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2 Fleischer, Hendrickson and P�narO(log7 n)1, and it requires an impractical n2:376 processors. To our knowledge,the deterministic parallel complexity of DFS for general, directed graphs is anopen problem. Chaudhuri and Hagerup studied the problem for acyclic [5], andplanar graphs [10], respectively, but our application involves non-planar graphswith cycles, so these results don't help us. More practically, DFS is a di�cultoperation to parallelize and we are aware of no algorithms or implementationswhich perform well on large numbers of processors. Consequently, Tarjan's al-gorithm cannot be used for our problem.Alternatively, there exist several parallel algorithms for the strongly con-nected components problem (SCC) that avoid the use of depth �rst search. Gazitand Miller devised an NC algorithm for SCC, which is based upon matrix-matrixmultiplication [9]. This algorithm was improved by Cole and Vishkin [6], but stillrequires n2:376 processors and O(log2 n) time. Kao developed a more complicatedNC algorithm for planar graphs that requires O(log3 n) time and n= logn pro-cessors [11]. More recently, Bader has an e�cient parallel implementation ofSCC for planar graphs [3] which uses a clever packed{interval representation ofthe boundary of a planar graph. When n is much larger than p the number ofprocessors, Bader's approach scales as O(n=p). But algorithms for planar graphsare insu�cient for our needs.Our interest in the SCC problem is motivated by the discrete ordinatesmethod for modeling radiation transport. Using this methodology, the objectto be studied is modeled as a union of polyhedral �nite elements. Each elementis a vertex in our graph and an edge connects any pair of elements that sharea face. The radiation equations are approximated by an angular discretization.For each angle in the discretization, the edges in the graph are directed to alignwith the angle. The computations associated with an element can be performedif all its predecessors have been completed. Thus, for each angle, the set of com-putations are sequenced as a topological sort of the directed graph. A problemarises if the topological sort cannot be completed { i.e. the graph has a cycle.If cycles exist, the numerical calculations need to be modi�ed { typically byusing old information along one of the edges in the cycle, thereby removing thedependency. So identifying strongly connected components quickly is essential.Since radiation transport calculations are computationally and memory inten-sive, parallel implementations are necessary for large problems. Also, since thegeometry of the grid can change after each timestep for some applications, theSCC problem must be solved in parallel.E�cient parallel implementations of the topological sort step of the radiationtransport problem have been developed for structured grids, oriented grids thathave no cycles [4, 8]. Some initial attempts to generalize these techniques tounstructured grids are showing promise [12, 13]. It is these latter e�orts thatmotivated our interest in the SCC problem.1 Function f(n) = �(g(n)) if there exist constants c2 � c1 > 0 and N such that forall n � N , c1g(n) � f(n) � c2g(n). If f(n) = 
(g(n)), then this just implies theexistence of c1 and N . If f(n) = O(g(n)), then c2 and N exist.



Parallel Strongly Connected Components 3In the next section we describe a simple divide-and-conquer algorithm for�nding strongly connected components. In x3 we show that for constant de-gree graphs our algorithm has an expected serial complexity of O(n logn). Ourapproach has good potential for parallelism for two reasons. First, the divide-and-conquer paradigm generates a set of small problems which can be solvedindependently by separate processors. Second, the basic step in our algorithmis a reachability analysis, which is similar to topological sort in its paralleliz-ability. So we expect the current techniques for parallelizing radiation transportcalculations to enable our algorithm to perform well too.2 A Parallelizable Algorithm for Strongly ConnectedComponentsBefore describing our