
1Proceedings WAE'98, Saarbr�ucken, Germany, August 20-22, 1998Ed. Kurt Mehlhorn, pp. 1-3Graph and Hashing Algorithms for Modern Architectures:Design and PerformanceJohn R. Black, Jr. Charles U. Martel Hongbin Qiblackj@cs.ucdavis.edu martel@cs.ucdavis.edu qi@cs.ucdavis.eduDepartment of Computer Science, University of California, Davis 1Davis, CA 95616, USAABSTRACTWe study the e�ects of caches on basic graph and hashing algorithms and show how cachee�ects inuence the best solutions to these problems. We study the performance of basic datastructures for storing lists of values and use these results to design and evaluate algorithms forhashing, Breadth-First-Search (BFS) and Depth-First-Search (DFS).For the basic data structures we show that array-based lists are much faster than linked listimplementations for sequential access (often by a factor of 10). We also suggest a linked listvariant which improves performance. For lists of boolean values, we show that a bit-vector typeapproach is faster for scans than either an integer or character array. We give a fairly precisecharacterization of the performance as a function of list and cache size. Our experiments alsoprovide a fairly simple set of tests to explore these basic characteristics on a new computersystem.The basic data structure performance results translate fairly well to DFS and BFS imple-mentation. For dense graphs an adjacency matrix using a bit-vector is the universal winner(often resulting in speedups of a factor of 20 or more over an integer adjacency matrix), whilefor sparse graphs an array-based adjacency list is best.We study three classical hashing algorithms: chaining, double hashing and linear probing.Our experimental results show that, despite the theoretical superiority of double hashing andchaining, linear probing often outperforms both for random lookups. We explore variations onthese traditional algorithms to improve their spatial locality and hence cache performance. Ourresults also suggest the optimal table size for a given setting.More details on these experiments can be found at: http://theory.cs.ucdavis.edu/1. IntroductionHelping programmers create e�cient code is an important goal of the study of algorithms. Manymajor contributions have been made in algorithm design, but some of these results need to berevisited to account for characteristics of modern processors. Design and analysis which focusessolely on instruction count may lead to faulty designs and misleading analysis. Caching as well asother features of the machine architecture may change the best strategies for designing algorithms.The importance of these e�ects is increasing as processor speeds outstrip memory access time withthe cache-miss penalty now over 100 machine cycles on high-performance processors.By measuring and analyzing the performance of fundamental data structures and algorithms wehope to provide a basic foundation for the design and evaluation of more complex algorithms. Inthis paper we study two fundamental topics using this approach: graph algorithms and hashing.1This work was supported by NSF grant CCR 94-03651.



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 2We show that signi�cant performance improvements can be gained by using data structures andalgorithms which take architectural features into account. We �rst study the performance of basicdata structures in isolation and then use the indicated structures for Breadth-First-Search (BFS)Depth-First-Search (DFS) [7] and hashing. We also consider ways to predict performance and giveindications of the e�ectiveness of these predictions by measurements of both actual run time andother statistics such as cache misses and number of instructions executed.Our results show that the data structures for graphs found in almost all the standard textsoften have much worse performance than simple alternatives. Since the extra overhead for using thestandard data structure can be a factor of ten or more, it is well worth considering the performancee�ects we study when e�ciency is important.The Dictionary problem, where keys may be inserted, deleted and looked up, is one of the mostfundamental uses of computers, and hashing is often the method of choice for solving it. Thus itis important to �nd the best practical hashing schemes and to understand the empirical behaviorof hashing. While hashing algorithms have been studied extensively under traditional cost models,there has been little prior work focusing on their cache e�ects.The desire to understand how di�erent algorithms perform in practice has led to a recent increasein the experimental study of algorithms. There have been a number of experimental studies of graphalgorithms which focus on important problems such as shortest paths [9, 5], minimum spanning trees[17], network ow and matching [1, 4, 10, 19], and min-cut algorithms [6]. These experiments providevaluable insight into the performance of di�erent algorithms and can suggest new algorithmic choices.The authors of these studies reasonably spend most of their e�ort on the higher level algorithmdetails, so these papers have typically had a very limited discussion of the basic representationissues we discuss in this paper. In addition, we hope our results will help future experimentalstudies by suggesting good supporting data structures.When doing experiments it is important to understand which variables can a�ect results. In manyexperimental papers (including all of those listed in the prior paragraph), the cache characteristics ofthe machines used are not even listed. In addition, in some of these studies di�erent data structureswere used for di�erent algorithms which were being compared (for example linked lists for one andarrays for another). This shows the general lack of focus on these issues by