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1 IntroductionDescription of objects and surfaces in terms of their spatial support and image or 3D motionis an important intermediate goal in dynamic image understanding. Recently there has been atrend towards building one such representation, called a layered description of moving images. Alayered description consists of three parts: (i) a set of motion descriptors, (ii) layers of supportfor each motion descriptor, and (iii) a compact representation of the intensity map for each layerthat can be derived from (i) and (ii) and the original video sequence. Each layer corresponds toa set of pixels that move over time according to a model of motion, and are identi�ed over theimages in a sequence. For each image in the sequence, there is a layer of ownership weights and thecorresponding motion parameters that describe the motion transformation between the layer in thisimage and the reference image. With the knowledge of the motion parameters and the ownershipweights for each layer in each image, a reference intensity map for the layer can be created in thereference frame. This reference map is a single mosaiced frame for a layer that depicts whatever wasseen for that layer over the whole sequence. Therefore, the problem to be solved is the computationof the motion descriptors and the layers of ownership weights. In the most general case of motiontransparency, the ownership weights are analog, for instance probabilities, and for the common caseof opaque motions, binary weights are adequate.Automatic description of motion video sequences in terms of layers of multiple models has wide-ranging applications. Video compression and coding have already been highlighted in the work ofWang and Adelson [23]. Also, the layered representation can be used as a compact description to beused for matching and recognition, and for synthesizing novel videos from existing ones. Emergingapplications in the areas of automatic video annotation and indexing will bene�t too from thelayered representations. Automatically extracted layers of intensity maps, and the associated weightmasks and motion parameters, can be used for annotating a video sequence with its pictorial andmotion content. Static image features (like shape, color and texture) computed over the separatedlayers, and their motion descriptions along with their change over time can then be used for content-based querying and indexing. Video indexing systems in the spirit of static image indexing like inthe Photobook [17] and Query-By-Image-Content (QBIC) [6] systems can e�ectively use layereddescription as an intermediate representation of video content. A number of algorithms have beendeveloped for computing these representations [1, 5, 9, 10, 24]. However, there has not been a1



consolidated e�ort into developing a precise mathematical formulation of the problem. This paperpresents such a formulation based on maximum likelihood estimation of mixture models and theminimum description length (MDL) encoding principle.The three major issues in layered motion representation are: (i) how many motion modelsadequately describe image motion, (ii) what are the motion model parameters, and (iii) what is thespatial support layer for each motion model. In order to allow multiple models in the description ofimage motion, we model the likelihood function for change in intensity of a pixel, conditioned on themotion parameters, as an additive mixture of Gaussian densities. This is called a mixture model.Robust maximum-likelihood estimation (MLE) of the mixture model, and the layers of support,represented as ownership probabilities, is performed using a modi�ed Expectation-Maximization(EM) algorithm. The adequate number of models is automatically decided using the MDL principlethat minimizes the encoding length of the model parameters and the MLE residuals. This isa generalization of the encoding length computed using the log-likelihood of the Maximum A-Posteriori (MAP) estimate [13], with the log-likelihood term for the measurements conditioned onthe models being derived using the mixture model formulation. Our algorithm implements the MLestimation using a direct, hierarchical method [2]. Amongst the algorithms that compute layeredrepresentations using simultaneous (and not sequential) multiple motion estimation, ours is theonly one that we know of in which support layers at the coarse resolutions are used to guide theirestimation at the �ner resolutions.Our solution to the problem of layered representation combines the advantages of direct motionestimation methods, robust estimation, MDL coding, and mixture of models. Current algorithmsuse only some aspects of this formulation. However, we have found, and will demonstrate thata formulation and an algorithm that integrates all these aspects leads to an automatic layeredrepresentation for a variety of motion sequences without any ad-hoc parameters.2 BackgroundThe main problem addressed in this paper is that of computing multiple models of motion andthe layers of their spatial support in image sequences. There are two major approaches to thisproblem. One set solves the problem by letting multiple models simultaneously compete for thedescription of the individual motion measurements, and in the second set, multiple models are2



