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1 IntroductionMost of the research on the theory of learning from random examples is based on a paradigm in whichthe learner is both trained and tested on examples drawn at random from the same distribution. In thisparadigm the learner is passive and has no control over the information that it receives. In contrast, inthe query paradigm, the learner is given the power to ask questions. What does the learner gain from thisadditional power?Study of the use of queries in learning[Val84, Ang88], has mostly concentrated on algorithms for exactidenti�cation of the target concept. This type of analysis concentrates on the worst case behavior of thealgorithm, and no probabilistic assumptions are made. In contrast, we are interested in algorithms thatachieve approximate identi�cation of the target, and our analysis is based on probabilistic assumptions. Weassume that both the examples and the target concept are chosen randomly. In particular, we show thatqueries can help accelerate learning of concept classes that are already learnable from just unlabeled data.This question was previously studied by Eisenberg and Rivest [ER90] in the PAC learning framework.They give a negative result, and show that, for a natural set of concept classes, which they call \dense inthemselves", queries are essentially useless. They show that giving the learner the ability to ask membershipqueries (questions of the type \what is the label of the point x?") in this context does not enable thelearner to signi�cantly reduce the total number of labeled examples it needs to observe. The reason is thatif the learner observes only a small number of examples, either passively or actively, then it can not besensitive to slight changes in the target concept and in the underlying distribution. An adversary can alterthe distribution and the target in a way that will not cause the learner to change its hypothesis, but willincrease the error of this hypothesis in a signi�cant way. In this paper we show how some concept classesthat are dense in themselves can be learned e�ciently if we allow the learner access to random unlabeledexamples. This added capability enables the learner to maintain its sensitivity to the input distribution,while reducing the number of labels that it needs to know.Baum[Bau91], proposed a learning algorithm that uses membership queries to avoid the intractability oflearning neural networks with hidden units. His algorithm is proved to work for networks with at most fourhidden units, and there is experimental evidence[BL92] that it works for larger networks. However, whenBaum and Lang tried to use this algorithm to train a network for classifying handwritten characters, theyencountered an unexpected problem[BL92]. The problem was that many of the images generated by thealgorithm as queries did not contain any recognizable character, they were arti�cial combinations of characterimages that had no natural meaning. The learning algorithm that is analyzed in this paper uses randomunlabeled instances as queries and in this way may avoid the problem encountered by Baum's algorithm.In the lines of work described above, queries are explicitly constructed. In contrast, our work is derivedwithin the query �ltering paradigm. In this paradigm, proposed by [CAL90], the learner is given accessto a stream of inputs drawn at random from the input distribution. The learner sees every input, butchooses whether or not to query the teacher for the label. Giving the learner easy access to unlabeled2



random examples is a very reasonable assumption in many real-life contexts. In applications such as speechrecognition, it is often the case that collecting unlabeled data is a highly automatic process, while �ndingthe correct labeling of the data requires expensive human work. Our algorithm uses all of the unlabeledexamples and in this way overcomes the problems pointed out by Rivest and Eisenberg. Learning becomesan interactive process: rather than requesting the human to label all the examples in advance, we let thecomputer choose the examples whose labels are most informative. Initially, most examples will be informativefor the learner, but as the process continues, the prediction capabilities of the learner improve, and it discardsmost of the examples as non-informative, thus saving the human teacher a large amount of work.In [CAL90] there are several suggestions for query �lters together with some empirical tests of theirperformance on simple problems. Seung et al. [SOS92] have suggested a �lter called \query by committee,"(QBC) and analytically calculated its performance for some perceptron-type learning problems. For theseproblems, they found that the prediction error decreases exponentially fast in the number of queries. Inthis work we present a more complete and general analysis of query by committee, and show that such anexponential decrease is guaranteed for a general class of learning problems.The problem of selecting the optimal examples for learning is closely related to the problem of experimen-tal design in statistics (see e.g. [Fed72, AD92]). Experimental design is the analysis of methods for selectingsets of experiments, which correspond to membership queries in the context of learning theory. The goal of agood design is to select experiments in a way that their outcomes, which correspond to labels, give su�cientinformation for constructing a hypothesis that maximizes some criterion of accuracy. One natural criterion isthe accuracy with which the parameters that de�ne the hypothesis can be estimated [Lin56]. In the contextof Bayesian estimation a very general measure of the quality of a query is the reduction in the entropy ofthe posterior distribution that is induced by the answer to the query. Similar suggestions have been madein the perceptron learning literature[KR90]. A di�erent experimental design criterion is the accuracy withwhich the outcome of future experiments, chosen from some constrained domain, can be predicted using thehypothesis. This criterion is very similar to criteria used in learning theory. Both criteria are important forus in this paper. We show that while in the general case the two are not necessarily related, they are relatedin the case of the query by committee algorithm. Using this relation we prove the e�ciency of the algorithmfor some speci�c concept classes.The results presented in this paper are restricted to a rather limited set of learning problems. The mainrestriction is that the concepts are assumed to be deterministic and noiseless. In the summary we list whatwe think are the natural extensions of our analysis.The paper is organized as follows. In Section 2 we present the Bayesian framework of learning withinwhich we analyze our algorithm. In Section 3 we present some simple learning problems and demonstrate acase in which the information gain of a query is not the relevant criterion when we are interested in predictionquality. In Section 4 we describe the query by committee algorithm. In Section 5 we prove that there isa close relation between information gain and prediction error for QBC. Using this relation we show in3



Section 6 that the prediction error decreases exponentially fast with the number of queries for some naturallearning problems. In Section 7 we give a broader view on using unlabeled examples for accelerating learning,and in Section 8 we summarize and point to some potential future directions.2 PreliminariesWe work in a Bayesian model of concept learning [HKS94]. As in the PAC model, we denote by X anarbitrary sample space over which a distribution D is de�ned. In this paper we concentrate on the casewhere X is a Euclidean space Rd. Each concept is a mapping c : X ! f0; 1g and a concept class C is a setof concepts. The Bayesian model di�ers from the PAC model in that we assume that the target concept ischosen according to a prior distribution P over C and that this distribution is known to the learner. Weshall use the notation Prx2D(�) to denote the probability of an event when x is chosen at random from Xaccording to D.We assume that the learning algorithm has access to two oracles: Sample and Label. A call to Samplereturns an unlabeled example x 2 X, chosen according to the (unknown) distribution D. A call to Labelwith input x, returns c(x), the label of x according to the target concept. After making some calls to the twooracles, the learning algorithm is required to output a hypothesis h : X ! f0; 1g. We de�ne the expectederror of the learning algorithm as the probability that h(x) 6= c(x), where the probability is taken withrespect to the distribution D over the choice of x, the distribution P over the choice of c and any randomchoices made as part of the learning algorithm or of the calculation of the hypothesis h. We shall usuallydenote the number of calls that the algorithmmakes to Sample by m and the number of calls to Label by n.Our goal is to give algorithms that achieve accuracy � after making O(1=�) calls to Sample and O(log1=�)calls to Label.In our analysis we �nd it most convenient to view the �nite number of instances that are observed bythe learning algorithm as an initial segment of an in�nite sequence of examples, all drawn independently atrandom according to D. We shall denote such a sequence of unlabeled examples by ~X = fx1; x2 : : :g, anduse h ~X; c( ~X)i = fhx1; c(x1)i; hx2; c(x2)i : : :g to denote the sequence of labeled examples that is generatedby applying c to each x 2 ~X . We use ~X1:::m to denote the sequence of the �rst m elements in ~X. Weuse the terminology of Mitchell [Mit82], and de�ne the version space generated by the sequence of labeledexamples h ~X1:::m; c( ~X1:::m)i to be the set of concepts c0 2 C that are consistent with c on ~X , i.e. thatc0(xi) = c(xi) for all 1 � i � m. We denote the version space that corresponds to the �rst i labeled examplesby Vi = V (h ~X1:::i; c( ~X1:::i)i). The initial version space, V0 = V (;), is equal to C. The version space is arepresentation of the information contained in the set of labeled examples observed by the learning algorithm.A natural measure of the progress of the learning process is the rate at which the size of the version spacedecreases. The instantaneous information gain from the ith labeled example in a particular sequence ofexamples is de�ned to be � logPrP(Vi)=PrP(Vi�1). Summing the instantaneous information gains over a4