experimenters.1.1. Related WorkBecause of its importance, compiler writers have spent considerable e�ort on generating code withgood locality [3], however substantial additional improvements can be gained by proper algorithmdesign. Moret and Shapiro discuss cache e�ects on graph algorithms in their MST paper [17]. Theycomment that data caching and performance is a�ected by the method used to store a graph. Theyattempt to normalize for machine e�ects by using running times relative to the time needed to scanthe adjacency structure. More recently, several researchers have focused on designing algorithmsto improve cache performance by improving the locality of the algorithms [16, 13, 14]. Lebeck andWood focused on recoding the SPEC benchmarks, and also developed a cache-pro�ler to help in thedesign of faster algorithms. LaMarca and Ladner came up with improved heap and later sortingalgorithms by improving locality. They also developed a new methodology for analyzing cache e�ects[15]. While we didn't directly use their analysis tools since they were for direct-mapped caches andsomewhat di�erent access patterns, our analysis does use some of their ideas.These papers show that substantial improvements in performance can be gained by improvingdata locality. Our results are similar in spirit to these but tackle di�erent data structures and targetdi�erent algorithms. Also, our approach focuses more on trying to understand the basic e�ectsarchitectural features can have by studying them in simple settings.A recent hashing paper [20] develops a collision resolution scheme which can reduce the probescompared to double hashing for some very specialized settings. However, since they only look atprobes rather than execution time they don't address the e�ects we study here.



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 31.2. Result SummaryWe start with the most basic data structures and compare arrays and linked lists (LL) for storinga sequence of integers when the basic operation is to scan consecutive elements in the list (with scansof an adjacency list structure or linear probing/chaining in mind). In this case reading all elementsof an array can be 10 times faster than the equivalent LL scan. In addition, the performance gapis larger for more recent machines compared with older ones, so this disparity may grow in thefuture. By studying the architecture and compiler e�ects which slow down the LL implementationwe develop LL variants which are much faster (though still slower than an array).For lists of boolean values (with an adjacency matrix for an unweighted graph as our target)we compare integer, character and bitpacked arrays (where all the bits in a 32 bit word are usedto store individual data elements). We show that even though the bitpacked array scans havehigher instruction counts (due to overhead for extracting the bits), they outperform the integer and(usually) character arrays when the non-boolean list is too large to �t in cache. The bit matrix isoften twice as fast as alternatives for large lists.We study algorithms for Depth-First-Search (DFS), Breadth-First-Search (BFS), and hashing.For the graph algorithms we show that using a bitpacked array always outperforms an integer array(often by a factor of 20+ for BFS). In addition, the bitpacked array outperforms an adjacency listexcept for sparse graphs. Our experiments also con�rm the substantial gain from using an arrayrather than a linked list to represent an adjacency list. Our results suggest that the best datastructure depends largely on graph size and average node degree but not on graph topology.In our hashing experiments we show that among traditional schemes Linear Probing is a clearwinner over double hashing and chaining for both successful and unsuccessful search when the accesspattern is uniform and multiple table entries �t in a single cache line. We suggest alternatives todouble hashing and chaining which reduce cache misses and improve performance. We are also ableto model some of these settings to predict the optimal size of a hash table.2. Experimental SettingWe ran our experiments on �ve platforms: two DECstations, a 5000/25 and a 5000/240 (hence-forth referred to as DEC0 and DEC1), two types of DEC Alphas: an older one with a 21064 processorand a newer one with a 21164 processor (Alpha0 and Alpha1) and a Pentium II (Pentium). We listthe cache characteristics of the machines below since those are used directly in our analysis. DEC0and DEC1 have a 64K byte cache and use 16-byte cache blocks. Both Alphas have an 8K byteon-chip direct mapped L1 data-cache and a 96K 3-way set-associative L2 cache (21064 is o�-chip,21164 is on-chip) and both use 32-byte cache blocks [8]. The Pentium runs at 266 Mhz, has an L1cache of 16K for instruction and 16K for data, both 4-way associative with 32-byte line size. TheL2 cache is 512K bytes and has a direct 133 MHz bus. There is also a prefetch bu�er which fetchescache block k + 1 whenever the current access is to block k.Our programs were all written in C and compiled under highest optimization using cc. We didtry alternative compilers but found there wasn't too much variation in results. In reporting theresults we focus primarily on the Alpha1 and Pentium II results since they are the most relevant forcurrent (and likely future) machines. However, we also report results on the older Alpha0 and theDECstations to show the changes which occur with the move to newer architectures. Fortunatelythe best design choice varies little between the �ve machines, though the degree of bene�t variesconsiderably.3. Basic Data Structure ResultsThe following experiments study basic algorithms and data structures. This allow us to studythe performance e�ects closely, and also to suggest simple and robust structures for others to use.