eshed out sequentially by solving for a dominant model at each stage. Also, all the algorithms todate use essentially a two-frame formulation for computing the motion parameters and the supportlayers. The pairwise parameters are used to create intensity maps in a given reference frame. Ouralgorithm also uses a two-frame formulation.Wang and Adelson [24] addressed the problem in terms of the computation of a�ne motionmodels, and their binary layers of support whose ordering in depth is computed using their supportover many frames. The essential idea in their work is that of iteratively clustering motion modelscomputed using pre-computed optical ow. The optical ow vectors are assigned to their bestmotion models, starting with a large initial set of models. Initially k-means clustering is done usinga pre-speci�ed k, and then models are merged iteratively, based on a threshold on the di�erence inmotion they specify.The main drawbacks of the above approach are its use of optical ow as an input representation,clustering in the parameter space, and the use of binary ownership weights throughout the iterativeprocess. In computing the optical ow, algorithms generally make smoothness assumptions that candistort the structure of image motion. Given that they use parametric models of motion, computingmotion parameters directly from spatio-temporal intensities would be more robust. They try tocorrect the errors in optical ow by reverting back to the intensity maps, but this is avoided bythe direct approach. Second, clustering in the parameter space is generally sensitive to the numberof clusters speci�ed. Decisions made for clustering parameter vectors based on distances in theparameter space can lead to clustered parameters that do not describe some valid data well.Darrell and Pentland too have addressed the problem of multiple motions and layers-of-supportestimation within a robust M-estimation and MDL framework [5]. They use a truncated quadraticoptimization function, that reduces the weight of residuals beyond a threshold to zero, for estimatingthe motion parameters. MDL criterion is applied to the encoding of the model parameters and themaximum-likelihood estimates of the residuals.The important problem of estimating the threshold (or the scale parameter of the inuencefunction) [14] for the truncated quadratic is not addressed in their approach. Moreover, the trun-cated quadratic is too severe and can reject non-outliers too especially in the initial stages of theiterative process, without a sound method for automatically estimating the threshold. They toocompute a binary ownership weight for each measurement based on the model that has the least3



residual. This is done for each iteration. This puts strong requirements on the initial estimates ofthe motion parameters and the scale estimates to be very good. They use a 2D similarity transformas their motion descriptor. The output of their algorithm on real image sequences leaves much roomfor improvement.Irani and al. [10] addressed the problem of detecting and tracking multiple moving objectsover image sequences. However, their approach to the estimation of multiple motions is throughsuccessive estimation of dominant motions using model-based least squares (LS) estimation, i.e. itfalls in the class of sequential methods. There are two potential problems with this formulation.First, in the absence of competing models, the dominant motion model can irrevocably commitdata erroneously to a model. This is even more of a problem in their approach because they do nothave any mechanism for automatically estimating the scale parameter of residual errors (akin tothe problem with Darrell and Pentland's approach). They apply an absolute threshold to a motionmeasure de�ned using normal ow computed at each point, to decide if the point belongs to themodel. The motion measure used is in general quite unstable, especially in low gradient regions,and can lead to arbitrary decisions without an adaptive scale/threshold estimate. Second, theiruse of least squares estimation, and thresholding based on the residuals may lead to arbitrarinessin what is called dominant in the data because of the classic problem of masking of outliers in LSestimation [19].Ayer et al. [1] too adopted a sequential approach to eshing out multiple models of motionover an image sequence. In contrast with Irani and al., they applied robust estimators for motionestimation, formulated the problem in terms of time-varying parameters over multiple frames, andcombined intensity based segmentation with the motion information. However, they noticed that,even with the use of robust estimators, the sequential dominant motion approach may be confrontedwith the absence of dominant motion. In this case, no single layer is dominant in its support, inwhich case the sequential algorithms may need a technique for clustering the sequential supportinto di�erent support layers. This problem is in itself a di�cult task. Another problem is thatsequential methods may fail to delineate similar motions into di�erent layers because of the lack ofcompetition amongst the motion models.Hsu et al. [9] in their work on optical ow computation using layered motion representationhave laid out a qualitative framework for such a description. Their algorithms are a collection of4