algorithm, we introduce some notation. Let G = (V;E)be a directed graph with vertices V and directed edges E. An edge (i; j) 2 E isdirected from i to j. We denote the set of strongly connected components of Gby SCC(G). Thus SCC(G) is a partition of V . We also use SCC(G; v) to denotethe (unique) strongly connected component containing vertex v. We denote byV nX the subset of vertices in V which are not in a subset X . The size of vertexset X is denoted jX j.A vertex v is reachable from a vertex u if there is a sequence of directed edges(u; x1); (x1; x2); : : : ; (xk ; v) from u to v. We consider a vertex to be reachablefrom itself. Given a vertex v 2 V , the descendants of v, Desc(G; v), is thesubset of vertices in G which are reachable from v. Similarly, the predecessorsof v, Pred(G; v), is the subset of vertices from which v is reachable. The setof vertices that is neither reachable from v nor reach v is called the remainder,denoted by Rem(G; v) = V n fDesc(G; v) [ Pred(G; v)g.Given a graph G = (V;E) and a subset of vertices V 0 � V , the inducedsubgraph G0 = (V 0; E0) contains all edges of G connecting vertices of V 0, i.e.E0 = f(u; v) 2 E : u; v 2 V 0g. We will use hV 0i = G0 = (V 0; E0) to denote thesubgraph of G induced by vertex set V 0. The following Lemma is an immediateconsequence of the de�nitions.Lemma 1. Let G = (V;E) be a directed graph, with v 2 V a vertex in G. ThenDesc(G; v) \ Pred(G; v) = SCC(G; v):Lemma 2. Let G be a graph with vertex v. Any strongly connected componentof G is a subset of Desc(G; v), a subset of Pred(G; v) or a subset of Rem(G; v).Proof. Let u and w be two vertices of the same strongly connected componentin G. By de�nition, u and w are reachable from each other. The proof involvesestablishing u 2 Desc(G; v) () w 2 Desc(G; v) and u 2 Pred(G; v) ()w 2 Pred(G; v), which then implies u 2 Rem(G; v) () w 2 Rem(G; v). Sincethe proofs of these two statements are symmetric, we give just the �rst: If u 2Desc(G; v) then u must be reachable from v. But then w must also be reachablefrom v, so w 2 Desc(G; v).



4 Fleischer, Hendrickson and P�narWith this background, we can present our algorithm which we call DCSC (forDivide-and-Conquer Strong Components). The algorithm is sketched in Fig. 1.The basic idea is to select a random vertex v, which we will call a pivot vertex,and �nd its descendant and predecessor sets. The intersection of these sets isSCC(G; v) by Lemma 1. After this step, the remaining vertices are divided intothree sets Desc(G; v), Pred(G; v), and Rem(G; v). By Lemma 2, any additionalstrongly connected component must be entirely contained within one of thesethree sets, so we can divide the problem and recurse.DCSC(G)If G is empty then Return.Select v uniformly at random from V .SCC  Pred(G; v) \Desc(G; v)Output SCC.DCSC(hPred(G; v) n SCCi)DCSC(hDesc(G; v) n SCCi)DCSC(hRem(G; v)i)Fig. 1. A divide-and-conquer algorithm for strongly connected components.3 Serial Complexity of Algorithm DCSCTo analyze the cost of the recursion, we will need bounds on the expected sizesof the predecessor and descendant sets. The following two results provide suchbounds.Lemma 3. For a directed graph G, there is a numbering � of the vertices from1 to n in which the following is true. All elements u 2 Pred(G; v)nDesc(G; v)satisfy �(u) < �(v); and all elements u 2 Desc(G; v)nPred(G; v) satisfy �(u) >�(v).Proof. If G is acyclic, then a topological sort provides a numbering with thisproperty. If G has cycles, then each strongly connected component can be con-tracted into a single vertex, and the resulting acyclic graph can be numbered viatopological sort. Assume a strongly connected component with k vertices wasassigned a number j in this ordering. Assign the vertices within the componentthe numbers (j; : : : ; j + k � 1) arbitrarily and increase all subsequent numbersby k � 1.It is important to note that we do not need to construct an ordering withthis property; we just need to know that it exists.Corollary 1. Given a directed graph G and a vertex numbering � from Lemma 3,then jPred(G; v) n SCC(G; v)j < �(v) and jDesc(G; v) n SCC(G; v)j � n� �(v)for all vertices v.