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 4Finally, it also gives a set of benchmark routines which test the relative performance on di�erentmachines.3.1. Arrays versus Linked ListsWe start by comparing two data structures for holding the integers 1 through n when our goal isto scan these numbers. The main data structures we consider are a length n array of 32-bit integers(ARRAY) and a linked list of n nodes each of which contains a 32-bit integer and a pointer tothe next node (LL) (32-bit pointers on the DECstations and Pentium, 64-bit pointers on the twoAlphas). Each LL node is allocated by a call to malloc().Once the data structures are allocated and initialized, we repeatedly process the elements inorder and add up all the numbers in the list. This is used as a simple surrogate experiment torepresent a sequence of consecutive memory reads (but no memory writes). The goal with respectto graph algorithms, is to represent the operation of scanning all neighbors in a node's adjacencylist where the list might be represented by an array or linked list.Table 1 summarizes our basic data structure timing results. We list the per-element time innanoseconds and the range of values of n (the number of items in the data structure) for whichthis time holds (when times were similar over a range we report only the median value). LL-12 is alinked list with 12 integers and one pointer per node.Times in Nanoseconds per ElementDEC0 DEC1 Alpha0 Alpha1 PentiumInteger List Results (Time followed by n = list size)Time n Time n Time n Time n Time nArray 114 to 16K 71 to 16K 19 to 2K 10 to 2K 12 to 64K410 > 16K 114 > 16K 35 3-128K 13 3-16K 26 128K60 > 128K 17 32-128K 36 � 256K30 > 1MLL 144 to 4K 90 to 4K 34 to 256 10 to 256 24 to 10241339 > 7K 400 > 7K 141 512-16K 34-70 to 4K 49 2K-8K387 > 16K 121-167 to 65K 119 32K229 > 128K 160 � 64KLL-12 131 to 8K 81 to 8K 27 to 1K 14 to 1K 27 to 16K358 at 16K 115 at 16K 39 at 2K 17 2-16K 30 to 64K529 > 16K 141 > 16K 50 to 64K 26 to 128K 49 128K86 > 128K 34 > 128K 58 > 128KBoolean list resultsChar 114 to 64K 71 to 64K 41 to 8K 27 to 8K 9 to 256K184 > 64K 81 > 64K 45 to 512K 28 to 128K 15 � 512K51 > 512K 30 to 1MBit 149 to 32K 93 all 35 all 12 all 15 all157 > 64KTable 1. Timings of Basic Data Structures for 5 ProcessorsFor example, the top left entry shows that for an array of integers, the per-element time onDEC0 is 114 nanoseconds per-element for lists of up to 16K integers (which occupy 64K bytes), butjumps to 410 nanoseconds per element when the list is much above 16K elements and exceeds the64K byte cache.