algorithms like the ones by Wang and Adelson, and Irani and al. They do not, however, give a �rmquantitative formulation of the framework. In this work, we have formally addressed all the issuesdiscussed by them.Black and Anandan [3] incorporated robust M-estimators in their solution to multiple motionestimation, again through successive separation of dominant motions. They dwell at length on theadvantage of using redescending estimators and their ability to decrease the inuence of outliersas governed by the scale parameter. However, in their algorithms for robust estimation of para-metric models, they choose an ad-hoc, pre-de�ned value of the initial scale and also a schedulefor its reduction by a �xed factor through the iterative optimization process. Furthermore, theyuse an ad-hoc �xed step size in a modi�ed gradient descent like procedure. They do not take ad-vantage of weighted Gauss-Newton/Levenberg-Marquardt type methods for solving M-estimationproblems [14, 21]. Also, their dominant motion approach again does not let competing models viefor ownership of the measurements.MacLean et al. [15] addressed the problem of multiple 3D motion segmentation and estimationusing the EM algorithm. However they did not address the problem of automatic determinationof the appropriate number of models. Their results were shown using 2D a�ne ow computed inhand-selected regions. Jepson and Black [11] applied the EM algorithm using the mixture modelformulation to optical ow computation without estimating the number of models. Also, they useda 2D translational model only.3 Overview of the formulationOur approach uses simultaneous estimation of motion models and their layers of support. Motionmodels compete for the support of pixels and the supports in turn inuence the estimation of modelparameters. In contrast with existing simultaneous estimation methods, the number of models isdecided using both the quality of description of the data and the cost of the models, and the scaleestimates that are used to decide the ownership weights are computed automatically within thecompetitive framework. In contrast with sequential methods, no external threshold is required todecide whether a pixel belongs to a model. No assumptions about the presence of a dominant layerare required.In our formulation, the computed layered representation of motion is the result of optimizing5



an objective function: the total encoding length of the motion model parameters, the layers ofsupport, and the residual at each pixel resulting from the di�erence between the reference intensitymap and warped map corresponding to the motion parameters. Solving for all the unknown pa-rameters simultaneously is practically impossible because of the large parameter space. Therefore,the optimization is divided into two major steps that are alternated: ML estimation of the motionparameters and layers of support given the number of models, and a greedy incremental strategyfor choosing an adequate number of models using the total encoding length given the ML estimates.The motion descriptors used are 2D parametric models: translational, a�ne and projective.First, the probabilistic model of the reference image as arising from a mixture of densities cor-responding to a given number of models, g, is presented in Section 4.1. In particular, normaldensities are used. The unknowns in this model are the g sets of motion parameters, the variancesof the associated gaussian densities, and the ownership probabilities (layers) of each pixel. Both acontinuous ownership probability and its specialization to a binary ownership are presented. It isshown how the necessary conditions for ML estimation of the mixture model leads to equations forsolution of the unknowns. This leads to the iterative Expectation-Maximization (EM) algorithm;E step to solve for layers given the motions and the variances, and the M step for solving for thelatter given the layers. Next, in Section 4.3, the speci�c encoding of models and data is presented.A highlight of the encoding is the use of log-likelihood of the mixture densities for encoding thedata conditioned on the models.The computation of the motion parameters uses direct methods that model image motion as achange of the coordinate system with brightness constancy. However, instead of using least squaresestimation corresponding to the normal densities modeled by the standard EM approach, we userobust M-estimators. This has two advantages: (i) in the early steps of the iterative algorithmwhen layers and motion models have not yet been computed accurately, the M-estimators allow forthe inuence of outliers for a model to be reduced, and (ii) inuence of data that does not satisfythe brightness constancy assumption is also reduced. Section 5 presents the robust M-estimationformulation, and a solution using Gauss-Newton method.Estimation of the other mixture parameters, the variances and the layers is the subject ofSection 6. The subsequent section is devoted to the details of the complete algorithm. Section 8presents experimental results and Section 9 wraps up this presentation with a discussion of work6