complete sequence of examples we get the cumulative information gain, which is de�ned asI(hx1; c(x1)i; : : : ; hxm; c(xm)i) := � mXi=1 log PrP(Vi)PrP(Vi�1) = � logPrP(Vm) : (1)The natural measure of the information that we expect to gain from the label of an unlabeled example isthe expected instantaneous information gain taken with respect to the probability that each one of the twolabels occurs. Let p0 be the probability that the label of xm is 0, given that c 2 Vm�1 and let V 0m be theversion space that results from the label xm being 0. De�ne p1 and V 1m in the corresponding way for thecase c(xm) = 1. We de�ne the expected information gain of xi, given Vi�1, to be:G(xijVi�1) := �p0 log PrP(V 0i )PrP(Vi�1) � p1 log PrP(V 1i )PrP(Vi�1) (2)= �p0 logp0 � (1 � p0) log(1� p0) := H(p0) ;where H(p) denotes the Shannon information content of a binary random variable whose probability of being1 is p. We shall use log base 2 in our de�nition and measure the expected information gain in bits.1 Themaximal information gain from a single label is one bit. The information gain is thus a very attractivemeasure of the gain that can be expected from asking Label for the label of an example. However, as weshow in Section 3, this measure, by itself, is not su�cient for guaranteeing a large reduction in the expectedprediction error of the algorithm.The \Gibbs" prediction rule is to predict the label of a new example x by picking a hypothesis h atrandom from the version space and labeling x according to it. The random choice of h is made according tothe prior distribution P restricted to the version space. It is a simple observation (see [HKS94]), that theexpected error of this prediction error is at most twice larger than the expected error of the optimal predictionrule which is the Bayes rule. We shall assume that our learning algorithm has access to an oracle, denotedGibbs, which can compute the Gibbs prediction for a given example x 2 X and version space V � C.Each time Gibbs(V; x) is called, a hypothesis h 2 C is chosen at random according to the distribution Prestricted to V , and the label h(x) is returned. Note that two calls to Gibbs with the same V and x canresult in di�erent predictions. The main result of the paper is that a simple algorithm for learning usingqueries, that uses the Gibbs prediction rule, can learn some important concept classes with accuracy that isexponentially small in the number of calls to Label.3 Two simple learning problemsIn this section we discuss two very simple learning problems. Our goal here is to give examples of theconcepts de�ned in the previous section and to show that constructing queries solely according to theirexpected instantaneous information gain is not a good method in general.1Here, and elsewhere in the paper, log(�), denotes the logarithm over base two, while ln(�) denotes the logarithm over basee. 5



Consider the following concept class. Let X = [0; 1], and let the associated probability distribution D bethe uniform distribution. Let the concept class C, consist of all functions of the formcw(x) = � 1; w � x0; w > x ; (3)where w 2 [0; 1]. We de�ne the prior distribution of concepts, P to be the one generated by choosing wuniformly from [0; 1].The version space de�ned by the examples fhx1; c(x1)i; : : : ; hxm; c(xm)ig is (isomorphic to) the segmentVi = [max(xijc(xi) = 0);min(xijc(xi) = 1)]. Let us denote by �i the ratio of the probabilities of the versionspace before and after observing the ith example, i.e. �i = PrPVi=PrPVi�1. The instantaneous informationgain of the example hxi; c(xi)i is� log �i. Given an unlabeled example, the expected instantaneous informationgain from xi is H(�i). Examples that fall outside the segment have zero expected information gain, whilethe example that divides the segment into two equal parts obtains the highest possible expected informationgain of one bit. This agrees with our intuition because the labels of examples that fall outside the segmentare already completely determined by previous labeled examples, while the label of the example that fallsin the middle of the version space interval is least predictable. It is easy to show that the probability of aprediction error for the Gibbs prediction rule is equal to the length of the segment divided by three. Thus, ifthe learner asks for the label of the example located in the middle of the segment, it is guaranteed to halvethe error of the Gibbs prediction rule. In this case we see that asking the oracle Label to label the examplethat maximizes the expected information gain guarantees an exponentially fast decrease in the error of theGibbs prediction rule. In contrast, the expected prediction error after asking for the labels of n randomlychosen examples is O(1=n).The question is whether constructing queries according to their expected information gain is a goodmethod in general, i.e. whether it always guarantees that the prediction error decreases exponentially fastto zero.The answer to this question is negative, to see why this is the case consider the following, slightly morecomplex, learning problem. Let the sample space be the set of pairs in which the �rst element, i, is either 1or 2, and the second element, z, is a real number in the range [0; 1], i.e. x 2 X = f1; 2g � [0; 1]. Let D bethe distribution de�ned by picking both i and z independently and uniformly at random. Let the conceptclass be the set of functions of the form c~w(i; z) = � 1; wi � z0; wi > z ; (4)where ~w 2 [0; 1]2. The prior distribution over the concepts is the one generated by choosing ~w uniformly atrandom from [0; 1]2. In this case each example corresponds to either a horizontal or a vertical half plane,and the version space, at each stage of learning, is a rectangle (see Figure 3). There are always two examplesthat achieve maximal information gain, one horizontal and the other vertical. Labeling each one of thoseexamples reduces the volume of the version space by a factor of two. However, the probability that the Gibbs6
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Figure 1: A �gure of the version space and the examples that achieve maximal information gain for the twothreshold learning problem de�ned below.rule makes an incorrect prediction is proportional to the perimeter of the rectangular version space, and notto its volume. Thus, if the learner always constructs queries of the same type, only one of the dimensionsof the rectangle is reduced, and the perimeter length stays larger than a constant. This implies that theprediction error also stays larger than a constant.We conclude that the expected information gain of an unlabeled example is not a su�cient criterion forconstructing good queries. The essential problem is that the distribution over the examples is completelyignored by this criterion. While one can easily �nd a speci�c solution for the given learning problem, wewould like to have a general method that is sensitive to the distribution of the examples, and is guaranteedto work for a wide variety of problems. In the next section we present such a method.4 The Query by Committee learning algorithmSeung, Opper and Sompolinsky [SOS92] have devised an algorithm for learning by queries which they called\Query by Committee" and we shall refer to as the QBC algorithm. The algorithm uses as queries exampleswhose expected information gain is high, however, rather than constructing the examples, it �lters the moreinformative examples from the random unlabeled examples that it gets from the oracle Sample. We discussthe simplest case in which the committee is of size two. 2The algorithm proceeds in iterations. In each iteration it calls Sample to get a random instance x. Itthen callsGibbs twice, and compares the two predictions for the label of x. If the two predictions are equal,2Our analysis can be extended to larger committees, but the improvement in the performance is minor.7



it rejects the instance and proceeds to the next iteration. If the two predictions di�er, it calls Label withinput x, and adds the labeled example to the set of labeled examples that de�ne the version space. It thenproceeds to the next iteration. In [SOS92] Seung et al. treat the query by committee algorithm as an on-linelearning algorithm, and analyze the rate at which the error of the two Gibbs learners reduces as a functionof the number of queries made. In our work we prove general bounds both on the number of queries and onthe number of random examples that the algorithm tests. In order to do that we consider a batch learningscenario, in which the learning algorithm is tested only after it has �nished observing all of the trainingexamples and has �xed its prediction hypothesis.To do that we de�ne a termination condition on the iterative process described above. When the algorithmreaches this a state that ful�lls this condition it stops calling Sample and Label and uses the Gibbs oracleto predict the labels of the instances that it receives in the test phase. The termination condition is satis�esif a large number of consecutive instances supplied by Sample are all rejected.We measure the quality of the predictions made by the algorithm in a way similar to that used in Valiant'sPAC model. We de�ne the expected error of the algorithm as the probability that its prediction of the labelof a random instance disagrees with that of the true underlying concept. This probability is taken withrespect to the random choice of the instance as well as the underlying concept. We also allow the algorithmsome small probability of failure to account for the fact that the sequence of instances that it observes duringtraining is atypical.We say that the learning algorithm is successful if its expected error is small, when trained on a typicalsequence of instances. More precisely, we de�ne two parameters, an accuracy parameter 1 > � > 0 anda con�dence parameter 1 > � > 0. We use the term \training history" to describe a speci�c sequence ofrandom instances and random coin ips used during learning a speci�c hidden concept. For each choice ofthe hidden concept, we allow a set of training histories that has probability � to be marked as \atypical"training histories. Our requirement is that the expected error over the set of typical training histories issmaller than �. The parameters � and � are provided to the learning algorithm as input and are used tode�ne the termination criterion. Figure 2 gives a formal description of the algorithm. It is important tonotice that the termination condition depends only on � and �, and not of any properties of the conceptclass. While the performance of the algorithm does depend on such properties, the algorithm can be usedwithout prior knowledge of these properties.It is easy to show that if QBC ever stops, then the error of the resulting hypothesis is small with highprobability. That is because it is very unlikely that the algorithm stops if the probability of error is largerthan � (proof is given in Lemma 2). The harder question is whether QBC ever stops, and if it does, howmany calls to Sample and to Label does it make before stopping? As we shall show in the following twosections, there is a large class of learning problems for which the algorithm will stop, with high probability,after O(1=� log 1=��) calls to Sample, and O(log 1=�) calls to Label.The committee �lter tends to select examples that split the version space into two parts of comparable size,8



