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AbstractThis paper presents a model-checking method for linear-time temporal logic that canavoid most of the state explosion due to the modelling of concurrency by interleaving. Themethod relies on the concept of Mazurkiewicz's trace as a semantic basis and uses automata-theoretic techniques, including automata that operate on words of ordinality higher than !.1 IntroductionModel checking [CES86, LP85, QS81, VW86] is an e�ective and simple method for verifyingthat a concurrent program satis�es a temporal logic formula. It works on �nite-state programsand proceeds by viewing the program as a structure for interpreting temporal logic and byevaluating the formula on that structure. It is much simpler than temporal deductive proofsand can be easily and e�ectively implemented.It has been intensively studied for linear-time temporal logic [LP85, VW86, Var89], bran-ching-time temporal logic [CES86, EL85b, EL85a, Bro86] and temporal �-calculi [EL86, Var88,Cle90, SW89]. It has been extended to probabilistic [Var85, PZ86, VW86, CY90] as well as real-time programs and logics [ACD90, AH90, HLP90]. It has been adapted to programs containingarbitrary numbers of identical processes [CGB86, CG87, GS87, WL89, KM89]. Methods formaking it applicable to very large systems have been investigated [BCM+90, CMB90, CVWY90,GS90]. Moreover, the results from its experimental use have been very encouraging [RRSV87,BCD85]. What more can be said about it?In spite of all its success, almost all work around model checking is based on a very wastefulidea: modelling concurrency by interleaving. Even if one is not inclined to loose sleep about�This research was supported by the European Community ESPRIT BRA project SPEC (3096).1



whether interleaving semantics are adequate for concurrency, it remains unarguably silly toinvestigate the concurrent execution of n events by exploring all n! interleavings of these events!In this paper, we develop a simple method for applying model checking without incurringmost of the cost of modelling concurrency by interleaving. Our method yields results identicalto those of methods based on interleaving semantics, it just avoids most of the associatedcombinatorial explosion. It is quite orthogonal to model checking based on partial-order logics[PW84, KP86, Pen90]. Indeed, these logics are designed to be semantically more powerful. Weare \only" more e�cient. The idea that the cost of modelling concurrency by interleaving canbe avoided in �nite-state veri�cation already appears in [PL90, Val91, Val90, God90]. We buildupon this earlier work, speci�cally that of [God90], and bring to it the full capabilities of modelchecking.We study model checking for linear-time temporal logic and adopt the automata-theoreticapproach of [VW86, Var88, Wol89]. In this approach, the program is viewed as a collectionof communicating automata on in�nite words [B�uc62]. It can thus include arbitrary fairnessconditions. The negation of the formula to be checked is then also converted to an automatonon in�nite words and the veri�cation can be done by simply checking that the product of theautomata describing the program and the automaton corresponding to the negation of theformula is nonempty. This is traditionally done by computing the product automaton which iswhere the cost of modelling concurrency by interleaving has to be paid.In [God90] it is shown that the global behavior of a set of communicating processes can berepresented by an automaton which can be much smaller than the usual product automaton.The basic idea is to build an automaton that only accepts one interleaving of each concurrentexecution. The method is justi�ed by using partial-order semantics, namely the concept ofMazurkiewicz's trace [Maz86] and the automaton is thus called a trace automaton. A traceautomaton can be viewed as an automaton accepting at least one, but usually no more thanone, interleaving for each trace (concurrent computation) of the concurrent program. Thus,together with the independence relation on transitions, this automaton fully represents theconcurrent executions of the program. The practical bene�t is that this automaton can bemuch smaller than the automaton representing all interleavings.The motivating idea behind the method presented here is that, in the automata-theoreticapproach to model checking, the trace automaton could be used in place of the product au-tomaton. Unfortunately, this is not directly the case. However, we are able to obtain such aresult by using a new type of automaton.We consider automata operating on in�nite words of ordinality higher than !. Precisely,we de�ne automata operating on words of length ! � n, n 2 !.1 We study these automata1Interestingly, a related type of automata on ordinals was used by B�uchi [B�uc65b, B�uc65a] to study thedecidability of the monadic theory of the ordinals. 2