in progress and unresolved issues.We wish to point out that all the current layered representation formulations are essentiallytwo-frame and so is our present work. Using the computed layers and the motion models on atwo-frame basis to create a mosaiced intensity map for each layer in a reference view, and alsoinferring depth ordering in this process are relatively straightforward steps [24]. These are not thefocus of this work. However, formulating the problem as inherently a multiple frame estimationproblem is the subject of ongoing work. Some of the issues will be discussed in the conclusionssection.4 Mixture model and MDL formulation4.1 Mixture Models for Maximum-Likelihood estimationGiven a pair of images captured at time instants t � 1 and t in a sequence, the image at t, thereference image, is modeled as being generated by that at t� 1 through a �nite mixture of warpedimages, each of which is warped using its own motion model. The intensity I(xj ; t) at pixel j andtime t is modeled as arising from a superpopulation of intensity maps, ~I. ~I is a set of g mapsf~I1; : : : ; ~Igg. ~Ii represents the predicted image at time t as a function of the image at time t � 1and of the ith motion model parameters �i, that is,~Ii(x; �i; t) = I(x� u(x; �i); t� 1): (1)The probability density function (pdf) of the reference intensity map, I(x; t), as predicted from ~Ican be represented in the �nite mixture form [16] as,p(I(x; t) j I(x; t� 1);�) = gXi=1 �i pi(I(x; t) j ~Ii(x; �i; t � 1); �i): (2)The vector � represents the vector of all unknown parameters,� = [�T ; �T ; �T ]T ; (3)with � = [�1 : : : �g]T , � = [�1 : : : �g]T , and � = [�1 : : :�g]T , where �i are the parameters of theith motion model, �2i is the variance, and �i is the proportion of the ith model in the mixture suchthat, Pgi=1 �i = 1; �i > 0; (i = 1; : : : ; g):7



In order to simplify the above formulation, we want to express the �nite mixture form in termsof the prediction error ri(x) = I(x; t)� ~Ii(x; �i; t), for the ith model at pixel location x. Let r(x)be the g-dimensional vector of residuals for the g models at a point x. The �nite mixture form forthe residuals can now be written as,p(r(x) j �) = gXi=1 �i pi(ri(x) j �i; �i): (4)(In the following, it is assumed that I(x; t�1) is given and is not included explicitly in the functions,and I(x; t) is written as I(x) unless necessary otherwise.)We assume that each pi(ri(x) j �) belongs to the same parametric family (e.g normal distri-butions). In particular, pi(ri(x) j �) is assumed to be a normal distribution with zero mean andvariance, �2i , N (0; �2i ). Under the assumption that the N observations, one at each pixel, are re-alized values of N independent and identically distributed (i.i.d.) random variables with commondistribution function p(r(x) j �), the negative log-likelihood function L(�) can be written as,L(r(x1); : : : ; r(xN) j �) = � log(p(r(x1); : : : ; r(xN)) j �))= � log( NYj=1 p(r(xj) j �)) = � NXj=1 log( gXi=1 �i p(ri(xj) j �i; �i)) (5)Given estimates of �, the estimates of the posterior probabilities of population membershipcan be formed for each observation, I(xj), to generate weights for each layer. The estimate of theownership weight at the jth location for the ith model is given by,�ij = p(xj 2 �i j r(xj);�)= p(xj 2 �i j �) p(r(xj) j xj 2 �i;�)p(r(xj);�)= �i p(ri(xj) j �i; �i)Pgi=1 �i p(ri(xj) j �i; �i) : (6)It can been shown ([16]) that the maximum likelihood estimates of �, �̂, in terms of theownership weights, satisfy �̂i = NXj=1 �̂ijN ; i = 1; : : : ; g (7)8



gXi=1 NXj=1 �̂ij @ log(p(ri(xj) j �̂i; �̂i))@�̂i = 0 (8)gXi=1 NXj=1 �̂ij @ log(p(ri(xj) j �̂i; �̂i))@�̂i = 0: (9)4.2 Specialization to binary ownershipsIn accordance with the formulation in [16, pg. 14], the negative log likelihood function like theone in equation (5) is now presented for the case when each measurement is mutually exclusivelyassociated with only one model. For this purpose, for each measurement, j, a g-dimensional vectorof indicator variables zj = [z1j : : : zgj ]T is introduced, where,zij = ( 1; I(xj) 2 ~Ii;0; I(xj) 62 ~Ii;and z1; : : :zN are independent and identically distributed according to a multinomial distribu-tion consisting of one draw on g categories with probabilities �1; : : :�g. Therefore, the pdf,p(r(xj); � j zj), is given by, p(r(xj); � j zj) = gYi=1 [�i p(ri(xj) j �i; �i)]zij :Again under the assumption of measurements being independent, the complete negative log-likelihood function for all the measurements, conditioned on the indicator variables is given by,LC(r(x1); : : : ; r(xN);� j z1; : : : ; zN) = � gXi=1 NXj=1 zij flog �i + log p(r(xj) j �i; �i)g (10)In the process of estimation, the indicator variables are assigned as zij = 1 if the ownershipprobability, �ij > �tj ; t = 1; : : : ; g; t 6= i;and 0 otherwise.Equations (7){(9) and equation (6) suggest an iterative solution for the maximum likelihoodestimates of �, � and �, and for the posterior ownership probabilities, � 's. One solution method9