Input: � > 0 - the maximal tolerable prediction error.� > 0 - the desired reliability.Gibbs- an oracle that computes Gibbs predictions.Sample- an oracle that generates unlabeled examples.Label- an oracle that generates the correct label of an example.Initialize n - the counter of calls to Label { to 0, and set the initial version space, V0, to be the completeconcept class C.Repeat until more than tn consecutive examples are rejected. Wheretn = 1� ln �2(n+ 1)23� ;and n is the number of examples that have been used as queries so far.1. Call Sample to get an unlabeled example x 2 X drawn at random according to D.2. Call Gibbs(Vn; x) twice, to get two predictions for the label of x.3. If the two predictions are equal then reject the example and return to the beginning of the loop. (step1)4. Else call Label(x) to get c(x), increase n by 1, and set Vn to be all concepts c0 2 Vn�1 such thatc0(x) = c(x).Output as the prediction hypothesis Gibbs(Vn; x).Figure 2: Query by a committee of twobecause if one of the parts contains most of the version space, then the probability that the two hypotheseswill disagree is very small. Let us normalize the probability of the version space to one and assume that anexample x partitions the version space into two parts with probabilities F and 1�F respectively. Then theprobability of accepting the example x as a query is 2F (1� F ) and the information gain from an exampleis H(F ). . Both of these functions are maximized at F = 0:5 and decrease symmetrically to zero when Fis increased to one or decreased to zero. It is thus clear that the queries of QBC have a higher expectedinformation gain than random examples. However, it is not true in general that the expected informationgain of the queries will always be larger than a constant,3 moreover, as we have seen in the Section 3, queries3For example, consider the case in which the version space contains two disconnected sets in R2, which are very far fromeach other, and assume that a random example is very likely to separate these two sets. Suppose one of the sets has probability�, while the other has probability 1� �. While most of the examples that separate the two sets are rejected, the fraction that isaccepted can still dominate all other examples. Thus the expected information gain is close to H(�). As � can be set arbitrarily9



with high information gain do not guarantee a fast decrease of the prediction error in general. Our proof ofthe performance of QBC consists of two parts. In the �rst part, given in Section 5, we show that a lowerbound on the information gain of the queries does guarantee a fast decrease in the prediction error of QBC.In the second part, given in Section 6, we show that the expected information gain of the queries of QBCis guaranteed to be higher than a constant in some important cases.5 Relating information gain and prediction error for Query byCommitteeIn this section we prove that if the expected information gain from the queries used by QBC is high, thenthe prediction error of the algorithm is guaranteed to be exponentially small in the number of queries asked.We shall �rst de�ne exactly what we mean by high information gain, and then give the theorem and itsproof.In our analysis we treat runs of the algorithm as initial segments of in�nite runs that would have beengenerated had there been no termination criterion on the execution of the main loop in QBC. We denote by~X the in�nite sequence of unlabeled examples that would have been generated by calls to Sample. We usean in�nite sequence of integer numbers I = f1 � i1 < i2 < : : :g to refer to the sequence of indices of thoseexamples that are �ltered by QBC from ~X and used as queries to Label. This set of examples is denoted~XI . We denote by M the sequence of integers from 1 to m, and use ~XM to denote the �rst m examples in~X . We use In to denote the �rst n elements of I. Finally, ~XIn indicates the �rst n examples that are usedas queries, and ~XI\M indicates the queries that are chosen from the �rst m unlabeled examples.We now present the probabilistic structure underlying the query process. A point in the sample space 
is a triple hc; ~X; Ii. The probability distribution over this space is de�ned as follows. The target concept c ischosen according to P, and each component in the in�nite sequence ~X is chosen independently according toD. Fixing c and ~X , we de�ne the distribution of the �rst n elements of I according to the probability thatalgorithmQBC calls the oracle Label on the iterations indexed by In. It is easy to see that the distributionsde�ned for di�erent values of n are consistent with each other, thus we can de�ne the distribution on I as thelimiting distribution for n !1. We denote the distribution we have de�ned on the triplets hc; ~X; Ii by �and use Pr� and E� to indicate the probability and the expectation taken with respect to this distribution.We now de�ne formally what we mean when we say that the queries of QBC are informative.De�nition 5.1 We say that the expected information gain of queries made by QBC for the learning problemof concept class C,concept distribution P, and input distribution D, is uniformly lower bounded by g > 0 ifthe following holds.small, the expected information gain can be arbitrarily close to zero. It seems that this type of version space can occur onlyvery rarely but we do not know what are the necessary conditions.10



For the distribution over hc; ~X; Ii that is generated by P;D and QBC and for every n � 0, the expectedinstantaneous information gain from the n + 1st query, given any sequence of previous queries and theiranswers, is larger than g. In our notation we can write this as the requirement that the following conditionalexpectation is larger than g almost everywhere:Pr� �E �G(xin+1 jV (h ~XIn ; c( ~XIn)i)) j ~XIn ; c(XIn)� > g� = 1In somewhat more intuitive terms, a uniform lower bound on the information means that for any versionspace that can be reached by QBC with non-zero probability, the expected information gain from the nextquery of QBC is larger than g. In Section 6 we shall prove uniform lower bounds on the information gainof QBC for some important learning problems.We now give the theorem that relates the bound on the information gain of QBC to its expectedprediction error.Theorem 1 If a concept class C has VC-dimension 0 < d <1 and the expected information gain of queriesmade by QBC is uniformly lower bounded by g > 0 bits, then the following holds with probability larger than1� � over the random choice of the target concept, the sequence of examples, and the choices made by QBC:� The number of calls to Sample that QBC makes is smaller thanm0 = max 4de� ; 160(d+ 1)g� max�6; ln 80(d+ 1)��2g �2! : (5)� The number of calls to Label that QBC makes is smaller thann0 = 10(d+ 1)g ln 4m0� ;In other words, it is an exponentially small fraction of the number of calls to Sample.4� The probability that the Gibbs prediction algorithm that uses the �nal version space of QBC makes amistake in its prediction is smaller than �.Before we proceed to prove the theorem, let us give a brief intuitive sketch of the argument (See Figure 3).The idea is that if a concept class is learnable then, after observing many labeled examples, the conditionaldistribution of the labels of new examples is highly biased to one of the two labels. This means that theinformation gained from knowing the label of a random example is small. This, in turn, means that theincrease in the cumulative information from a sequence of random examples becomes slower and slower asthe sequence gets longer. On the other hand, if the information gained from the queries of QBC is lowerbounded by a constant, then the cumulative information gain from the sequence of queries increases linearlywith the number of queries. It is clear that the information from the labels of the queries alone is smallerthan the information from the labels of all the examples returned by Sample. The only way in which4Note that the number of calls to Sample is 
(d=�) ([BEHW89]), even if all of the instances are used as queries to Label.11
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sub-martingales [McD89] 5 from which we know that for any � > 0Pr( nXi=1 Yi � ��n) � �( gg + � )g+�( 1� g1� g � � )1�g���n :Setting � = �g and taking logs we get Pr(Pni=1 Yi � ��gn) �exp ���(1 + �)g ln(1 + �) + (1� (1 + �)g) ln 1�g1�(1+�)g�n� �exp ((� � (1 + �) ln(1 + �)) gn) :Choosing � = 1=2 we get the boundLemma 2 The probability that the predictions made by QBC are wrong (after its main loop has terminated)is smaller than � with probability larger than 1� �=2.Proof : Assume that the probability of a wrong prediction is larger than �. As discussed in the informalpart of the proof, this implies that the probability of accepting a random example as a query with the �nalversion space, is also larger than �. It thus remains to show that the probability that QBC stops when theprobability of accepting a query is larger than � is smaller than �=2.The termination condition of QBC is that all tn examples tested after the nth query are rejected. If theprobability of accepting a random example is larger than � then this probability is smaller than (1 � �)tn.From the de�nition of tn we get that(1� �) 1� ln �2(n+1)23� � e� ln �2(n+1)23� = 3��2(n+ 1)2 :Summing this probability over all possible values of n from zero to in�nity we get the statement of thelemma.In [HKS94] it was shown that if the VC-dimension of a concept class is d, then the expected informationgain from m random examples is bounded by (d+ 1) log(m=d). Here we show that the probability that theinformation gain is much larger than that is very small.Lemma 3 Assume a concept c is chosen at random from a concept class with VC dimension d. Fix asequence of examples ~X, recall that ~XM denotes the �rst m examples. ThenPrc2P �I(h ~XM ; c( ~XM )i) � (d+ 1)(log emd )� � dem : (7)5The bound as it appears in [McD89] is given for martingales. However, it is easily checked that it is also true for super-martingales. Reversing the sign of the Yi we get an equivalent theorem for sub-martingales.13



Proof : From Sauer's Lemma [Sau72] we know that the number of di�erent labelings created by m examplesis at most Pdi=0 �mi � � (em=d)d. The expected cumulative information gain is equal to the entropy (base2) of the distribution of the labels and is maximized when all the possible labelings have equal probability.This gives an upper bound of d log emd on the expected cumulative information gain. Labelings that havecumulative information gain larger by a than this expected value, must have probability that is smaller by2a than the labels in the equipartition case. As the number of possible labelings remains the same, the totalprobability of all concepts that give rise to such labelings is at most 2�a. Choosing a = log emd we get thebound.Proof of Theorem 1 We consider a randomly chosen element of the event space hc; ~X; Ii. Our analysisinvolves the �rst m0 random examples presented to QBC, ~XM0 , and the �rst n0 queries that QBC would�lter if it never halts, ~XIn0 . We denote the number of queries that QBC makes during the �rst m0 examplesby n, i.e. n = jI \M0j. The claim of the theorem is that, with probability at least 1� �, the algorithm haltsbefore testing the m+1st example, the number of queries it makes, n, is smaller than n0, and the hypothesisit outputs upon halting has error smaller than �. We shall enumerate a list of conditions that guaranteethat all of these events occur for a particular random choice of examples and of internal randomization inQBC. By showing that the probability of each of those conditions to fail is small we get the statement ofthe theorem.The conditions are:1. The cumulative information content of the �rst n0 queries is at least gn0=2.From Lemma 1 we get that in order for this condition to hold with probability larger than 1� �=4 itis su�cient to require that n0 � 10g ln 4� : (8)2. The cumulative information content from the �rst m0 examples is at most(d+ 1)(log em0d ).From Lemma 3 we get that in order for this condition to hold with probability larger than 1� �=4 itis su�cient to require that m0 � 4de� : (9)3. The number of queries made during the �rst m0 examples, n, is smaller than n0.The condition follows from conditions 1 and 2 ifI(h ~XIn0 ; c( ~XIn0 )i) � I(h ~XM0 ; c( ~XM0)i) (10)This is because if n � n0 then the information gained from the queries asked during the �rst m0examples is larger than the total information gained from the m0 examples, which is impossible. Inorder for (10) to hold, it is su�cient to require thatn0 > 2(d+ 1)g (log em0d ) : (11)14