and show that their emptiness can be e�ciently decided. We then show how, when it is viewedas an ! � n-automaton, the trace automaton can be used to improve the e�ciency of modelchecking.Finally, we conclude the paper with a comparison between our contributions and relatedwork.2 Automata and Model CheckingWe briey recall the essential elements of the automata-theoretic approach to model checking.More details can be found in [VW86, Wol89, ACW90] and in Chapter 4 of [Tha89]. The problemwe consider is the following. We are given a concurrent program P composed of n processesPi, each described by a �nite automaton Ai on countably in�nite words over an alphabet �i.We are also given a linear-time propositional temporal logic formula f . The model-checkingproblem is then to verify that all in�nite behaviors of the program P satisfy the temporalformula f .The automata we use for describing the processes Pi are generalized B�uchi automata2, i.e.tuples A = (�; S;�; s0;F), where� � is a �nite alphabet,� S is a �nite set of states,� � � S � �� S is a transition relation,� s0 2 S is the starting state, and� F = fF1; : : : ; Fkg � 2S is a set of sets of accepting states.Generalized B�uchi automata are used to de�ne languages of !-words, i.e. functions from theordinal ! to the alphabet �. Intuitively, a word is accepted by a Generalized B�uchi automatonif the automaton has an in�nite execution that intersects in�nitely often each of the sets Fj 2 F .Formally, we de�ne the concept of a computation of A over an !-word, i.e. a function fromthe ordinal ! to the alphabet �. A computation � of A over an !-word w = a1a2 : : : is an!-sequence � = s0; s1; : : : (i.e. a function from ! to S) where (si�1; ai; si) 2 �, for all i � 1.A computation � = s0; s1; : : : is accepting if, for each Fj 2 F , there is some state in Fj thatrepeats in�nitely often, i.e. for some s 2 Fj there are in�nitely many i 2 ! such that si = s.The !-word w is accepted by A if there is an accepting computation of A over w. The set of!-words accepted by A is denoted L!(A).2Generalized B�uchi automata di�er from B�uchi automata [B�uc62] in that they have a set of sets of acceptingstates rather than just one set of accepting states. 3



An automaton AP representing the joint behavior of the processes Pi can be computedby taking the product of the automata describing each process, actions that appear in severalprocesses are synchronized, others are interleaved. Formally, the product (�) of two (gen-eralization to the product of n automata is immediate) generalized B�uchi automata A1 =(�1; S1;�1; s01;F1) and A2 = (�2; S2;�2; s02;F2) is the automaton A = (�; S;�; s0;F) de-�ned by� � = �1 [ �2,� S = S1 � S2, s0 = (s01; s02),� F = SFj2F1fFj � S2g [SFj2F2fS1 � Fjg� ((s; t); a; (u; v)) 2 � when{ a 2 �1 \ �2 and (s; a; u) 2 �1 and (t; a; v) 2 �2,{ a 2 �1 n �2 and (s; a; u) 2 �1 and v = t,{ a 2 �2 n �1 and u = s and (t; a; v) 2 �2.Note that with this de�nition, the product automaton can have an in�nite accepting compu-tation that corresponds to a �nite computation of some (but not all) of its components. Indeed,if a component i has a state s such that s 2 Fj for all Fj 2 Fi, then an in�nite computation ofthe product in which component i stays inde�nitely in state s will appear as accepting. This isa counterintuitive consequence of the straightforward de�nition we have chosen for the product.To avoid this, we adopt the following restriction on the acceptance conditions of the generalizedB�uchi automata we will use.� either the acceptance condition is vacuous (F = ;), in which case the automaton can haveeither �nite or in�nite computations, or� the set F contains at least two disjoint components, in which case the product automa-ton cannot have an accepting computation corresponding to a �nite computation of theautomaton.For a given generalized B�uchi automaton, it is quite straightforward to construct an equivalentautomaton that satis�es this restriction. In programming terms, the restriction is a formof fairness condition imposed on the processes with nonvacuous acceptance conditions: theirexecutions must be in�nite (executions that might legitimately not be in�nite can be modelledby using an additional \idling" action).To obtain a model-checking procedure, the only fact we need about linear-time temporallogic is that, for each formula f , it is possible to build a generalized B�uchi automaton Af4