is called the Expectation-Maximization (EM) algorithm. The M step is for the ML estimates ofthe model parameters, and the E step for the ownership probabilities. Under the assumption ofnormal densities for pi's, the solutions for the �'s, �'s and the � 's are presented in section 6. Forthe estimates of the motion parameters, �i's, a modi�ed M step is used to allow the use of robustM-estimator functions. This is the subject of section 5. Presently, we turn to the problem ofdetermining modeling complexity using MDL.4.3 MDL formulation for determining model complexityThe problem with the maximum likelihood formulation of equations (7){(9) is that there is nobound on the complexity of the mixture model, i.e. on the number of populations g. Generally,the more the number of models, the better the obtained �t will be. We address this problem byapplying the Minimum Description Length (MDL) principle. The �rst reason for choosing MDL isits information-theoretic grounding: the model that can be encoded the cheapest while explainingthe observations is the best. A second important reason is that the MDL principle leads to anobjective function with no arbitrary thresholds. For this purpose, the number of bits required toencode the model and the residuals is used. The goal is then to �nd the model parameters � thatminimize the encoding length.The encoding has two parts, one part consisting of the encoding of the model and the otherthat of the data using the model. The overall codelength to be minimized isL(r(x1); : : : ; r(xN);�) = LM (�) + LD(r(x1); : : : ; r(xN) j �); (11)where L, LM and LD denote the appropriate encoding length in terms of bits for the correspondingentities to be encoded.The model parameters consist of three di�erent components from (3). Thus,LM (�) = LM1(�) + LM2(�) + LM3(�): (12)For computing the coding cost of these real-valued parameters, the expression derived by Rissa-nen [18] in his optimal precision analysis is used. For encoding K independent real-valued pa-rameters characterizing a distribution used to describe/encode N data points, the codelength is(K=2)log(N). Rissanen derives this expression for the encoding cost of real-valued parameters by10



optimizing the precision to which they are encoded. Thus,LM (�) = K2 log(N)where K is the total number of parameters and N is the number of pixels in the image.Furthermore, we need to encode the data given the model LD(r(x1); : : : ; r(xN) j �), i.e. toencode the residuals. Since we know the probability, P (r(x) j �), from the mixture model, theoptimal number of bits required to encode this is just the negative logarithm of the probability [18].Therefore, this term is directly derived from the negative log-likelihood of the data given the model,presented in equations (5) and (10), by replacing the pdf p(r(xj) j �i; �i) by the correspondingprobability P (r(xj) j �i; �i). Under the assumption of normal distribution of the residuals, and ifthe residuals are quantized to the nearest �, their real precision, then [13]P (r(xj) j �i; �i) � �p2��i exp(�r2i (xj)2�2i ); when � < �i:Therefore, by substituting this in equations (5) and (10) for the non-binary and binary likelihoods,the total encoding length is given by,LNB(r(x1); : : : ; r(xN);�) = LM (�)� NXj=1 log( gXi=1 �i �p2��i exp(�r2i (xj)2�2i ))LB(r(x1); : : : ; r(xN);�;Z) = LM (�;Z)� gXi=1 NXj=1 zijflog �i + log �p2��i exp(�r2i (xj)2�2i )gThese can be simpli�ed, by eliminating the constant terms, to,LNB(r(x1); : : : ; r(xN);�) = LM (�)� NXj=1 log( gXi=1 �i 1�i exp(�r2i (xj)2�2i )) (13)LB(r(x1); : : : ; r(xN);�;Z) = LM(�) + gXi=1 NXj=1 zijf� log �i + log �i + r2i (xj)2�2i g (14)Both equations (13) and (14) are expressions for the complete encoding lengths of the modelsand the data given the models. Ideally, optimization of these encoding lengths with respect to allthe unknowns should be performed. However, this obviously will be prohibitively expensive given11