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 5The integer list results show ARRAY is strictly better than LL and can be more than 10 timesfaster on the Alpha1 (13ns versus 128ns at n = 8K, 17ns versus 229ns at n = 128K) or Pentium (12nsversus 160ns for n = 64K). This performance gap is almost entirely explained by cache e�ects. Whenboth data structures are small enough to �t entirely in the fastest (L1) cache they have comparablerunning times (except on the Pentium where LL is twice as slow even on small lists). However, assoon as the size exceeds that of the L1 cache for LL, its performance jumps. This is particularlyserious since the L1 cache is exceeded for quite small lists.A close look explains this e�ect quite clearly. Recall that the Alpha and Pentium L1 cache use32-byte blocks. Each cache miss brings eight 4-byte integers into the cache, and on the Pentiuma prefetch starts for the next eight. The LL uses more space per data element, particularly sincemalloc() allocates 32 bytes on the Alphas and 16 bytes on the DECstations and Pentium, eventhough only 12 and 8 are needed. Thus, each node access is in a separate cache line (except 2 perline on the Pentium) and only one data element is brought into the cache on a miss. On all machinesthe better spatial locality of the array structure greatly reduces its total cache misses when the arrayis too large to be contained in the L1 cache.For an array, on the Alpha the total number of L1 cache misses is roughly n=8 when the arrayexceeds the L1 cache size, while LL has almost exactly n cache misses. The 32-bytes/node for LLalso explains why its performance degrades signi�cantly when n goes to 512 on the Alpha and itsmemory use exceeds the size of the L1 cache, while the Array performance does not drop until ngoes above 2048 (since 512� 32 bytes = 2048� 4 bytes = 8K = size of L1 cache). There is also asecond (expected) drop in performance when the data structure exceeds the size of the L2 cache (at96K bytes) on the Alphas.On the Pentium we also see the LL performance drop when the size exceeds the L1 cache size(1024� 16 bytes), and again when its size exceeds the L2 cache size of 512K = 32K � 16. However,the ARRAY performance does not drop when its size exceeds the L1 cache size, but only when itreaches the L2 cache size (at 128K � 4 bytes). This is a strong statement on the e�ectiveness of theprefetching for sequential access. Each time we enter a new cache line, those data are already in theprefetch bu�er.Despite the large di�erence in running times, pro�ling shows that the array and linked list scansuse the same number of instructions. Thus the time di�erence is due to memory e�ects.We also stored multiple data values in a single linked list node. This packing of data values cangreatly improve the performance of the LL structure. When two data items are stored in each node,the number of cache misses is roughly cut in half since the LL nodes have the same size as in thesingle data-item case.On Alpha1 two-item-packing cuts the scan time in half (when the data exceed the L1 cache size).In fact up to four 4-byte integers can be put in a node without increasing the 32-byte size allocatedby malloc(). Using nodes with four data-items per node results in an almost 4-fold speedup. Wealso tried using 12 data items per node (12 is the maximum number for a 64 byte allocation bymalloc()). This resulted in a 7-fold speedup compared to the single node LL, but this still makesit almost 50% slower than ARRAY.Our experiments using Atom [21] to study the cache misses on Alpha1 shows very much whatwe predicted. When n exceeds the cache size there are almost exactly n=8 cache misses for ARRAYreecting the 8-word cache block brought in by each miss. For LL there are almost exactly n cachemisses since each node uses an entire 32-byte cache line. Similarly, when we pack four data itemsper node, we now get four data items per cache line and n=4 cache misses.3.2. Boolean Arrays of Integers, Characters and BitsWe study the best way to store a boolean array. Our motivation is for an adjacency matrix ofan unweighted graph (as in BFS, topological sorting, and matching). We tested: an array of 4-byteintegers (INT), an array of 1-byte characters (CHAR), and an array of bits (BIT) with 32 booleanvalues packed into a 4-byte integer.