that accepts exactly the in�nite words satisfying the temporal formula f (the alphabet of thisautomaton is 2P where P is the set of propositions appearing in the formula f) [WVS83, VW86,Wol89]. This construction is exponential in the length of the formula, but this is usually not aproblem since the formulas to be checked are quite short and since the algorithm often behavesmuch better than its upper bound. The model-checking procedure is then the following:1. Build the �nite-automaton on in�nite words for the negation of the formula f (one usesthe negation of the formula as this yields a more e�cient algorithm). The resultingautomaton is A:f .2. Compute the product AG = Q1�i�n Ai � A:f (in practice only the reachable states ofthis product).3. Check if the automaton AG is nonempty.To check if the automaton AG is nonempty, it is su�cient to check that its graph contains astrongly connected component that is reachable from the initial state and that includes a statefrom each of the sets Fj of its set F of accepting sets. This can be done with a linear-timealgorithm [AHU74]. The complexity of this model-checking method is thus determined by thesize of AG. Note that model checking is often said to be of complexity \linear in the size ofthe program" which is correct if one measures the size of the program as the size of Q1�i�nAi.In practice, the limits of all model-checking methods come from the often excessive size of thisproduct. The frustrating fact is that a lot of this excessive size is unnecessary: it is due to themodelling of concurrency by interleaving. This is what we are tempting to eliminate. Let ustherefore turn to partial-order semantics.3 Partial-Order Semantics and Trace AutomataIn partial-order semantics, the possible behaviors of a concurrent system are described in termsof partial orders instead of sequences. More precisely, we use Mazurkiewicz's traces [Maz86] assemantic model. We briey recall some basic notions of Mazurkiewicz's trace theory.De�nition 3.1 A concurrent alphabet is a pair � = (A;D) where A is a �nite set of symbols,called the alphabet of �, and where D is a binary, symmetrical, and reexive relation on Acalled the dependency in �.I� = A2 nD stands for the independency in �.De�nition 3.2 Let � = (A;D) be a concurrent alphabet, let A� represent the set of all �nitesequences (words) of symbols in A, let � stand for the concatenation operation, and let " denote5



the empty word. We de�ne the relation �� as the least congruence in the monoid [A�; �; "] suchthat (a; b) 2 I� ) ab �� ba:The relation �� is referred to as the trace equivalence over �.De�nition 3.3 Equivalence classes of �� are called traces over �.The trace characterized by a word w and a concurrent alphabet � is denoted by [w]�. Thus atrace over a concurrent alphabet � = (A;D) represents a set of words de�ned over A that onlydi�er by the order of adjacent symbols which are independent according to D. For instance, ifa and b are two symbols of A which are independent according to D, the trace [ab]� representsthe two words ab and ba. A trace is an equivalence class of words.Let us now return to a concurrent program described as the composition of n �nite-statetransition systems Ai and of a property f represented by the automaton A:f . From now on,A:f will be denoted by An+1. Let � � S���S denote the transition relation of the productAG of these automata.For each transition t = (s; a; s0) 2 � with s = (s1; s2; : : : ; sn+1) and s0 = (s01; s02; : : : ; s0n+1),the sets (by extension, we consider the states of AG as sets in the following de�nitions3)- �t = fsi 2 s : (si; a; s0i) 2 �ig- t� = fs0i 2 s0 : (si; a; s0i) 2 �ig- �t� = �t [ t�are called respectively the preset , the postset and the proximity of the transition t. Intuitively,the preset , resp. the postset , of a transition t = (s; a; s0) of AG represents the states of the Ai'sthat synchronize together on a, respectively before and after this transition. We say that theAi's with a nonempty preset and postset for a transition t are active for this transition.Two transitions t1 = (s1; a1; s01); t2 = (s2; a2; s02) 2 � are said to be equivalent (notation �)i� �t1 = �t2 ^ t�1 = t�2 ^ a1 = a2:Intuitively, two equivalent transitions represent the same transition but correspond to distinctoccurrences of this transition. These occurrences can only di�er by the states of the Ai's thatare not active for the transition. We denote by T the set of equivalence classes de�ned over �by �. By extension, we de�ne the preset, resp. the postset, of an element of set T as being the3We assume that the sets S1; : : : ; Sn+1 (where Si is the set of states of Ai) are pairwise disjoint.6



preset, resp. the postset, of all transitions in the corresponding equivalence class. From nowon, \transition" will refer to an element of T rather than of �.We de�ne the dependency in AG as the relation DAG � T � T such that:(t1; t2) 2 DAG , �t�1 \ �t�2 6= ;:The complement of DAG is called the independency in AG. If two independent transitionsoccur next to each other in a computation, the order of their occurrences is irrelevant, sincethey occur concurrently in this execution. (Note that there are other possible ways of de�ningthe notion of dependency [GP93].)Let �AG = (T;DAG) be the concurrent alphabet associated with AG and let L(AG) be thelanguage of �nite words over T accepted by AG (all states of AG considered accepting). Inother words, L(AG) is the set of �nite sequences of transitions that the system AG can performfrom its initial state. We de�ne the trace behavior of AG as the set of equivalence classes ofL(AG) de�ned by the relation ��AG . These equivalence classes are called traces of AG. Such aclass (trace) corresponds to a partial order (i.e. a set of causality relations) and represents allits linearizations (words).To describe the behavior of AG by means of traces rather than sequences, we need thedependency DAG of AG and only one linearization for each trace of AG. So, the behavior of AGis fully characterized by the dependency DAG and an automaton which generates (at least) onelinearization for each trace. We call such an automaton a trace automaton (denoted AT ) forAG [God90].Formally, the language L(AT ) accepted by a trace automaton AT satis�es the followingrelation: L(AG) = [w2L(AT )Pref(lin([w]�AG)) (1)where lin([w]�AG) denotes the set of linearizations (words) of the trace (equivalence class)[w]�AG and Pref(w) denotes the pre�xes of w.In [God90] an algorithm for constructing a trace automaton corresponding to a concurrentprogram4 is given. To construct such an automaton AT , we do not need to compute all thereachable states of AG: whenever several independent transitions are executable, we executeonly one of these transitions in order to generate only one interleaving (linearization) of thesetransitions. By construction, AT is a \sub-automaton" of AG (i.e. the states of AT are states ofAG and the transitions of AT are transitions of AG). The order of the time complexity for the4In [God90] a concurrent program is represented by a contact-free one-safe P/T-net instead of a parallelcomposition of sequential processes as de�ned here; since the former is a more general formalism (it allows themodelling of process creation/deletion) than the latter, the algorithm described in [God90] is still applicable inthe context considered here. 7