the enormous parameter space of ownership weights for the measurements. In order to circumventthis practically impossible task, we divide the problem into alternating steps of ML estimation of themixture parameters, and pruning of the number of models using the encoding criterion. We use adescending procedure which, given a set of motion and mixture parameters, computes the encodinglength by removing a single model from the population. If the encoding length decreases for atleast one of those, in comparison with the encoding length computed for the full set of models,then the model with the largest decrease in the codelength is removed from the population. Inaddition, for the binary case, a local Markov Random Field (MRF) smoothness model is usedfor the indicator variables, z's, to incrementally update the ownership layers. The details of thisalgorithmic procedure are presented in section 7.5 Robust Model-Based Motion EstimationIn the iterative solution of the mixture model parameters introduced in section 4, one of the M-stepsis to compute the motion parameters �, given the current estimates of the variances, �, mixtureproportions �, ownership weights � 's (z's), and motion parameters. This corresponds to a solutionof the necessary condition for the ML estimate of � of equation (9). The probability distributionsof the residuals given the parameters are modeled as a mixture of Gaussians. However, in orderto allow for outlying data, instead of least squares (LS) estimation of the parameters, we userobust M-estimators. Outliers, within the context of the mixture model, can arise essentially dueto the violation of the brightness constancy constraint employed in the direct method for motionestimation. This constraint is violated when (i) brightness patterns do not move according to thecoordinate transform speci�ed by the motion parameters, for instance, motion of highlights andlight sources, and (ii) when due to occlusion/deocclusion intensity patterns visible in one image aremissing in the other.For simplicity, in the subsequent part of this section the estimation problem only for a particularmodel i is considered, so the indices corresponding to the motion model will be dropped from thenotation. In this framework, the motion model estimation is posed as the minimization of a robustobjective function �. Within the context of mixture models, this implies that the following function12



needs to be minimized, h(�) = NXj=1 �j �(r(xj; �); �)) (15)where the �j (zj) corresponds to �ij (zij), the ownership weight of the jth pixel for the ith model2.If the function � is taken to be the negative of the log-likelihood function of p in equation (9) (andassuming the measurements errors are independent), the estimates of � obtained by minimizingh(�) correspond to the maximum likelihood estimates given by solving (9). However, here theassumption is that p in equation (9) is normal, but the M-estimation is done through a robustestimator rather than the LS estimator corresponding to the normal density. (For a detailedaccount of robust estimators, see [8] and [14].)We have experimented with two � functions, the Lorentzian and the Geman & McClure func-tion [3]: �LO(r; �) = log(1 + 12 r2�2 ); �GM(r; �) = r2�21 + r2�2 :The �LO and �GM functions give non-zero ascending and descending weights that are controlled bythe scale parameters. They di�er in how much of an inuence any residual has on the estimate.In contrast, LS estimation gives a monotonically increasing linear weights for the residuals, thus,outliers have a strong inuence on the estimated parameters. Other M-estimators like Andrew'ssine wave and Tukey's Biweight [8] function have also been proposed. However, for both, the weightof residuals beyond a certain threshold reduces to zero. This is not appropriate for our problem,where good initial estimates may not be available, because then potentially sound measurementsmay be given no weight. This is especially critical in the initial stages of the estimation processwhen both the motion parameters and the scale estimate have not settled to stable enough values.The M-estimator for the parameters �, based on the � function in the minimization of h(�), isthe � that is a solution of the K equations [14],Xi  (r(j))@r(j)@�k = 0;  (r) = �(r)r ; k = 1 : : :K;where  , the derivative of � is called the inuence function, r(j) is a short form for r(xj), and2For ease of presentation, we now use only the � 's in the formulation. The specialization to z's for the binary caseis obvious. 13