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 6As in the prior section, our test is to step through the array sequentially and add up all the values(in this case the bits). Pro�ling this code shows that the bit scan takes 50% more instructions thanfor the integer array. However, the improved locality more than makes up for this extra work. Wecould have also sped up the bit extraction by exploiting word-level parallelism (e.g. by table lookupfor 8 or 16 bit blocks), but we avoided this since it may not generalize to other uses of the booleanarray.3.3. ResultsThe boolean list results of Table 1 show the timing e�ects for our settings. INT had the sameresults as Array (top table line). The only di�erence is adding ones instead of integers 1 throughn. For the bit array the time per element is almost constant on each of the machines for all arraysizes. This is not surprising since a cache line brings in 128 (DEC) or 256 (Alphas/Pentium) bits soany cache miss penalty is amortized over so much work it has a negligible e�ect. For CHAR thereis only a small variation in per-element cost on the Alphas and DEC1, and a 50% change in coston the DECstation and the Pentium. The higher CHAR cost on the Alphas reects their extra costfor byte-level operations. We expect the small change in cost as n since 32 data elements are beingbrought in with a cache line on the Alphas and Pentium.Thus BIT is an attractive solution for large boolean arrays, and has its biggest gains over aninteger array on the newer machines. Two other plus factors for BIT: (1) accesses to BIT will beless likely to evict other data items in the cache, and (2) accesses may be able to exploit word-level parallelism to reduce running time (as we do in our BFS and DFS programs). However, if anapplication only uses a few bits of the word in a window of time, then the performance may be worsethan in our tests.4. Graph Algorithm ResultsOur graph experiments focused on the main graph traversal algorithms: DFS and BFS. We showthat the performance predicted by the analysis above is exhibited by these algorithms.We ran experiments on graphs from Knuth's Stanford GraphBase [12] and internally generatedrandom graphs. GraphBase generates a variety of graphs which are both standard and available.We considered a range of graphs, but there was little di�erence in performance between randomand structured graphs of the same size and density. This suggests that our results are largelyindependent of topology and rest primarily on the graph's density as discussed below. Thus wepresent here a representative subset taken from random undirected unweighted graphs with edgesuniformly distributed over the vertices.We focused on �ve data structures to represent our graphs: three adjacency lists, and two wereadjacency matrices. The three adjacency list implementations were (1) a linked list, called \LL"above, (2) an array-based adjacency list [9], and (3) a \blocked" linked list where each node of the listcontains multiple data items. The two adjacency matrix implementations were (1) a two-dimensionalarray of integers, and (2) a two-dimensional array of bits.Results were collected on all platforms, but we focus on the Alpha1 results, noting signi�cantdi�erences where they occur.In BFS when we visit a vertex we check all of its neighbors to determine which are unvisited(and add these to a queue). This operation is close to the scans discussed in section 3, so we expectthe performance to generally reect the results we saw for those basic data structures. In DFS wecheck neighbors until we hit an unvisited vertex, then change vertices, so we see less spatial localitythan with BFS. DFS is further from the basic experiments, but still close enough for those resultsto provide good indications of performance.



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 74.1. Overall ResultsFor an n node graph with average vertex degree d our experiments showed that d and n=dwere the overriding factors a�ecting the relative performances of the algorithms on the various datastructures. Because DFS and BFS each look at an edge only once, the issue of whether the graph�ts in cache is less important than if the algorithm examined edges multiple times. The degree da�ects the spatial locality (when a block of data is brought into cache, how many are neighbors ofthe current node), and when d is small the fraction of time spent on edge scanning is also smaller,so the total speedup of the algorithm due to improving the edge scans is reduced. The ratio n=d iscritical for the classic tradeo� between adjacency matrix structures and adjacency list structures.We did experiments on a range of graphs, but present here a representative set of data for afamily of random graphs, all having 1,000 nodes and between 6,000 and 20,000 edges and generatedby the SGB. We present �gures for these relatively small graphs for several reasons: (1) the SGBallows a standard widely-available source for graphs, and we were not able to produce much largerrandom graphs with it on our platforms, (2) we were able to run experiments on all data structuresat this size (we could not test an integer-based adjacency matrix for a 20,000 node graph since wedon't have 160M of memory to store it), and (3) experiments on larger graphs exhibited consistentperformance with these smaller graphs: using our internal graph generators (which are fast andmemory-e�cient) we tested random graphs with 5,000, 10,000, and 20,000 nodes; these graphs hadn=d values in the neighborhood of their tradeo� points (see below). For example, on the Alpha1platform, we tested graphs of 20,000 nodes and from 5.6 million to 6.4 million edges.On all platforms the relative speedups between competing structures remained constant and then=d tradeo� point discussed below also remained constant, for a given platform. On the Alpha1 thetradeo� constant was about 33, while on the Pentium it was about 29.By holding the number of nodes constant and varying the number of edges in the experimentspresented, we were able to �nd which of the various data structures performed best for each of thegraph densities. A plot of the running times on Alpha1 is presented in Figure 1.The Y axis is the time, in seconds, for a BFS traversal. The integer adjacency matrix results areomitted since they would plot a horizontal line at 0.055 level, well o� the top of our �gure.4.2. Bitpacked versus Integer Adjacency MatricesOur bitpacked representation does vastly better than an integer array for all graphs tested,typically running in 1/20 the time or less. There are several reasons for this large disparity.