4. The number of consecutive rejected examples guarantees that the algorithm stopsbefore testing the m0 + 1st example.Notice that the threshold ti increases with i. Thus if at least tn consecutive examples from amongthe �rst m0 examples are rejected, the algorithm is guaranteed to halt before reaching the m0 + 1stexample. As there are m0 � n rejected examples, the length of the shortest run of rejected examplesis at least (m0 � n)=(n + 1). We require that this expression is larger than tn, and use the fact thatcondition 3 holds, i.e. that n < n0. Using these facts it is su�cient to require thatm0 � 2(n0 + 1)� ln��23� (n0 + 1)2� : (12)5. The Gibbs prediction hypothesis that is output by the QBC has probability smallerthan � of making a mistaken prediction.From Lemma 2 we get that the probability of this to happen is smaller than �=2.We see that if Equations (8), (9), (11), and (12) hold, then the probability that any of the four conditionsfails is smaller than �.It thus remains to be shown that our choices of n0 and m0 guarantee that theseequations hold. Combining Equations (8) and (11), we get that it is su�cient to require that m0 � 2, d � 1,and n0 + 1 = 10(d+ 1)g ln 4m0� (13)Plugging this choice of n0 into Equation (12), we get the following requirement on m0:m0 � 40(d+ 1)�g ln 4m0� ln�20(d+ 1)�g ln 4m0� � : (14)It is simple algebra to check that the following choice of m0 and satis�es Equations (9) and (14):m0 = max 4de� ; 160(d+ 1)g� max�6; ln 80(d+ 1)��2g �2! ; (15)Equations (13) and (15) guarantee that the conditions 1-5 hold with probability at least 1� �.6 Concept classes that are e�ciently learnable using QBCAccording to Theorem (1) above, if query by committee yields high information gain, then it yields a rapidlydecreasing generalization error. Here we discuss some geometric concept classes for which a uniform lowerbound on the information gain exists, and hence to which the theorem is applicable.Our main analysis is for a learning problem in which concepts are intersections of half-spaces with acompact and convex subset of Rd. In this case the concept class itself can be represented as a compact andconvex subset of Rd and each example partitions the concept class by a d � 1 dimensional hyperplane. InSection 6.1, we sketch a proof of a uniform lower bound on the information gain of QBC that does notdepend on the dimension d, for the case in which both D and P are uniform. The proof, which is detailed15



in Appendix B. is based on a variational analysis of the geometry of the version space. In Section 6.2 thisresult is extended to the case of non-uniform input distribution and prior and applied to the perceptronlearning problem.6.1 Uniformly distributed half-spacesIn this subsection we prove a lower bound on the information gain for a simple geometric learning problemto which we shall refer as the \parallel planes" learning problem.
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C (x,t)=1Figure 4: A �gure of the two dimensional concept class de�ned by Equation (16) for d = 2. The shadedarea corresponds to a typical convex version space V which is de�ned by a set of half spaces correspondingto several examples. This version space is bisected by a new unlabeled example de�ned by ~x and t.We de�ne the domain,X, to be the set of all pairs of the form (~x; t), where ~x is a vector in Rd whose lengthis 1, which we refer to as the \direction" of the example, and t is a real number in the range [�1;+1], to whichwe refer as the o�set (see Figure 6.1). In other words X = Sd � [�1;+1], where Sd denotes the unit spherearound the origin of Rd. In this section we assume that the distribution D on X is uniform.6 The conceptclass, C, is de�ned to be a set of binary functions over X, parameterized by vectors ~w 2 Rd; jj~wjj2 � 1, thatare de�ned as follows c~w(~x; t) = ( 1; ~w � ~x � t ,0; ~w � ~x < t : (16)6Actually, it is enough to assume that the distribution of the o�set t is uniform for any direction ~x. No assumption needsto be made regarding the distribution of ~x. 16



We assume that the prior distribution is uniform on Bd|the unit ball of radius one around the origin. Thisconcept class is very similar to the class de�ned by the perceptron with variable threshold. 7 However, notethat in this case the threshold, t, is part of the input, and not a parameter that de�nes the concept. Thisconcept class is a bit strange, but as we shall see, the results we can prove for it can be extended to morenatural concept classes such as the perceptron.The information gain from random examples vanishes as d goes to in�nity. The reason for this is that inhigh dimension, the volume of the sphere is concentrated near the equator. A typical random example willcut the sphere some distance away from the equator, in which case the sphere will fall into two pieces of veryunequal volume. The piece containing the equator will contain almost all of the volume. This geometricexample illustrates why query algorithms are especially important in high dimensions. Query by committeesolves this problem by choosing two random points in the sphere. Since these two points are likely to benear the equator, an example that separates them is likely to be near the equator. For this reason, query bycommittee can attain an information gain that remains �nite in high dimensions.In our proof of the uniform lower bound on the expected information gain of QBC we use two propertiesof the version spaces for this concept class. The �rst property is that each example (~x; t) cuts the versionspace by a plane that is orthogonal to the direction ~x and has o�set t from the origin.8 As t is uniformlydistributed, the planes that cut the version space in any �xed direction have a uniformly distributed o�setthat spans the width of the version space in that direction. The second property is that all version spacesthat can be generated when learning this concept class are bounded convex sets because they are de�ned asthe intersection of a ball with a number of half-spaces.As discussed in Section 4, both the expected information gain of an example and the probability thatthe example is accepted by QBC are quantities that depend on the ratio between the probabilities of thetwo parts of the version space that are created by the example. Based on these observations we can reduceour problem to a one dimensional problem. Fix a particular direction ~x. Let F~x : [�1;+1]! [0; 1] be thefraction of the version space, V , that is on one side of the plane de�ned by ~x and t, i.e.F~x(t) = Prc~w2P (c~w 2 V jc~w(~x; t) = 0)Prc~w2P (c~w 2 V ) : (17)We call F the volume function of the version space. The probability that QBC accepts the example (~x; t)is 2F~x(t)(1 � F~x(t)), and the expected information gain from the example is H(F~x(t)). As t is uniformly7The perceptron concept class is de�ned as the following set of binary functions over the unit spherec~w;t(~x)� 1; ~x � ~w � t0; otherwise :8In the following discussion we ignore the distinction between the concepts in C and their parameterization, and refer tothe concept c~w simply as the vector ~w. 17



distributed, the expected information gain from the examples whose direction is ~x isG(F~x) = R +1�1 F~x(t)(1 � F~x(t))H(F~x(t)) dtR +1�1 F~x(t)(1� F~x(t)) dt : (18)Our result is a lower bound on the value of G(F~x). The proof is based on �nding the convex version spacethat produces the smallest value of G(F~x). This body is constructed of two isomorphic cones connected attheir bases, we call this body a \two-cone". Barland [Bar92, Theorem5], analyzes a similar problem. He�nds the convex body that achieves the minimal value of the functional R +1�1 min(F~x(t); 1 � F~x(t)) dt. Theanalysis of the minimum for this functional is much simpler, interestingly, Barland �nds that the body whichachieves the minimum is the same as the one which achieves the minimum of the functional G.Theorem 2 The functional G(F~x), de�ned for volume functions of convex bodies in Rd, assumes a uniqueminimum at the two-cones body de�ned above. The value of G at the minimum is at least 1=9+7=(18 ln2) >0:672 bits, for any dimension d.This theorem gives us a lower bound on the expected information gain of a single query of QBC for the\parallel planes" learning problem de�ned at the beginning of this section. In Section 6.2 we shall use thistheorem to prove that QBC is an e�ective query algorithm for learning perceptrons.Proof : Here we give the main part of the proof. The more technical details are formulated in Lemmas 4, 5,6 and 7, whose proofs are given in appendix B.The proof is based on a variational analysis of the functional G. We shall show that the volume functionthat corresponds to \two-cones" minimizes this functional. We shall show that any other volume function of aconvex body can be slightly altered in a way which decreases the value ofG and maintains the correspondencewith some convex body.We shall bound the value of G(F~x) independently of the direction ~x. Our bound depends only on thefact that the version space is a bounded convex set in Rn and that the distribution in it is uniform. We thusdrop the subscript ~x from F~x(�). As F (�1) = 0, F (+1) = 1, and H(1) = H(0) = 0, we will, without loss ofgenerality, extend the de�nition of F (t) to all of R by de�ning it to be zero for t � �1 and one for t � 1.We then rede�ne the integrals in the de�nition of G(F ) in Equation (18) to be from �1 to 1. It is easyto check that G(F (t)) = G(F (at+ b)) for any a; b 6= 0. Thus, without loss of generality, the support of thevolume function is [�1;+1] and F (0) = 1=2.Consider the right half of the body, i.e. the set of points whose t coordinate is at least 0. Take the unionof this half with its symmetric reection at the plane t = 0. Similarly, generate a symmetric body fromthe left side of the original body. The two resulting bodies are reection symmetric but usually not convex.Their volume functions are: F�(t) = (F (t) t � 01� F (�t) t > 0 ;F+(t) = ( 1� F (�t) t � 0F (t) t > 0 ;18