algorithm presented in [God90] is given by the number of transitions in AT times the maximumnumber of simultaneous executable transitions. In practice it turns out that building AT oftenrequires much less time and memory than building AG.For instance, the behavior of a simple protocol like the 5-dining-philosophers problem(see [God90]) that would classically require the use of a state-graph AG containing 2163 statesand 8770 transitions can be represented by a trace automaton AT containing only 72 states and83 transitions.4 Using Trace Automata for Model CheckingIn order to use the results of Section 3 for doing model checking, we would like to be able toproceed as follows.1. Build the �nite-automaton on in�nite words for the negation of the formula f . Theresulting automaton is A:f .2. Compute the trace automaton AT corresponding to the concurrent executions of the pro-cesses Ai, 1 � i � n, and of the automaton A:f .3. Check if the automaton AT is nonempty.Unfortunately, this is incorrect. First, there is an obvious reason that makes this incorrect whichis that the trace automaton AT is not de�ned as an automaton on in�nite words and hence doesnot have a set F . However, this problem can be easily solved. Let SG and ST respectively bethe set of states of AG and AT . By construction, ST � SG. Let FG = fF1; : : : ; Fkg be the setof sets of accepting states of AG. The set FT of sets of accepting states of AT is then de�nedby FT = fF 01; : : : ; F 0kg with F 0i = Fi \ ST .Even if we extend the de�nition of AT to include the set FT de�ned above (let us call theresult A1T ), we still cannot use A1T for model checking. Indeed it is quite possible that theautomaton AG obtained by the traditional computation of the product accepts some in�niteword whereas A1T does not accept any in�nite word. This might seem counter intuitive becauseone could expect that, if AG accepts some word w, then by permuting independent transitionsof the computation accepting w, one would obtain an accepting computation of A1T whichwould then be nonempty. This is actually true for �nite computations but not for in�nitecomputations. Indeed, consider two processes that are totally independent (their alphabetsare completely disjoint). The trace automaton for these two processes can be one that allowsany number of transitions of the �rst process followed by any number of transitions of thesecond process. This is is �ne for �nite computations, but for in�nite computations, one willbe left with either an in�nite computation of the �rst process or one of the second process,8



but not an in�nite computation of both processes. One can summarize this by saying that A1Trepresents the in�nite computations of all processes, but not the joint in�nite computationsof unsynchronized processes. The following example illustrates this situation. Consider thegeneralized B�uchi automata A and A0 of Figures 1 and 2 where F = ffs1g; fs2gg and F 0 =ffs01g; fs02gg respectively. A possible trace automaton A1T is given in Figure 3. Its set of setsof accepting states is de�ned by FT = ff(s1; s00); (s1; s01); (s1; s02)g; f(s2; s00)g; f(s1; s01)g;f(s1; s02)gg. This automaton does not accept any word whereas there is a joint in�nite executionof the automata A and A0 that would be accepted by the corresponding global automaton.s1����> s2����qa1i a2Figure 1: Generalized B�uchi automaton As00����> s01���� s02����?c qb1i b2Figure 2: Generalized B�uchi automaton A0We now formalize the above discussion. Let AG and A1T be respectively the product au-tomaton and the trace automaton obtained by composing the generalized B�uchi automata Ai,1 � i � n+ 1. Consider a computation of AG or A1T on an in�nite word w. One can view this9