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Graph and Hashing Algorithms for Modern Architectures: Design and Performance 8Figure 1A principal cause is cache e�ects as discussed in section 3.2. The bitpacked representation alsoallows us to use several optimizations which exploit the inherent parallelism of word-level operations.For example, when visit the neighbors of a vertex, we can mark these as visited by a bitwise-ORof the adjacency bits into the bit array which tracks the visited vertices. We potentially mark 32neighbors as visited in parallel.The time required for packing and unpacking bits can be reduced substantially by a few tricks,which we also employed. It is not always necessary to shift and mask bits: we used techniques whichextract a piece of the bit array (typically 4 or 8 bits) and then use a table lookup to quickly �nishthe operation.4.3. Simple LL versus Array-Based and Blocked LLsAgain referring to Figure 1, we see that a simple LL is never a good choice for our experiment.Although the gains in adopting the array-based or blocked LLs are not as large as they were insection 3, this is due to the fact that a smaller portion of the overall running time of this test isinvolved with scanning the adjacency lists, whereas in section 3 the only task was to scan the listand add up numbers.4.4. LLs versus Bitpacked Adjacency MatrixThe last two sub-sections gave very clear indications regarding the correct choice of data struc-ture when deciding between the pair being compared. In this setting, however, the better performerdepends on the graph. This is completely expected: for sparse graphs with large n=d, the LL imple-mentations need to scan only d items on average to process a given vertex whereas any adjacencymatrix representation will require a scan of n objects. However, as we see from Figure 1, as n=d falls,the times for the LL structures increase linearly while the adjacency matrix times remain roughlyconstant. For our experiments the break-even point for the simple LL and the blocked LL is whenn=d is about 70 (this is 7000 on the horizontal axis of Figure 1) and for the array-based LL thebreak-even point occurs at around n=d = 33. These numbers held constant over all graphs testedon Alpha1. On the other platforms there were similar constant trade-o� points.We should note that the algorithms tested here, BFS and DFS, were quite simple and perhapsatypical of many graph algorithms in that each data object was read only once. Although we didnot experiment with other algorithms, we suspect that algorithms which access objects more thanonce, particularly with good spatial locality, would bene�t even more from the nice behavior of thebitpacked adjacency matrix. This requires further exploration.5. HashingChaining, double hashing and linear probing [7, 11] are the three most classic hashing algorithms.Traditionally, chaining and double hashing are considered superior to linear probing because theydisperse the keys better and thus require fewer probes. Our experiments show, however, that atleast for uniform accesses, linear probing is fastest for insertions, successful searches and unsuccessfulsearches. This is true unless the table is almost 100% full or can be stored entirely in the L1 cache.Since it is rarely a good idea to have the hash table that full, linear probing seems to be the clearwinner in the settings we considered.5.1. Experimental SettingWe did experiments on both Alphas and the DECstations, but we focus here on the resultsfor Alpha1 (the results for the other machines were generally similar). We used 8-byte keys on theAlpha1 and our tables contained only keys (plus 8-byte pointers for chaining). We chose hash(key) =key mod T as the hash function, where T is the table size. Table size is the maximum number
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Figure 2.  Time expense of insertions on the ALPHA.  The X-axis is the load factor. 
  The Y-axis is the average time in nanoseconds to insert a key.  Insertions start with 
  an empty table and end at the load factor on the X-axis.  The table has 4M key slots.