K is the number of unknown parameters, the dimension of �. However, instead of solving thisnon-linear system of equations, an alternative is to apply the Gauss-Newton method to the originalminimization problem. With the introduction of a particular approximation, detailed in the nextsection, this leads to an iterated reweighted least squares method (IRLS). This estimation is analternative form of M-estimation and is also called W-estimation [14].5.1 Gauss-Newton formulation for M-estimation of parametersGauss-Newton (GN) (and Levenberg-Marquardt LM) method for parameter estimation is an ap-proximation to the general Newton's method, in which the second order term in the Hessian of theerror function is ignored. In the GN method, given a solution, �(m) at the mth step, the descentdirection, ��(m), is given by ��(m) = �H�1(�(m))g(�(m)); (16)and �(m+1) = �(m) + ���(m) (17)for some positive �. H(�(m)) is the approximation to the Hessian of the error function in (15),involving only the �rst derivatives of the residuals, and g(�(m)) is its gradient, both de�ned at thecurrent �(m). Writing the g and H in terms of � and r(j), we get,gk =Xj �j @�@r(j) @r(j)@�k Hkl =Xj �j @2�@r2(j) @r(j)@�k @r(j)@�l ; (18)as the kth and the klth elements of g and H, respectively. Thus, �� can be written in terms ofthese components as the solution of K linear equationsXl Hkl��l = �gk; k; l = 1 : : :K;where K is the number of unknown parameters, the dimension of �.However, with the non-quadratic �'s, @2�@r2(j) can be negative, therefore the solution of (16) maynot be a descent direction. For instance, @2�@r2 for the two robust M-estimators, �LO and �GM ,respectively are 4�2 � 2r2(2�2 + x2)2 & 2�2(�2 � 3x2)(�2 + x2)3 :14
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2Figure 1: Left column: Lorentzian and Geman & McClure functions. Right column: Thecorresponding weights.If we approximate ��(r) with its secant approximation [21, pg. 652], _�(r)r , which is positive every-where, then the GN equations become,Xl Xj �j _�(r(j))r(j) @r(j)@�k @r(j)@�l ��l = ��j _�(r(j))r(j) r(j)@r(j)@�k ; k; l = 1 : : :M; i = 1 : : :N: (19)It is apparent that these equations for the robust objective functions are simply weighted LS normalequations with the weight for each measurement j being _�(r(j))r(j) . It is to be emphasized that in theapplications of M-estimators to many vision problems, this connection for the GN formulation hasbeen left unspeci�ed. For the sake of clarity, we have made it explicit in this exposition.In order to get a feel for the relative weights associated with the various estimators, the plotsof the � functions for � = 1:0, and those of the weights, _�(r)r , are shown in �gure 1._�LO(r)r = 22�2 + x2 _�GM (r)r = 2�2(�2 + x2)2 (20)It is apparent from the plots that whereas LS weights residuals of all magnitudes uniformly, �LOand �GM decrease the inuence of large residuals rapidly, �GM more so than �LO. The parameter� that controls the location of the inection point in the curves, governs the point beyond whichthere is a faster decrease in the inuence.The application of the above formulation to the case of a 2D a�ne transformation is illustrated15



now. The ow �eld u(x; �) can be written as,u(x(x; y); �) = " 1 x y 0 0 00 0 0 1 x y # � = M�:Given an estimate of the parameters �m, image I(t � 1) is warped so that Iw(x; �m) = I(x �u(x; �m)). At this step, the residual r at x is de�ned asr = I(x+ �u(x; �); t)� Iw(x; �m): (21)At the mth iteration, �u(p; �) =M��. Therefore, in each iteration the derivative of each residualof equation (21) w.r.t. the unknown � is,@r@� = @�u@� @r@�u =MTrI(t):This when combined with equations (20) and (19) leads to a new GN direction �� in each iteration.A line search along this direction is performed to get the local minimum solution for the currentiteration (that is � of equation (17)).6 Estimation of the mixture parametersWith the component densities of the mixture assumed to be normal, the likelihood equations (7)and (8) can be used for an iterative computation of the solution by the EM algorithm [16, pg. 38].Given estimates of the parameters �, �, and �, in the E step, the posterior probability that thejth pixel belongs to model i, i.e. �ij , is computed as,�i(r(j) j�) = pr(jth pixel 2 ~Ii j r(j); �i) = �i p(r(j) j �i)gXt=1 �t p(r(j) j �t) = �i�i exp(� r2j2�2i )gXt=1 �t�t exp(� r2j2�2t ) (22)The M step consists of solving the likelihood equations (7), (8) and (9) with each �̂ij replacedby its value computed in the E-step. Equation (7) already presents the solution for �̂i. This stepfor the ML estimate of the motion parameters, �, has already been detailed in section 5. For thecase of Gaussian distributions, the solution to the �'s is given by�̂i = NXj=1 �̂ijr2(j)N�̂i (23)16