s1;s00����> s2;s00����qa1i a2s1;s01���� s1;s02����?c qb1i b2Figure 3: Trace automaton A1Tcomputation as an in�nite sequence of transitions, i.e., elements of set T de�ned in Section 3.For any transition of AG or A1T , one can identify the automata Ai that are active (as de�nedin Section 3) for this transition. This enables us to de�ne the restriction of a computation ofAG or A1T to one of the components Ai.De�nition 4.1 Given a trace or product automaton A obtained by composing the generalizedB�uchi automata Ai, 1 � i � n+1, the restriction of a computation � of A to the automaton Ai(denoted �jAi) is the subsequence of � that contains only the transitions for which Ai is active.Note that the restriction of an in�nite computation of AG or A1T to an automaton Ai canbe �nite. We have the following.Theorem 4.1 Let � be a computation (�nite or !-in�nite) of the global automaton AG obtainedby composing the automata Ai, 1 � i � n + 1. Then, for every Ai, there is a computation �i(�nite or !-in�nite) of the trace automaton A1T such that �jAi = �ijAi.Proof: Consider a computation � of AG. Consider then the computation �i of A1T whichhas the longest restriction �ijAi that is a pre�x of �jAi (if there are several such computations,choose one of these arbitrarily). Let ti be the �rst transition of Ai in � that is not in thispre�x. If there is no such transition, the theorem holds. Else, let us consider the pre�x of �that ends with transition ti. This �nite computation is then the pre�x of a trace of which, byde�nition of AT , at least one linearization is generated by AT . The projection on Ai of any ofthese linearizations is �ijAi � ti, which is longer than what we have assumed to be the longest10



projection on Ai of a computation of A1T that is a pre�x of �jAi. Since computations of ATare trivially computations of A1T , we have a contradiction and the theorem follows.Note that it is not true that there is a single computation �0 of A1T such that �jAi = �0jAifor all Ai's. In spite of this, Theorem 4.1 lets us obtain an interesting result, namely that thetrace automaton can be used for model checking in cases where only one of the components isrequired to have an in�nite computation. This is the case if all but one of the automata Aihave a vacuous accepting condition, i.e. have an empty set F . This is proved in the followingtheorem.Theorem 4.2 Let Ai, 1 � i � n + 1 be generalized B�uchi automata all but one of which havea vacuous accepting condition. Let AG and A1T be the product and trace automata obtained bycomposing the automata Ai. Then, the automaton AG is nonempty (has at least one in�niteaccepting computation) i� the trace automaton A1T is nonempty.Proof: Assume AG has an in�nite accepting computation � and let Aj be the generalizedB�uchi automaton that has a nonvacuous acceptance condition. From Theorem 4.1, we knowthat there is a computation �j of A1T such that �jAj = �j jAj . Since we have assumed in Sec-tion 2 that the product automaton AG cannot have an accepting computation corresponding toa �nite computation of Aj , �jAj , and hence also �j jAj , are in�nite. Moreover, �jAj intersectsin�nitely often each of the sets F 2 Fj and, given that �j jAj = �jAj , this is also the case for�j . This proves that A1T is nonempty.The other direction of the theorem is directly obtained from the immediate fact that all com-putations of the trace automaton are also computations of the global automaton.In practice, Theorem 4.2 enables us to use the trace automaton for model checking in thecases where the program does not operate under some fairness hypothesis, or when the fairnesshypothesis is incorporated into the formula to be veri�ed. Indeed, in those circumstances, theautomata representing the program will have vacuous accepting conditions and the automatonobtained from the formula to be checked will be the only one with a nonempty set F .5 Automata on (! � n)-wordsTrace automata do not adequately represent the !-computations of the components from whichthey are built because in�nite computations cannot be concatenated. Actually, with the helpof a little abstraction, in�nite computations could very well be concatenated. One can simplythink of computations whose length is an ordinal larger than !. Since we are only interested inthe concatenation of a �nite number of in�nite computations we will only study computationsof length ! � n where n 2 !. The de�nitions of Section 2 can be quite naturally extended11