It is easy to see that either G(F+) � G(F ) or G(F�) � G(F ). Thus, in order to prove a lower bound onG(F ) for all convex bodies, it is su�cient to prove a lower bound for volume functions that correspond toreection-symmetric bodies for which each half is convex. Our variational manipulations will apply to onehalf of the symmetric body (say t � 0) and carry over by reection to other half. As we shall show, theminimum for one half is obtained for a cone with a base at t = 0. Its symmetric reection, the two-conebody, happens to be a convex body. Thus the two cone body gives the minimum of G(F ) for all convexbodies.Our goal is thus to �nd the a volume function F : [0;1) ! [1=2; 1] of the right half of a convex body,which minimizes the functional G(F ) = R10 F (x)(1� F (x))H(F (x)) dxR10 F (x)(1� F (x)) dx : (19)We �nd it convenient to de�ne the functions K(t) = F (t)(1� F (t)), and Q(x) = H(1=2�p1� 4x=2). It iseasy to verify that H(F ) = Q(K), and that Equation (19) can be written asG(K) = R +10 K(t)Q(K(t)) dtR +10 K(t) dt : (20)The changes in G(K) that are induced by small changes in the function K can be approximated by a linearfunctional, called the Fr�echet derivative,9 as followsG(K +	) = G(K) + Z +10 rG[K](t)	(t) dt+ o�Z +10 	(t)2 dt� :The Fr�echet derivative rG[K] is a function from [0;1) into R and rG[K](t) is the value of this functionat the point t. The derivative is calculated by formally di�erentiating the functional rG[K] with respect toK(t). ThusrG(t) = R +10 K(s) ds @@K(t) (K(t)Q(K(t))) � R +10 K(s)Q(K(s)) ds @@K(t)K(t)�R+10 K(s) ds�2 (21)= 1R+10 K(s) ds �Q(K(t)) +K(t) @@K(t)Q(K(t)) � G(K)�We �rst consider the behavior of the sum of the �rst two terms in the square brackets. Denote K(t)by y. A direct calculation shows that Q(y) + y @@yQ(y) is a strictly increasing function of y in the range0 � y � 1=4, which is the range of K(t). It is 0 for y = 0 and 1 for y = 1=4.As 0 � G(K) � 1 the third term is in the range of the sum of the �rst two terms. As K(t) is decreasingfor positive t, it follows that there is some point w > 0, which is a function of K, such that for all 0 � t � w,@@K(t)G(K(t)) > 0, and for all t > w, @@K(t)G(K(t)) < 0. The parameter w is of critical importance in therest of the paper, and we shall refer to it is the \pivot point". In terms of the volume function F , for t > 0,9Details on how the Fr�echet derivative is de�ned and calculated can be found in standard books on variational analysis, suchas [Smi85]. 19



F increases when K decreases and vice versa. Thus if the variation 	(t) is non-negative for points belowthe pivot point, non-positive for points above the pivot point, and R +10 	(t)2 dt is su�ciently small thenG(K(t) + 	(t)) < 0 as desired.We shall construct suitable variations in proving lemma 5. For now, let B be the convex body whosevolume function is F (t). Consider the functions f(t) and r(t) de�ned as follows:f(t) = dF (t)dt ; r(t) = d�1s f(t)cd�1 ;where cd� 1 is the volume of the d� 1 dimensional unit ball. The function F (t) is equal to the total volumeof the body B in the range (�1; t], so f(t) is the d� 1 dimensional volume of the slice of B at t. We callr(t) the radius function because if ~B is a body of revolution obtained by rotating (the planar graph of) thefunction t ! r(t) around the axis r(t) = 0, then the volume functions that correspond to ~B and to B arethe same. Moreover,the following Lemma characterizes radius functions of convex bodiesLemma 4 1. The radius function of any convex body is concave.2. The body of revolution that is generated by a concave radius function is convex.The proof of the lemma is given in Appendix B. Thus the search for the minimum of G(K) over convexbodies (for t � 0) can be restricted to bodies of revolution created by rotating a concave radius functionr(t).The proof of the theorem is concluded by proving the following lemmas, the details are in Appendix B.Lemma 5 If the convex body with volume function F is not a cone with base at the hyperplane t = 0 thenthere exists an admissible variation 	 such that G(F +	) < G(F ).Lemma 6 The minimum of G over convex bodies is achieved.From Lemmas 5 and 6 it follows that the minimum of G(F ) is achieved for the two-cone body. Finallya simple calculation gives thatLemma 7 The value of G(F ) for a two-cone body in Rd is at least 1=9 + 7=(18 ln2) > 0:672 for anydimension d.This concludes the proof of Theorem 2.6.2 PerceptronsIn this section we apply Theorem 2 to the problem of learning perceptrons. The perceptron concept class isde�ned as the following set of binary functions over the unit ballc~w(~x)( 1; ~x � ~w � 00; otherwise ; (22)20



where ~w; ~x 2 Rd, jj~wjj2 = 1 and jj~xjj2 � 1. The prior distributions are within some constants from theuniform distributions over the respective sets. As each ~w is a point on the surface of a d dimensional sphere,the initial version space is isomorphic to the unit sphere.The section is organized as follows. We start by stating an extension of Theorem 2. We then discussa technical issue regarding an initial phase of the learning procedure that is required in order to makethe theorems apply. We then prove the main result of this section, which shows that, under some mildassumptions, the prediction error of the QBC algorithm, when learning decreases exponentially fast withthe number of queries asked.Theorem 2 can be generalized to cases where the prior and input distributions are not exactly uniform.We use the following de�nitionDe�nition 6.1 We say that a density D0 is within � of D if for every measurable set A, we have that� � PrD(A)=PrD0(A) � 1=�.Using this de�nition, we get the following extension of Theorem 2:Theorem 3 The value of the functional G(F ) for the parallel planes learning problem, when the priordistribution is within �P of uniform and the input distribution is within �D of uniform, is at least �4P�D(1=9+7=(18 ln2)) > 0:672�4P�D bits, independent of the dimension d.The proof is in Appendix C.Using Theorem 3, we can prove that QBC is an e�cient query algorithm for the perceptron concept classwhen the prior distribution and the distribution of examples are both close to uniform. We shall prove thatthere exists a lower bound on the information gain of the queries of QBC. However, our proof techniquerequires that the initial version space is not the complete unit sphere, but is restricted to be within a cone.In other words, there has to exist a unit vector ~w0 such that for any ~w 2 V0 the dot product ~w � ~w0 is largerthan some constant � > 0.This condition is annoying. However, it is not hard to guarantee that this condition holds by usingan initial learning phase, prior to the use of QBC, that does not use �ltering but rather queries on allthe random instances supplied by Sample. Using the results of Blumer et al. we can bound the number oftraining examples that are needed to guarantee that the prediction error of an arbitrary consistent hypothesisis small (with high probability). As the distribution of the instances is close to uniform, a small predictionerror implies that the hypothesis vector is within a small angle of the vector that corresponds to the targetconcept. The details of this argument are given in the following lemma.Lemma 8 Assume that the distribution of the instances D is within �D from the uniform distribution inthe unit ball. Suppose m random instances are chosen according to D, labeled according to f~w0(�) and usedto �nd a hypothesis f~w(�) that is consistent with all the labeled instances.21