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of keys a table can hold. We distinguish table size from table space, which is the memory space atable occupies. To get a table with n keys we generate n random 32 bit integers and insert theminto an empty table using the appropriate hashing scheme. Since we used random keys, the modulofunction su�ced as our hash function.5.1.1. Comparing Di�erent SchemesThe performance of a hashing scheme will largely be determined by the number of probes andthe number of cache misses. Double hashing (DH) and Chaining (C) do a good job of randomlydistributing keys through the table. This reduces their number of probes, but also gives them verypoor spatial locality. Successive probes looking for a key are almost certain to be in di�erent cacheblocks. Linear probing (LP) has excellent spatial locality but uses more probes. Figure 2 showsclearly that LP beats both DH and C for random insertions as long as the table is less than 80%full. The same results hold for successful search since the same probe sequences are used, and LP isalso the best scheme for unsuccessful search, though its margin is somewhat smaller. Linear probingcontinued to be the best scheme over a wide range of table sizes where the number of keys did not�t into L1 cache but the table �t in main memory. When the key set size was small enough to �tentirely in L1 cache LP lost its advantage. LP's performance is well explained by its fewer cachemisses which is detailed in the next section and by the analysis in section 5.3.2.5.2. Analysis of the Number of Cache missesWe used Atom [21] to simulate our algorithms' cache behavior. We simulated a direct-mappedsingle-level cache which is the same as the DECstation cache. We chose to simulate the DECstationcache because a single-level cache would make our experimental results easier to analyze.The number of cache misses roughly tracked the timing performance in Figure 2 and the analysiswe do in section 5.3.2. Linear probing is better than the cache-miss curves suggest and chainingsomewhat worse. This may be due to the simpler address calculations in linear probing or due toeasier optimizations of non-pointer based code by the compiler.5.3. New Hashing SchemesWe designed variants on DH and C to improve their spatial locality. In packed double hashingPDH, we hash a key to a table entry which contains multiple key slots. The number of key slots ina table entry is set so that a table entry has exactly the same size as a cache block. When a key x ishashed to entry i, the slots in that entry are examined sequentially. If x is not found and the entryhas no empty slots, we compute a second hash function h2(x) as in double hashing, and examine



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 10entries (i + increment) mod T , (i + 2increment) mod T , ..., until x or an empty slot is found(note that now T represents the number of table entries, each of which contains multiple key slots).In Packed Chaining (PC), instead of storing one key and one pointer in a table entry or list node,we store multiple keys and one pointer, so that a table entry or list node has the same size as acache block. When a key is hashed to a table entry, the key slots in that table entry are examinedsequentially. If the the key or an empty slot is not found, we next check successive nodes in theassociated linked list.Figure 2 also reports the performance of PDH and PC. We see that they both improve on theirnormal versions, but they still perform less well than LP for moderate load factors. Measurementsshow that PDH and PC have the fewest cache misses of any of the schemes, however, they usemore probes than linear probing for load factors below 0.8. However, these schemes do have theadvanatage that their performance is more stable as the load factor increases compared to LP.Our successful and unsuccessful search results assume uniform access patterns. If the accesspattern is skewed (as is true in many real applications) the number of cache misses will decrease andtherefore chaining and double hashing may perform better. Minimizing probes will also be moreimportant if key comparison is more expensive, and locality for linear probing will be reduced inother data is the hash table.5.3.1. Optimal Table SizeIn addition to the collision resolution scheme, the other main design choice in hashing is thetable size. In a cache setting there is a tradeo� since a larger table will reduce the number of probesbut may also increase the percentage of probes which are cache misses. We see in Figure 2 that theperformance of all the hashing schemes monotonically decrease as the load factor increases. Thissame trend was seen for successful and unsuccessful search and for a wide range of key set sizeswhich did not �t in L1 cache. However, as in Figure 2, the performance was usually fairly at forload factors in the 0.1 to 0.4 range.It is also worth noting that since all schemes are best for relatively low load factors, and linearprobing is a clear winner at these low load factors, linear probing looks to be a clear winner whenone can predict the number of keys, and the desired hash table size is bigger than the L1 