to words and computations of length ! � n (for other de�nitions of automata on ordinals, see[B�uc65b, B�uc65a]).A word of length ! � n over the alphabet � is a function w from the ordinal ! � n to �.We use automata that are de�ned exactly as in Section 2 and simply change the de�nition of acomputation. A computation of an automaton A = (�; S;�; s0;F) on a word w of length !�nis a function � from ! � n to S that satis�es the following conditions:1. �(0) = s0;2. for each successor ordinal �+ 1 2 ! � n, (�(�); w(�); �(�+ 1)) 2 �;3. for each limit ordinal � 2 ! � n, there is an in�nite sequence of ordinals � whose limit is� such that �(�) = �(�).The notions of accepting computation and accepted word are essentially unchanged. Acomputation � is accepting if, for each Fj 2 F , there is some state in Fj that repeats in�nitelyoften, i.e., for some s 2 Fj there are in�nitely many i 2 !�n such that si = s. The !�n-wordw is accepted by A if there is an accepting computation of A over w. The set of ! � n wordsaccepted by A is denoted L!�n(A). Note that if an automaton accepts a word of length !� n,n � 1, it also accepts a word of length ! � n0 for all n � n0 < !.Checking that L!�n(A) is nonempty can be done by computing the maximal strongly con-nected components of A.Theorem 5.1 Let A = (�; S;�; s0;F) be an automaton. Then, L!�n(A) 6= ; i� there is asequence of nontrivial maximal strongly connected components C1; : : :Cn in A such that� C1 is accessible from s0 and Ci+1 is accessible from Ci, for 1 � i < n and� for each Fj 2 F , there is some Ci such that Fj \ Ci 6= ;.Proof: Assume that A has an accepting computation � of length ! � n. Since A is �nitestate, the �rst !-sequence of this computation must, from some point on, have all its statesincluded in a nontrivial maximal strongly connected component C1 of A. Similarly, the second!-sequence must start in a state of C1 and must end in a component C2 accessible from C1 (itcould actually be C1 itself). Repeating the same line of thought for all ! sequences in � up tothe nth, one concludes the existence of the sequence of maximal strongly connected componentsCi, 1 � i � n. Moreover, since � is accepting, � contains at least one state of each set Fj 2 Fin�nitely often. And, since these states appear in�nitely often, they must be in one of thecomponents Ci. This proves that the condition given in the theorem is necessary.12



To prove that it is su�cient, let us assume the existence of the sequence of connectedcomponents and construct an accepting computation. The �rst !-sequence in the computationstarts in the initial state, has a �nite pre�x that leads it to the component C1 and then goesin�nitely often through all states of C1. The second !-sequence starts from any state in C1,has a �nite pre�x that leads to C2 and then goes in�nitely often through all states in C2. Thefollowing !-sequences in the computation up to the nth are de�ned similarly. Since it goesthrough all states of all components Ci in�nitely often, this computation is clearly accepting.The interesting aspect of the de�nitions we have just given is that if we consider the traceautomaton as an automaton on words of length !�n, then it represents all in�nite computationsof the combined automata. To prove this, we �rst establish a lemma.Lemma 5.2 Let � be a �nite computation of the global automaton AG obtained by composingthe automata Ai, 1 � i � n + 1. Then, there is a �nite computation �0 of AT such that for all1 � i � n+ 1, �jAi is a pre�x of �0jAi.Proof: The lemma is a direct consequence of the de�nition of trace automata. Indeed,if � is a �nite computation of AG, then there is a representative of a trace that extends �that is a computation �0 of AT . Thus, since adjacent transitions of a single process are neverindependent, we must have that �jAi is a pre�x of �0jAi.If we extend the notion of computation used in Section 4 to sequences of transitions oflength ! � n, we have the following.Theorem 5.3 Assume that the global automaton AG obtained by composing the automata Ai,1 � i � n + 1 has an accepting !-computation �. Then, there is an accepting computation �0of length at most ! � (n + 1) of the trace automaton A1T .Proof: We use a pumping argument to prove this theorem. We start by considering a �nitepre�x �f of � that is long enough to satisfy the following condition for each automaton Ai thathas a nonvacuous accepting condition. We describe the condition for a generic automaton Ai.Let F = fF1; : : : ; Fkg be the accepting condition of Ai. For each set Fj , 1 � j � k, there isthus at least some state sj 2 Fj that appears in�nitely often in � (more precisely, this stateappears in � as the component of the global state corresponding to Ai). This implies that byfocusing on selected states of �, one can identify in�nitely often the sequence s1; s2; : : : ; sk (ofAi components of the global state). The condition is that the sequence s1; s2; : : : ; sk can beselected from �f at least as many times as there are states in AT .We then consider the computation �Tf ofA1T that satis�es the condition given in Lemma 5.2for �f . This computation thus also satis�es the condition we have imposed on �f . Moreover,since the sequence s1; s2; : : : ; sk appears at least as many times as there are states in AT , each13