If m � max�4� log 2� ; 8d� log 13� � where � = �D cos�1(�)then, with probability 1� � over the choice of the m random instances, ~w � ~w0 � �.Proof : If ~w � ~w0 < � then the angle between ~w and ~w0 is larger than cos�1(�). The examples on whichf~w(~x) is incorrect are those vectors in the unit ball for which ~x � ~w � 0 and ~x � ~w0 < 0, or ~x � ~w < 0 and~x� ~w0 � 0. This de�nes a subset of the unit ball, constructed of two wedges, whose volume is at least cos�1(�)of the volume of the ball. As the distribution of the instances is within �D from the uniform distribution,the probability of this set is at least �D cos�1(�).On the other hand, as the VC dimension of the d dimensional perceptron is d we can use the classicaluniform convergence bounds from [BEHW89]. Theorem 2.1 in [BEHW89] guarantees that a hypothesis thatis consistent with m labeled examples, chosen independently at random from an arbitrary distribution, haserror smaller than � with probability 1� � ifm � max�4� log 2� ; 8d� log 13� � :Combining these two arguments, we get the statement of the theorem.Assuming that an initial phase of learning from un�ltered instances is used to guarantee a bound on themaximal angle between vectors, we get the following theorem.Theorem 4 For any � > 0, let C� be the d dimensional perceptron concept class as de�ned in Equation (22),restricted to those concepts c~w, such that ~w0 � ~w > � for some unit vector ~w0. Let the prior distributionover C� be within �P of uniform and the input distribution be within �D from uniform. Then the expectedinformation gain of the queries of QBC is larger than 0:672�5d�4P�DProof : The version space for the perceptron is a region on the d-dimensional unit sphere that is boundedby a set of great circles. We shall transform this problem into a special case of the parallel planes learningproblem de�ned in Section 6.1.Because we assume the existence of the vector ~w0 we can de�ne a one-to-one mapping of the version spaceto a bounded convex subset of Rd�1. We can assume, without loss of generality, that ~w0 = f1; 0; : : : ; 0g. Wecan also assume that jj~xjj2 = 1, because all instances ~x whose length is smaller than 1 can be mapped to~x=jj~xjj2 without changing the label assigned to them by the concepts. The distribution over the surface ofthe unit sphere that is created in this way is within �D of uniform.In this case the mapping of the concepts is de�ned by transforming the vector ~w = fw1; w2; : : : ; wdg thatlies on the unit sphere to the d�1 dimensional vector ~w0 = fw2=w1; w3=w1; : : : ; wd=w1g. The correspondingmapping of the instances maps the instance ~x = fx1; : : : ; xdg that lies on the unit sphere to the pair~x0 = fx2; : : : ; xdg=qPdi=2 x2i and t = �x1=qPdi=2 x2i . It is easy to see that the condition that de�nesthe perceptron ~w � ~x � 0 is equivalent to ~x0 � ~w0 � t, which is the condition that de�nes the correspondingparallel-plane concept. 22
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0Figure 5: The transformation that maps the spherical version space unto the hyperplane.The condition ~w � ~w0 > � is, in this case, equivalent to w1 > �. It is easy to check that the only examplesin the transformed concept space that can be labeled both 0 and 1 by some concept in C� are those for whichqPdi=2 x2i > �. This implies that the increase in the volume of an in�nitesimal part of the instance spaceis by a factor of at most ��d. Thus as the distribution over the instances on the surface of the unit sphereis within �D of uniform, the distribution over the transformed instance space is within �d�D of uniform.To bound the distance of the prior distribution from uniform, consider the mapping of an in�nitesimallysmall region of the version space from the sphere to the plane. Figure 5 illustrates this transformation fora two dimensional perceptron. This transformation maps the hyperspherical region to a larger region inthe hyperplane. The factor by which the volume is increased is between 1 and ��d. This can be seen byseparating the transformation into two steps. In the �rst step, the region on the unit hypersphere is mappedto a region on a larger hypersphere. The radius of this larger hypersphere is at most ��1, thus the increasein the volume is by a factor of at most ��(d�1). In the second step, the region on the large hypersphere ismapped to the hyperplane, as the region is in�nitesimally small, it can be approximated by a linear region.The increase in the volume of the region in this step is by a factor of ��1. Multiplying the two factors weget ��d.As the prior distribution over the sphere is within �P of uniform, the distribution over the hyperplanethat is generated by the mapping is within �P�d of uniform.We thus have a special case of the parallel plane learning problem with close to uniform distributions.Using Theorem 3, we get the result of the theorem.6.3 Using an incorrect prior distributionUp to this point we have made the assumption that the learning algorithm is using the correct prior distri-bution on the concept space P. In this section we show how this assumption can be weakened.23



De�nition 6.2 10 We say that a distribution P is �-dominated by a distribution P if, for any event A,PrP(A) � �PrP0 (A).Suppose that QBC uses a distribution P 0 that �-dominates P for some 0 < � <1 such that there is auniform lower bound on the expected information gain of QBC with respect to P 0. The following theoremreplaces Theorem 1 for this case.Theorem 5 If a concept class C has VC-dimension 0 < d <1 and the expected information gain of queriesmade by QBC when using the prior P 0 is uniformly lower bounded by g > 0 bits, and if P is �c-dominatedby P0 for some 0 < �c <1 then the following holds with probability larger than 1�� over the random choiceof the target concept (with respect to P), the sequence of examples, and the choices made by QBC:� The number of calls to Sample that QBC makes is smaller thanm0 = max 4de� ; 160(d+ 1)g�2c� max�6; ln 80(d+ 1)�2c��2g �2! : (23)� The number of calls to Label that QBC makes is smaller thann0 = 10(d+ 1)g ln 4m0� ;In other words, it is an exponentially small fraction of the number of calls to Sample.� The probability that the Gibbs prediction algorithm that uses the �nal version space of QBC makes amistake in its prediction is smaller than �.Note that while the number of calls to Sample increases by about a factor of �2c , the number of queriesincreases only by an additive term of about 2 log�c.Sketch of proof: It is clear that the arguments given in the proofs of Lemmas 1 - 3 and Theorem 1 holdif P is replaced by P 0 throughout. This implies that, with high probability, the error of a Gibbs predictionalgorithm that uses the �nal version space of QBC is smaller than �0, orED [Prc�P0;h�P0 [c(x) 6= h(x)]] � �0 :The assumption that P is �c-dominated by P 0 implies thatED [Prc�P;h�P [c(x) 6= h(x)]] � �2c�0 :By increasing m0 by a factor of �2c we get that �2c�0 = �, from which the statement of the theorem follows.10This de�nition is a one-sided version of the notion of �-closeness de�ned in De�nition 6.1.24



7 Learning using unlabeled examples and membership queriesThe QBC algorithmuses unlabeled examples in order to reduce the number of labeled examples that it needsto know. While QBC is a very simple algorithm it is not the only way of using the information provided byrandom unlabeled examples. In this section we make the observation that in the learning framework de�nedin this paper there is a general scheme for query �ltering. This scheme is potentially more computationallyintensive than QBC, however, it is applicable in more generality than QBC.The main observation is that the oracles Sample and Gibbs, de�ned in Section 2 allow the learningalgorithm to estimate the expected error of any prediction rule. In this way the algorithm can calculate theexpected improvement of making any particular query.The prediction rule used by QBC is to select a random consistent hypothesis h using Gibbs, andthen label the instance with h(x). In general, any prediction rule de�nes a conditional distribution of thelabel given the instance. The error of a prediction rule for a given instance x 2 X and concept c 2 Cis the probability that the prediction assigns to the incorrect label 1 � c(x). The expected error of theprediction rule is de�ned by selecting x at random according to D and a c at random according to P. Theoracles Sample and Gibbs generate random selections from D and P respectively. Thus, disregardingcomputational complexity, we can approximate the expected error of any prediction rule using su�cientlylarge samples of instances and hypotheses.The dependence of the prediction rule generated by QBC on the labeled instances seen in the past isde�ned via the version space V . In general, any learning algorithm de�nes a mapping from sets of labeledinstances to prediction rules. The estimate of the error of a prediction rule thus de�nes a measure of thequality of a set of labeled examples. If we are given an unlabeled instance, we can estimate the distributionof the label of the instance by using Gibbs. In this way we can estimate the expected reduction in theprediction error that will result from knowing the correct label of any instance. A reasonable heuristic for�ltering queries is to select those instances that cause the largest reduction in the prediction error. If afterobserving any set of labeled instances the learning algorithm can �nd an instance which reduces the expectedprediction error by a constant multiplicative factor, then the prediction error decreases exponentially fast inthe number of queries asked. Of course, instances that cause such a reduction might not always exist, andeven if they exist, the problem of �nding them e�ciently is potentially hard.The algorithm analyzed in this paper, QBC, is an e�cient variant of this heuristic. The general heuristicdescribed above makes a large number of calls to the oracles Sample and Gibbs, algorithm QBC makesmuch fewer calls. More speci�cally, the dependence of the number of calls to Sample on the desired error,� is11 ~O(1=�), which is the same dependence achieved by the algorithm that makes a query on each instancethat it gets from Sample. The algorithm makes twice as many calls to Gibbs as it makes to Sample. Itis not clear if this is close to optimal, however, it is certainly much smaller than the number of calls that is11Ignoring log factors. 25



