, d2) € va:
v € 80l(Cy A Ca), [l u] = [l1 - 81(v),u1 - 61 (v)] © [l2 - b2(v), ug - d2(v)]})
= {(w', [/, u1"]) € e(v1) | v’ ¢ sol(Ca)} U
{(, [, w'T© [lo, w']) | (v, [l ur']) € e(v1), (v, [lo, ua']) € e(v2)}

= ¢g(v1) —g€(ve). O

Appendix B. Proofsfor Section5.8

Proof of Theorem5.18. (a) Let S = (C, o, =, me, p), andlet Ec(S) =S’ = (C', o', =', me’, p’). Assume
that$ is consistentThatis, thereexistsamodele: C — 2° of S. Let themappinge’: ¢’ — 2© bedefined
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bye'(c) = e(c) forall ¢ € C'. Wenow shaw thate’ isamodelof S’. Clholds,ase(c) # 0 for all classeg €
C impliese’(c) # B for all classeg € C'. Wenext shav C2. Considettwo classeg;, c2 € C' suchthate; =’
co. Thatis, somepathd; = dy = --- = d, existssuchthatd; = c1, dp = ¢, andds,...,d,_; € C - C".
Ase(dr) Ce(dg) C -+ C e(dy), it thusfollowse(cr) C e(c2). Wenow provethatC3holds.Letey, co € C’
be two distinctclasseghatbelongto the sameclusterP’ € me'(c) for somec € C'. Thatis, thereexistsa
clusterP € me(c) suchthat,for i € {1,2}, eitherc; belongsto P or ¢; is a propersubclas®f a classin P.
As C2andC3holdfor ¢, it thusfollows thate(c;) Ne(cz) = 0. This shavsthatC3 holds. We finally prove
C4. Considentwo classes:,cs € C' suchthate; =’ ¢o. Thatis, somepathd; = dy = --- = dj, exists
suchthatd; = ¢1, dy = co, andds, ..., dj,_1 € C — C'. Moreover, it holdsg' (c1,¢2) = [152) p(di, dit1)-
As C4 holdsfor &, it follows that|e(d;)| = p(di,dit1) - |e(diy1)| for all i€ {1,...,k — 1}. This shovs
thatle(cr)| = T15 p(di, divi1) - le(ca)], thatis, |€'(c1)] = g (c1,¢2) - |€/ (¢2)]. This provesC4.

(b) LetS; = (Cl, o1,=>1,meq, 91), Sy = (CQ, 092, =2, Me9, 92), and51 < So= (C, o, =, me, {J) Letey :
C1 — 291 ande, : C, — 292 bemodelsof S; andS,, respectiely. Let themappinge : ¢ — 29, where
C = C1 x Cy andO = O x Oy, bedefinedasfollows:

8(0) = 51(61) X 62(02), forall c = (Cl,CQ) eC.

We now shaw thate is a modelof S. We first prove C1. Sincee;(c;) # 0 for all classes:; € C; and
ga(c2) # 0 for all classes:; € Cq, we gete(c) # 0 for all classes: € C. We next shav C2 andC4. Let
¢ = (e1,¢2),d = (d1,d2) € C with ¢ = d. Without lossof generality we canassumehatc; =1 d; and
ca = dy. Sincee; is amodelof Sy, it holdsthate;(c1) C e1(dy) and|ei(e1)] = pi(e1,di) - |e1(dy)].
Hence,it immediatelyfollows e(c) C e(d) and|e(c)| = p(c,d) - |e(d)|. Wefinally prove C3. Letc,d € C
be two distinct classeghat belongto the sameclusterP € |Jme(C). Without lossof generality we can
assumehatc;, d; € C; belongto the sameclusterP; € |Jme;(C;) andthatcy, = do. Sincee; is amodel
of Sy, it holdsthate; (¢1) Ne1(dy) = 0. Thus,e(c) Ne(d) = 0. O

Proof of Theorem5.19. (a) LetI = (m,v) andEc(I) = I' = (7/,v'). LetS = (C,0,=,me, p) and
Ec(S)=S"=(C',0',=",me, p'). Towardsa contradiction,supposehatI’ is notcoherent.Thatis, there
existsaclassc € C' andanobjecto € 7'(c) suchthatp;, ps € ext’(c)(o) with p; # pe. Hence thereare
atleasttwo distinctclassesl;,ds € C' suchthat(i) o € (7')*(d;) andc (=')*d;, and(ii) d; is minimal

under(=')* with (i), and(iii) p; is the productof edgeprobabilitiesfrom ¢ up to d;. As C containsall

characteristiclassedor ext(c) (o), thereareatleasttwo distinctclassesl; € C suchthat(i) o € 7*(d;) and
¢ =* d;, and(ii) d; is minimalunder=-* with (i). Thisimpliesthatp:, p2 € ext(c)(o). Butthiscontradicts
S beingcoherent.

(b) LetS; = (Cl, o1,=>1,meq, pl), So= (CQ, 09, =9, Mmey, pg), and51 < Sog=8S= (C, o, =, me, p) Let
I = (m1,11), Iy = (m9,12), andI; < Iy = I = (m,v). Towardsa contradiction,supposethatI is
not coherent. Thatis, thereexistsa classc = (c1,¢2) € C andanobjecto = (01,02) € w(c) suchthat
p',p? € ext(c)(o) with p' # p?. Hence thereareclassesi' = (d},d}),d?> = (d2,d2) € C suchthat (i)
o € 7 (d') andc =* &, (i) d' is minimal under=-* with (i), and(iii) p* is the productof edgeprobabilities
from c upto d. Thus,c, d', andd? arepairwisedistinct. Moreover, p* = pi - p} andp? = p? - p2, where
pj- is the productof edgeprobabilitiesfrom ¢; up to d; Supposenow ¢; = di. Then,o € 7*((c1,d3)),
c =* (c1,d3), and(ci,d3) =* d?. By the minimality of d2, it thenfollows ¢; = di = d?, andthus
pi = p? = 1. Moreover, if d} = d?, thenp! = p?. Thus,asp; # po, we canassumewithout loss of
generalitythat c1, di, andd? are pairwisedistinct. As S; is coherentthereis somed} € C; suchthat
01 € T™(dY), c1 =* &3, d? =* d}, andd? =* d2. Withoutlossof generalitywe canassumehatd? # di.
Hence,o € 7*((d?,d})), ¢ =* (dY,d}), (dY,d}) =* d*, and(d?,d}) # d'. But this contradictsd® being
minimal under=-* with (i). Hence I is coherentd
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