of the states sj must appear at least twice as component of the same state of AT . Thus �Tfcontains, for instance, a subsequence that starts in a global state s whose Ai component is s1,that goes through at least one state of each of the accepting sets Fj of Ai and that ends againin the state s. We call such a subsequence of �Tf an Ai-complete subsequence. Note moreoverthat our assumption that each set F contains at least two components implies that Ai-completesubsequences are nontrivial (contain at least one transition). We have thus established that �Tfcontains at least one Ai-complete subsequence for each of the automata Ai with nonvacuousaccepting conditions.The next step is to choose in �Tf an Ai-complete subsequence for each Ai with a nonvac-uous accepting computation and to sort these by order of appearance of their �rst state. Let�1; �2; : : : ; �`, ` � n+1, be the Ai-complete subsequences taken in this order and let s1; s2; : : :s`be their respective �rst states (these states thus appear in �Tf in that order) and let s0 be the�rst state of �Tf . Then, if we denote by [si; sj ] the portion of �Tf that is included betweensi and sj the following is an accepting computation of A1T of length ! � ` (w! represents anin�nite repetition of the word w)[s0; s1]�!1 [s1; s2]�!2 [s2; s3]�!3 � � � [s`�1; s`]�!̀:To use the trace automaton for model checking, we also need the converse of Theorem 5.3.However, this does not hold in general since it requires that a computation of length !� (n+1)be merged into a computation of length ! which is not always possible since only independenttransitions can be interchanged. More precisely, if A1T is empty, Theorem 5.3 guaranties thatAG is also empty and hence that the program satis�es the property. If A1T is nonempty and hasa computation of length !, AG is also nonempty and the program does not satisfy the property.The di�cult case is when A1T has an accepting computation of length greater than !. Asimple approach to deal with this situation is to reconstruct part of AG in order to determinewhether the computation of A1T that has been found is an artifact or actually correspondsto a computation of AG. It might seem that reconstructing part of AG looses the advantageof the partial order approach, but note that this need not be done in all cases, and that theconstruction is limited to the accepting computation of A1T that has been found. Concretely,one can do the partial construction of AG from the projections on the various processes of thesequence of strongly connected components of A1T that de�nes an accepting computation.The partial construction of AG can be avoided in even more cases if one �rst checks whetherthe accepting computation of A1T satis�es a \separability" condition. Consider a computationof length ! � (n + 1). For each !-sequence in this computation, i.e. part of the computationcorresponding to an interval [!� j; !� (j +1)[, we de�ne the repeating part of this !-sequenceas its su�x that only contains states that appear in�nitely often. The rest of the !-sequenceis then its �nite pre�x. We call a computation separable if for all 0 � i < j � n, all transitions14



in the repeating part of [!� i; !� (i+ 1)[ are independent of all transitions in the �nite pre�xof [! � j; !� (j + 1)[. We can then show that the converse of Theorem 5.3 holds for separablecomputations.Theorem 5.4 Let Ai, 1 � i � n + 1 be generalized B�uchi automata. Let AG and A1T bethe product and trace automata obtained by composing the automata Ai. Then, if the traceautomaton A1T has at least one separable accepting computation of length at most ! � (n+ 1),the automaton AG is nonempty (has at least one accepting computation).Proof: Notice that if A1T has a separable accepting computation of length !� (n+1), it hasan accepting computation of the form�0�!0r�1�!1r � � ��n�!nrwhere �i and �ir are �nite computations and where all transitions in �ir are independent withrespect to all transitions in �j for 0 � i < j � n. As a consequence the following is an accepting!-computation of AG �0�1 � � ��n(�0r�1r � � ��nr)!:A su�cient condition for A1T to have a separable condition is that is has a sequence ofstrongly connected components as in the condition of Theorem 5.1 and furthermore that forall 1 � i < j � (n+ 1), the transitions appearing in Ci are independent from those appearingin the path from Cj�1 to Cj. For instance, the trace automaton in Figure 3 has a separableaccepting computation (a1a2)!c(b1b2)! of length ! � 2.In summary, the procedure for checking whether A1T has a computation corresponding toa computation of AG is the following. We �rst determine if A1T has a sequence of stronglyconnected components that satisfy the condition of Theorem 5.1. If there is no such sequence,AG is empty. If there is such sequence, we check whether it satis�es the separability conditionabove. If it does, AG is nonempty. In the remaining cases, a partial search of AG is requiredto obtain a de�nite answer. Finally, note that another possible approach would be to guarantythe existence of a separable computation of A1T whenever AG has a computation by using adi�erent construction of AT . Indeed, in all above, the only property of trace automata we haveused is property (1) given in Section 3. Speci�c constructions of trace automata often haveadditional properties and can be tailored to satisfy speci�c requirements.6 Conclusions and Comparison with Other WorkThe closest work to the one presented here is certainly that of Valmari [Val90]. His paperalso addresses the problem of adapting to model checking a method that avoids considering all15