suggested in the heuristic described above. The exponential decrease of the error ofQBC as a function of thenumber of queries has been established for a restricted family of parameterized concept classes. Establishingthe e�ectiveness of QBC for more general concept classes or proving that it will not be e�ective for generalfamilies of concept classes is an interesting open problem.While the general heuristic described in this section is not e�cient, it is applicable in much more generalsituations than QBC. For example, the outcomes do not have to be binary or even discrete, and the relationbetween them and the inputs can be stochastic rather than deterministic. Finding learning algorithms thatlearn e�ciently in this more general frameworks is another interesting open problem.8 SummaryWe have proved that the Query by Committee algorithm is an e�cient query algorithm for the perceptronconcept class with distributions that are close to uniform. This gives a rigorous proof to the results givenby Seung et al. in [SOS92] which were obtained using the replica method of statistical mechanics. It alsogeneralizes their results by relaxing the requirements on the distribution of the examples and on the priordistribution. In addition, we show that exact knowledge of the prior distribution is not required. It issu�cient if the ratio between the assumed prior and actual prior is bounded by a constant factor.We have proved that, in general, if the queries that are �ltered by the query by committee algorithmhave high expected information gain then the prediction error is guaranteed to decrease rapidly with thenumber of queries. By proving that this is the case for the perceptron learning problem, we have achievedour main result.We hope that lower bounds on the expected information gain of QBC can be proven for other conceptclasses. It seems that it would be very useful, in this context, to generalize Theorem 1 to allow cases inwhich the expected information gain is small to occur with some small probability.There are several issues that we do not discuss in this paper. First, one would like to know whether theresults can be extended to concept classes other than perceptrons. Second, it is of great practical importanceto analyze more general scenarios. In the \noisy" case, the learner sometimes observes a corrupted label,which is di�erent from the correct label associated with the instance. A related case is the \probabilistic"case, in which the relationship between the instance and the label is described by a conditional distribution.An even more general case is the \agnostic" scenario, in which the only assumption is that there is some jointdistribution over instances and labels from which examples are drawn independently at random. Extendingour analysis to any of these more general cases is an an open problem which is important for making theanalysis more relevant to practical applications.Though theoretical results for such models are lacking, there is empirical evidence that extensions of theQBCalgorithm can be used to learn noisy and probabilistic models, such as hidden Markov models [DE95].We believe that the more general \agnostic" learning scenario and the noisy learning problem are related.26
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A Notation Tablesymbol de�nition meaning section equationX sample space 2D sample distribution 2~X fx1; x2; : : :g unlabeled examples 2drawn from X according to D 2m number of examples 2n number of queries (labeled examples) 2~X1:::m fx1; : : : ; xmg �rst m examples 2C concept class 2c target concept 2Vn fh 2 Cjh(xi) = c(xi); i = 1 : : : ng version space of �rst n labeled examples 2P Bayesian prior distribution on C 2h hypothesis in C 2I � log PrP(Vm) cumulative information gain 2 1H(p) �p log p� (1� p) log(1� p) binary entropy function 2G(xijVi�1) expected information gain from example xi 2 2given version space Vi�1F fractional reduction in version space 4M f1; : : : ;mg 5~XM fx1; : : : ; xmg �rst m examples in X 5I fi1; i2; : : :g sequence of indices of examples used as queries 5In fi1; : : : ; ing �rst n elements of I 5~XI fxi1 ; xi2 ; : : :g sequence of query examples 5~XIn fxi1 ; : : : ; xing �rst n examples used as queries 5g lower bound on expected information gain 5d VC dimension 5G expected information gain functional 6.1 18K F (1� F ) 6.1Q(x) H(1=2�p(1� 4x)=2) 6.1	 variation in K 6.1�P ; �D uniformity parameters of 6.2prior and input distributions�c divergence between correct and incorrect priors 6.329



B Proofs of Lemmas 4-7Proof of Lemma 4Let us denote by St the convex body in Rd�1 that is de�ned by the slice of the convex body B at t. Clearly,f(t) is the volume of St.We de�ne the linear combination of two bodies, A and B as:�1A + �2B = f�1a + �2bja 2 A; b 2 Bg ;where �1; �2 2 R. An immediate result of the convexity of B is that for any t1; t2 2 R, and any 0 � �1; �2 � 1such that �1 + �2 = 1 �1St1 + �2St2 � S�1t1+�2t2 :Using the terminology of the theory of convex bodies, we can say that the set of bodies St, parameterizedby t 2 R is a (one-parameter) concave family of bodies.12The Brunn-Minkowski theorem states that, for bodies in Rn, \the n-th root of the volume of the bodiesof a linear or concave family is a concave function of the family of parameters" ([BF87],Subsection 48). Inour case, n = d� 1 and the family is a concave family of a single parameter. We thus get the statement ofthe lemma as a special case of the Brunn Minkowski theorem.Proof of Lemma 6As the value of the functional G(F ) is always positive, there must exist an in�mum to the set of values itcan achieve on the set of all convex bodies. We denote this in�mum by � and show that it is achieved as aminimum. In other words, that there exists a volume function F1 which corresponds to a convex body suchthat G(F1) = �.Let Bn be a sequence of convex bodies and Fn be the corresponding sequence of volume functions suchthat limn!1G(Fn) = �. By Lemma 4, we may assume that the bodies Bn are bodies of revolution, andthat they correspond to concave radius functions rn(t). We thus need to show that there exists a concaveradius function r1(t) which is the limit of rn(t) for n!1.The functional G(F ) is de�ned in terms of integrals and the radius functions rn(t) are continuous andbounded by a constant which depends only on the dimension d. Thus if rn(t) converges to r1(t) pointwisethen the value of G on the sequence of bodies of revolution corresponding to rn(t) converges to the value ofG on the body corresponding to r1(t).We prove the lemma by showing the existance of a subsequence of the radius functions which have apointwise limit. Using a diagonalization argument, we can pick a subsequence of rn, indexed by m, suchthat rm(t) converges pointwise for each rational value of t. It is easy to see that the limit function r1(t),de�ned on the rationals, is concave and continuous there. We get a concave extension to all real values of t12For the de�nition of a convex family of bodies see ([BF87],Subsection 24).30



by taking the limit over the rationals:r1(t0) = lub(r(� )j� < t0; � rational ) :Clearly r1(t) is also concave and continuous and is the pointwise limit of rn(t) for all t. Thus r1(t) is theradius function of a concave body B which assumes the minimum G(B) = �.Proof of Lemma 7:The radius function that corresponds to the two-cone body isr�(t) = cdmax(0; 1� jtj) (24)One can compute Gd(r�) for any �xed d by solving the integral in Equation (18) as follows. In this casewe �nd it more convenient to use the integral over the negative half of the line as de�ned in Equation (19).The volume function in the range �1 � t � 0 is F �d (t) = R t�1(r�(s))d�1ds = (1+ t)d=2 and it is 0 for t < 0.Plugging this into Equation (19) we getG(F �d ) = R 10 (1+t)d+12 (1 � (1+t)d+12 )H( (1+t)d+12 ) dtR 10 (1+t)d+12 (1� (1+t)d+12 ) dt = R 1=20 F 1=d(1� F )H(F )dFR 1=20 F 1=d(1� F )dF ; (25)which can be shown by direct calculation to decrease as d!1. Which gives the general lower bound ofG(F �d ) > R 1=20 (1� F )H(F )dFR 1=20 (1� F )dF = 19 + 718 log2 : (26)This proves the statement of the lemma.Proof of Lemma 5We shall keep using the notation de�ned in the proof of Theorem 2. For each volume function F which doesnot come from a cone, we construct a variation that decreases G(F ).We describe the variations in terms of adding a variation function,  (t) to the radius function r(t). Aswe are restricting ourselves to volume functions, it is enough to de�ne  (t) for 0 � t <1.Let us enumerate the requirements on the radius variation function  (t), and on the corresponding volumevariation functionF (t) + 	(t) = cd�1 R t0 (r(s) +  (s))d�1 ds.1. We need F (jtj) + 	(jtj) to be a volume function. For this to hold we require that r(t) +  (t) is apositive concave function that is nonzero only on a bounded segment [0; c], c <1.2. We need to guarantee that R10 rG(t)	(t) dt < 0. For that to hold we require that 	(t) is non-positivefor all 0 � t � w and non-negative for all t > w. Where w is the pivot point for the volume functionF . See equation 21 and the discussion following it.3. For any given � > 0 we should be able to �nd a radius variation function  (t) such that the change inthe corresponding volume function is as small as is desired � > R +10 	(t)2 dt > 0.31