Parallel Strongly Connected Components 5The cost of algorithm DCSC consists of four terms, three from the threerecursive invocations and the fourth from the cost of determining the set of pre-decessors and descendants. For a graph with all degrees bounded by a constant,this last term is linear in the sizes of the predecessor and descendant sets. LetT (n) be the expected runtime of the algorithm on bounded degree graph G withn vertices. For a particular pivot i, let pi, di and ri represent the sizes of the recur-sive calls. That is, pi = jPred(G; v)nSCC(G; v)j, di = jDesc(G; v)nSCC(G; v)jand ri = jRem(G; v)j. If vertex number i is selected as the pivot, then therecursive expression for the run time isT (n) = T (ri) + T (di) + T (pi) +�(n� ri): (1)Clearly, T (n) = 
(n), since we eventually must look at all the vertices. Also,in worst case T (n) = O(n2), since each iteration takes at most linear time andreduces the graph size by at least 1. We show here that the expected behaviorof T (n) is �(n logn). The average case analysis will require summing the costover all pivot vertices and dividing by n. So for a graph with constant bound onthe degrees, the expected runtime, ET (n), of the algorithm isET (n) = 1n nXi=1 [T (pi) + T (di) + T (ri) +�(n � ri)]: (2)Theorem 1. For a graph in which all degrees are bounded by a constant, algo-rithm DCSC has expected time complexity O(n logn).Proof. We analyze (2) by partitioning the vertices according to their value ofri. Let S1 := fvjr�(v) < n=2g and S2 := fvjr�(v) � n=2g. We analyze each caseseparately and show that the separate recursions lead to an O(n logn) expectedrun time. Thus, the average of these recursions will also.Case 1: ri < n2 .Note that Corollary 1 implies the lower and upper bounds: pi � i�1 � pi+riand di � n � i � di + ri. Since ri < n=2, it follows that minfi; n � ig �ri +minfpi; dig < 3n4 . By symmetry, it is enough to consider pi � di. Thenwe can bound minfdi; ri + pig from below:minfdi; ri + pig � minfi; n=4g: (3)By superlinearity of T (n), we have T (ri) + T (pi) + T (di) + �(n � ri) �T (ri + pi) + T (di) +�(n� ri). Using (3), we can bound the contribution ofeach i by either T (i� 1)+ T (n� i) +�(n) or by T (n=4)+ T (3n=4)+�(n).This latter case, through a well-known analysis, has a solution of O(n logn).In the former, at worst, all i contributing here lie at the extremes of theinterval [1; n]. If there are 2q of them, their total contribution to (2) is atmost 2nPqi=1[T (i� 1) + T (n� i) +�(n)]. Then, an analysis similar to that



6 Fleischer, Hendrickson and P�narused for quicksort yields a O(n logn) recursion. We reproduce this below forcompleteness. 22q qXi=1 [T (i� 1) + T (n� i) +�(n)]= �(n) + 1q [q�1Xi=1(c1i log i) + nXi=n�q+1(c1i log i)]� �(n) + 1q [c1 log q q�1Xi=1 i+ c1 logn nXi=n�q+1 i]= �(n) + c12 [(q � 1) log q + (2n� q + 1) logn]= c1n logn+ [�(n) � c12 (q � 1)(logn� log q)]:The expression in brackets in the last inequality is < 0 for large enoughchoice of c1.Case 2: ri � n2 .By superlinearity of T (n), we can rewrite equation (1) as T (n) � T (ri) +T (di+ pi)+�(n� ri). If we let a = n� ri, we can rewrite this as a functionof a and n: T2(a; n) � T (n� a) + T (a) +�(a):By our assumptions in this case, we have that 1 � a � n=2. We show thatthis recursion is O(n logn) by �rst showing that this holds for a = 1; n=2, andthen showing that T2, as a function of a in the range [1; n � 1], is convex.Thus, its value in an interval is bounded from above by its values at theendpoints of the interval.It is easy to see that T2(1; n) = �(n), and T2(n=2; n) = �(n logn). Wesuppose, by induction, that T (r) = c1n logn for an appropriate constant c1for r < n, and that the constant in the � term is c2. Thus, the �rst derivativeof T2(a; n) with respect to a isc1(log a� log(n� a)) + c2:The second derivative is c1(1a + 1n� a );which is positive for a 2 [1; n� 1]. Thus T2(a; n) is convex for a 2 [1; n=2],and hence T2(n) = �(n logn) in this case.4 Future WorkFor the radiation transport application that motivated our interest in this prob-lem, the graphs will often be acyclic, and any strongly connected components will
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