cache but�ts in main memory.5.3.2. Theoretical AnalysisThe expected number of probes for uniform hashing is well analyzed [11], but adding a cachecomplicates things. However an approximate analysis explains the the performance in Figure 2.We have n keys in table of size T , cache capacity C in units of table entries. Let � be the loadfactor and P the cache miss penalty. We assume a memory system with a single cache. B is thenumber of table entries which �t into a cache block (so B = 4 on the Alpha1 if we store 8-byte keysin the table).If T is much larger than C we assume that each access to a new cache block is a miss. Thus everyprobe for DH and C is a miss, and for LP if we do k probes in a single lookup, the �rst probe is amiss and subsequent probes have a 1=B chance of hitting a new block. Thus the expected numberof misses is 1 + (k � 1)=B.We now consider DH and LP using the classic results for their expected number of probes forsuccessful search. When n=T = :5 the expected number of probes (and cache misses) for DH isabout 1.386 and 1.5 probes for LP. Thus if B = 4 as in our experiments, the expected number ofcache misses for LP is 1 + :5=4 = 1:125. When n=T = :8, DH takes 2 probes and LP 3, so LP has1.5 expected misses compared to DH's 2. Thus it is not surprising LP is faster at both these loadfactors. A similar analysis can be done for chaining as well.We can analyze unsuccessful searches for Double Hashing more exactly since each probe can beviewed as hitting a random location in the hash table, and each location in the hash table is equallylikely to be in cache (these properties are not true for any other setting). For T > C, the probability



Graph and Hashing Algorithms for Modern Architectures: Design and Performance 11that each location probed is not in the cache is approximated by (T�C)T (*). The expected number ofprobes for a random unsuccessful search is 11�� [11]. So the expected cost of a random unsuccessfullookup is 11�� �1 + T�CT P �To study the behavior of this function with respect to T we take its derivative which isPC � (P + 1)n(T � n)2The most interesting feature of the derivative is that it is always negative when n > C. Thereforeif the keys do not �t in the cache, the expected cost keeps decreasing as we make the table bigger.This is true regardless of P , the cache miss penalty. We can extend this analysis to a two level cacheas well, which shows that if n is larger than the size of the L2 cache it is optimal to keep increasingthe table size (presumably up to the point where paging e�ects start and the models break down).If the key set is bigger than the L1 cache but smaller than the L2 cache, the models suggest settingT to the size of the L2 cache.To test the predictions of the models, we used a key set which was larger than the L2 cache andvaried the table size. The expected time for a random unsuccessful search did decrease as the tablesize increased, and at approximately the rate suggested by the models.Unfortunately, all other settings are rather complex to model. Consider random successfulsearches in double hashing. The expected number of probes for a random successful search iswell known, but the probability that a probe will be a cache hit is more complicated than in theprior case. First, only those cache blocks which contain at least one key will ever be accessed duringa successful search. Thus equation (*) is immediately invalid if we perform only successful searches.In addition, cache blocks which contain di�erent number of keys have di�erent probabilities of beingin the cache. Consider the case where there is room for 4 keys in a cache block. A block B4 withfour keys is approximately four times as likely as a block B1 with only one key to be in the cache,since it is almost four times as likely a key in B4 was hit recently than the key in B1.6. ConclusionsWe show that experimental studies of basic data structures can provide useful insight into theirperformance. This in turn can be used to choose (and design) the proper data structures for largerapplications.There is considerable interesting followup work suggested by our results. For graphs the mostimmediate is to apply our design suggestions to other graph algorithms. Matching and unit Net-work ow are the most direct uses of our work since they use multiple scans of the arcs in anunweighted graph, possibly with multiple calls to BFS/DFS. Yet another extension is to apply asimilar investigation to other basic data structures.For hashing there are several important additional areas to study. First, it is important toconsider various data sizes associated with the keys and larger keys such as strings. Second, it wouldbe good to consider skewed access patterns, which occur quite often in real applications. Third,it would be enlightening to study hashing when other memory intensive operations are also beingused.References[1] R. Ahuja, M. Kodialam, A. Mishra and J. Orlin. Computational testing of maximum owalgorithms. Sloan working Paper, MIT, 1992.[2] Eli Biham. A fast new DES implementation in software. Technion, Computer Science Dept.Technical Report CS0891-1997.
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