We describe three families of variational functions. For any radius function r that corresponds to avolume function and is not equal to r� = max(0; 1� jtj), one of these variations applies, showing that thereexists r0(t) such that Gd(r0) < Gd(r). The variations are constructed geometrically. Below is a list of theconstructions that should be read alongside Figure 6. The basic idea in all three transformations is to \move"volume from place to place along the projection direction, in such a way that for each point t in a particularrange, volume is moved only from one the right of the points to their left or vice versa. It is easy to check thateach of the conditions 1-3 holds for each of those transformations. In the descriptions below we shall refer tovolume changes are caused by increasing or decreasing the radius function, note that these are changes in thed-dimensional volume of the revolution body whose volume function corresponds to the radius function, andnot in the two dimensional area described by the changes in the graph. The transformations thus dependon the dimension of the actual body, however, the qualitative form of the transformation remains the samefor all dimensions. Each transformation takes a parameter �, which is a positive number that is set smallenough so that condition 3 holds.1. If r is not linear in the range 0 � t � w then transformation 1 is used (see Figure 6(a)):(a) Let A be the point (w; r(w)), select a point A0 on the curve de�ned by r to the left of A so thatthe volume decrease caused by changing the curve13 A _ A0 to the chord A� A0 is equal �=2.(b) Let B be the point (0; r(0)), select a point B0 slightly above B and connect it to the (unique)point X on the curve so that the curve B�X _ A0�A is concave. Choose B0 so that the volumeincrease caused by changing the curve B _ X to the line B �X is �=2.Set �0 small enough so that this construction is possible for all 0 < � < �0.Note that for each point 0 � t � w, at least one of the two following conditions hold: either volume isonly removed from the right of t, or volume is only added to the left of t. This implies that the volumefunction, F (t), increases in this range. Because the amount of volumes that are removed and addedare equal, F (t) does not change for t outside the range [0; w]. This implies that condition 2 holds.2. If r does not decrease linearly to zero for t � w then transformation 2 is used (see Figure 6(a)):(a) Select A00 on the curve to the right of A so the volume decrease that is caused by changing A _ A00to A� A00 is �=2.(b) Let C be the point at which the curve meets the horizontal axis. Select C 0 slightly to the rightof C and connect it to the point Y on the curve so that the curve C 0 � Y _ A00 � A is concave.Choose C 0 so that the volume increase caused by changing C 0 � C � Y to C 0 � Y is �=2.13We use A �B to denote the line segment between the points A and B, and A _ B to denote the segment of a curve thatconnectsA and B. We also use the shorthandA�B _ C�D to denote a the concatenation of a line segment, a curve segment,and another line segment. 32
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Set �0 small enough so that this construction is possible for all 0 < � < �0.An argument similar to the one used in transformation 1 holds in this case for t > w.3. If neither condition 1 nor 2 holds, and the slopes of the two linear segments are not equal (i.e. r 6= r�),then transformation 3 is used (see Figure 6(b)):(a) A point A0 slightly below A is chosen.(b) A point B0 slightly above B is chosen so that there is no net change in the volume when changingA� B to A0 � B0.(c) A point C 0 slightly to the right of C is chosen so that there is no net change in the volume whenchanging A �C to A0 � C 0.(d) The movement from A to A0 is chosen do that the change in the volume caused by each of thefour changes in r: B �X to B0 �X, A�X to A�X 0, A� Y to A0 � Y and C � Y to C 0 � Y isequal to �=4In this case the volume function is changed on both sides of the pivot point. Arguments similar to theone used in transformation 1 shows that condition 2 is met.The only radius functions to which none of those transformations apply is r�, thus �nishing the proof ofthe lemma.C Proof of Theorem 3We �rst prove the dependence on the uniformity of the input distribution, as measured by �D. In general,any distribution D that is within �D of the uniform distribution � can be written as weighted sum of theform �D�+ (1� �D)� where � is some other distribution. Fix the version space and any prior distribution,let the distribution of examples be D = �D�+ (1� �D)� and let g�; g� be the expected information gainswhen the examples are generated according to � or � respectively. As g� > 0 we get that the expectedinformation gain when D is within �D of uniform is at least �D times the expected information gain whenD is uniform.The analysis of the dependence on �P is more involved. We go back to the analysis of an arbitraryprojection of a convex body from the proof of Theorem 2. The main idea there was to show transformationsthat increase or decrease the volume function in particular ranges, in a way that decreased the expectedinformation gain. There, the transformation involved changing the shape of the body. Here we present atransformation that changes the density of the prior distribution inside the version space.We �x a convex body and a direction ~x along which this body is projected. We denote by �(t) theaverage density along the slice of body which is de�ned by the example (~x; t). The relation between the34



volume function F , and the radius function r is nowFd(t) = Z t�1(r(s))d�1�(s)ds :We search for a density distribution of the points in the body, which is within �P of the uniform distribution,and minimizes the expected information gain from (uniformly distributed) examples whose direction is ~x.Note that the symmetrization argument used in the proof of Theorem 2 holds for this case too, and we canthus restrict ourselves to functions r and � that are de�ned only over the positive reals. From the variationalderivative of F (t) for t � 0 that we computed in Equation (21), we know that G(F ) decreases if F (t) isincreased for some t � w or if F (t) is decreased for some 0 � t � w. As we allow deviations from the uniformprior distribution we can change F without changing the form of the convex body. We shall now give avariation of � that changes �(t) in the range 0 � t � w in a way that decreases G(F ). As this variation canbe applied to any � that does not have a speci�c step-like form in this range, we get that this step-like formof � achieves the minimal value of G(F ) for this �xed body and P that is within �P of uniform. A similarargument can be used to show that �(t) must also have a stepwise form in the range w � t.Assume that there exist 0 < t1 < t2 < w and �; � > 0 such that 0 � t1 � � < t1 + � � t2 � � < t2 + � < w, and such that for all t 2 [t1 � �; t1 + �], �(t) < 1=�P � �, and for all t 2 [t2 � �; t2 + �], �(t) > �P + �. Weadd to �(t) the following variation function: (t) = 8><>:+�1; t1 � � � t � t1 + � ,��2; t2 � � � t � t2 + � ,0; otherwise ;where �1; �2 are chosen so that � � �1; �2 > 0 and�1�2 = R t1+�t1�� (r(s))d�1dsR t2+�t2�� (r(s))d�1ds :This insures that the volume function does not change outside the range [t1 � �; t2 + �].It is easy to check that �(t) + (t) corresponds to a density distribution that is within �P of the uniformdistribution. Changing the density distribution from �(t) to �(t)+ (t) decreases F (t) in the range [t1��; t2+�]and does not change F (t) anywhere else. Thus this change decreases G(F ). It is also easy to check that thisvariation cannot be applied to � if and only if there exists 0 � a � w such that �(t) = 1=�P for 0 � t < aand �(t) = �P for a < t � w. From this argument and a similar argument for the range t � w we get thatthe density function that minimizes G(F ) must be of the form��(t) = ( 1=�P ; 0 � t � a or b � t ,�P ; a � t � b : (27)where 0 � a � w � b. We do not have a simple variational argument for determining the exact value of aand b, however, as we shall see, we can lower bound the information gain without this explicit knowledge.We have thus found the form of the density function that minimizes the information gain for a speci�cbody (and a speci�c projections). Suppose now that we �x the function � and vary the shape of the body,35



i.e. the radius function r. Going through the construction of the variational functions  in the proof ofTheorem 2, we see that the same construction steps hold verbatim, although special attention needs tomeaning of the expression \the volume decrease is equal to x" as the volume is now de�ned in terms of thenon uniform distribution speci�ed by �.The combination of these two arguments shows that the smallest value of G(F ) is attained for the radiusfunction r� speci�ed in Equation (24), and the average density function ��. It remains to compute a lowerbound on G(F ) based on these two facts. This is done by bounding the ratio between the values of G(F )for the uniform prior and the non uniform prior cases.We change the integration variable in Equation (19) from x to F (x):G(F ) = R 1=20 F (1� F ) H(F ) dxdF dFR 1=20 F (1� F ) dxdF dF : (28)When written in this form, the dependence of G(F ) on the r and � enters the equation through the derivativedx=dF . By bounding the ratio between the values that this derivative attains in the uniform and the non-uniform cases, we can bound the ratio between the values that G(F ) attains for the uniform and thenon-uniform prior distributions.The volume function that corresponds to the uniform prior distribution is, for �1 � x � 0, Funif(x) =(1 + x)d=2. The volume function that corresponds to the prior distribution de�ned by �� isFnon-unif(x) = 128>><>>:��1P (1 + x)d; �1 � x � �b,�P(1 + x)d + c; �b � x � �a,��1P (1 + x)d + 1� ��1P ; �a � x � 0 (29)Where c � 0 is de�ned by matching the two de�nitions of F (�b).Taking the derivatives of Funif and Fnon-unif we get the following equation for their ratio:� dxdF �non-unif� dxdF �unif = 8>>><>>>:�1=dP ; 0 � F � F (�b),��1=dP � 2F2F�c�1�1=d ; F (�b) � F � F (�a),�1=dP � 2F2F+��1P �1�1�1=d ; F (�a) � F � 1=2 (30)Using the facts that �P � 1, c � 0, and d � 2 we can bound the ratio of the derivatives for each of thethree cases. For the range �1 � x � �b we get that�P � �1=dP � � dxdF �non-unif� dxdF �unif � 1 : (31)For the range �b � x � �a we get, using the fact that F is monotone non-decreasing, that1 � 2F (�a)2F (�a)� c � 2F (x)2F (x)� c � 2F (�b)2F (�b)� c = ��1P (1� b)d�P(1� b)d � ��2P ;which implies that in the range �b � x � �a,1 � ��1=d � � dxdF �non-unif� dxdF �unif � ��2+1=dP � ��2P : (32)36



Finally, for the range �a � x � 0, we get that�2P � �P(1� a)d + c��1P (1� a)d = 2F (�a)2F (�a) + ��1P � 1 � 1which implies that �2P � �2�1=dP � ��1=d � � dxdF �non-unif� dxdF �unif � 1 (33)Combining the bounds from Equations (31), (32), and (33), and plugging them into Equation (30), we getthat �2P � � dxdF �non-unif� dxdF �unif � ��2PUsing this bound and Equation (28) we get that G(Fnon-unif) � �4PG(Funif). This completes the proof of thetheorem.
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