interleavings of independent events while generating the state space of a concurrent program.It is likewise based on linear-time temporal logic, but uses a di�erent strategy from the one wepresented here. In our approach, the fact that the order of actions that appear in the formulacannot be ignored while constructing the trace automaton is handled by treating the propertyas any other component of the concurrent program. In [Val90], the problem is solved by a lessdiscriminating approach. Precisely, the use of the \next" temporal operator is disallowed andall transitions that can a�ect the truth value of any state predicate appearing in the formulaare considered as dependent. Prohibiting \next" is indeed important in this approach sincein the presence of this operator all transition could potentially a�ect the truth value of theformula and hence would have to be considered as dependent and this would annihilate anybene�t coming from the use of a partial-order approach. In our paper, we do handle the fulltemporal logic, and, actually, we can also handle extended temporal logics like that of [Wol83].However, it should be noted that our interpretation of \next" is di�erent from the one thatcauses problems in the method used by Valmari: we interpret \next" as meaning \next actionmonitored by the formula" rather than \next state of the program".The treatment of fairness properties is also an important di�erence between Valmari's ap-proach and ours. In Valmari's approach, the only way to represent fairness conditions wouldbe to incorporate them in the formula (which hence has the form fair � property) whereaswe represent them as B�uchi conditions on the processes. The interaction of fairness conditionsand partial-order methods is problematic since a fairness condition often concerns all processesinvolved in the program and hence introduces many dependencies which can wipe out the ben-e�t of the approach. Our solution is to represent fairness assumptions in a distributed way, byassigning progress conditions to individual processes whenever possible. The drawback of thisstrategy is that it does not yield naturally to the expression of some fairness constraints.A �nal element of comparison is the algorithm for computing an automaton that only rep-resents \some" interleavings of concurrent events that lies at the heart of both approaches.First, note that an important advantage of the use of ! � n automata is that no modi�cationof an algorithm suitable for �nite computations is necessary. On the other hand, in [Val90] thealgorithm has to be modi�ed, which increases the size of the state space that is generated. Fur-thermore, the technical ideas behind the constructions used in both approaches di�er. Valmariuses an algorithm based on \Stubborn Sets", we use the construction of the \Trace Automaton"given in [God90]. This di�erence also inuences the e�ectiveness of the model-checking meth-ods. However, this inuence is not extremely clear cut and is orthogonal to that of the strategybeing used. It is quite possible that for some problems the \Trace Automaton" algorithm isbest whereas for others the \Stubborn Sets" one is preferable. It is worth noticing that partsof both algorithms can be combined in order to achieve better reductions [WG93].How good really is our method? It is hard to give a precise answer since it might be no16



better than interleaving methods when there is very tight coupling between the processes anddramatically better when there is no coupling between the processes. In the latter case, wecould claim as is done in [BCM+90] that we can check systems with astronomical numbers of(interleaving semantics) states. Of course this should be taken with a grain of salt since thefact that checking only part of this enormous state space is su�cient indicates that most ofthe interleaving-semantics states are uninteresting. In [BCM+90] a similar phenomenon occurs,the di�erence being that the veri�cation of large systems is made possible not by ignoring anirrelevant part of their state space, but by computing with an e�cient symbolic representationof sets of states and transition relations.The construction of trace automata of [God90] has been implemented and shows promisingresults which bodes well for the method described in this paper. Other work on the implementa-tion and use of trace-automata-like techniques has also appeared. In [GW91b], model checkingrestricted to safety properties is considered. Several alternative \partial-order" veri�cation algo-rithms are presented in [HGP92] and their performance on real-protocols is evaluated. Furtherresults on the practicality of using trace-automata-like constructions are presented in [GHP92].Finally, note that our method has the advantages of \on the y veri�cation" [CVWY90,JJ89, BFH90, HPOG89]. By this we mean that we build the automaton for the combinationof the program and property without ever building the automaton for the program. Maybesurprisingly, this automaton is often smaller than the automaton for the program alone becausethe property acts as a constraint on the behavior of the program. Our method thus has a headstart over methods that require the state graph of the program to be built.AcknowledgementsWe wish to thank Jerry Burch, David Dill, Wolfgang Thomas, Frits Vaandrager, Antti Valmariand anonymous referees for helpful comments on this paper. A preliminary version of this paperappeared in the Proceedings of the 6th Symposium on Logic in Computer Science [GW91a].References[ACD90] R. Alur, C. Courcoubetis, and D. Dill. Model-checking for real-time systems. In Proceedingsof the 5th Symposium on Logic in Computer Science, pages 414{425, Philadelphia, June1990.[ACW90] S. Aggarwal, C. Courcoubetis, and P. Wolper. Adding liveness properties to coupled �nite-state machines. ACM Transactions on Programming Languages and Systems, 12(2):303{339,1990. 17
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