The E and M steps are repeated alternately, where in their subsequent executions, the initial�t (�;�)(m) of the parameters is replaced by the current �t (�;�)(m+1).An alternative to the weighted squared residual estimation of � above is to use a robust estimate.It is to be emphasized that a good estimation of � is critical to the estimation of both the motionparameters, and layers of ownership weights. In the binary case, we have found that an estimatederived from the median value of the absolute residuals works well. Given contaminated randomsamples from a Gaussian distribution with a given �, a robust estimate of � is related to the samplesthrough �̂i = 1:4826 medianj jrj j:This follows from the fact that the median value of the absolute values of a large enough sampleof unit-variance normal distributed one-dimensional values is [19, pg. 202] 0:6745 = 1=1:4826. Themedian based estimate has excellent resistance to outliers; it can tolerate almost 50% of them, andcan be e�ciently computed with a linear time median-�nding algorithm.An extension of robust M-estimation to the mixture components in the non-binary case canbe used by taking into account the weights associated with the GN estimation using the robust �functions as was done for the motion parameters in section 5.1 [16]. The robust estimates of �remain the same, and those for � are�̂i = NXj=1 �̂ij _�(r(j);�i)r(j) r2(j)Ni where Ni = NXj=1 �̂ij _�(r(j); �i)r(j) (24)Again, the weights are chosen to be _�(r;�)r for the Lorentzian or Geman & McClure functions.7 The AlgorithmIn Figure 2, we show a ow chart of the algorithm. The algorithm may be decomposed into threedi�erent parts: the initialization step, the EM step, and the MDL step. Recall that the algorithmis implemented in a multi-resolution framework, where the multi-resolution representation can beeither a Gaussian or a Laplacian pyramid.The initialization step consists of the generation of initial estimates for the motion parametersand the �'s. In order to obtain these estimates, rectangular tiled binary layers that cover the entire17
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Figure 2: Flow chart of the algorithmimage are de�ned. The number of initial layers is a user de�ned parameter. Typically, 16 tilesare used by dividing the x and y dimensions into four equal parts each. Thus, 16 non-overlappingbinary masks are used to compute 16 initial motion parameters. In each of the subregions, motionparameters and �'s are computed independently only at the coarsest level of the pyramid using therobust estimation technique described in Section 5. After the initialization step, the initial motionparameters and scale estimates become the current estimates used in the EM-step. For all theexperiments, 2D 6-parameter a�ne models have been used as the motion descriptor for each layer.The next part of the algorithm is the EM-step, which again may be decomposed into two parts:the E-step and the M-step. Given the current estimates of the motion parameters, the �'s and thenumber of models, the ownership weights (� 's/z's) are computed for the support layers over thecomplete image. This is the E-step. The M-step consists of the computation of the new �'s, themodel proportions �'s, and of the new motion parameters using the new support layers.The last part of the algorithm is the MDL-step. Following the EM-step, the total encodinglength and the encoding lengths that would result by removing in turn a single layer are computed.The layer and the motion model which leads to the largest decrease, if any, is eliminated. Thiscomputation is the MDL step. A new EM-step is then performed with the new number of models,again followed by a MDL-step. The whole process is repeated at a given level until both the motionparameters and the number of models have converged. The motion parameter, scale and layerestimates obtained at this level are �nally projected down and the same process is repeated at thenext �ner level.We should mention that the binary method has been tested extensively whereas the non-binary18



version algorithm is currently under testing.We note the following important points:� At the coarsest resolution level, the support layers are computed afresh after each M and MDLstep. The rationale is that at the coarse level, in the initial steps, the di�erent parameterestimates may not be good enough. So, in this case, the layer estimates will be changingrapidly, and a scheme which would just update the support layers would probably lead to anon-optimal solution (with a higher number of layers). For the non-binary case, this strategyhas been adopted at all levels, and preliminary experiments show that, in order to get thecorrect number of models, some smoothness constraints need to be introduced. However,we will show that even in the case where the number of model is too high, the motionrepresentation is still very good.� For the binary case, at the other resolution levels, instead of computing the support layersafresh after the M and MDL steps, a local optimization step is introduced for updating thesupport layers. The initial estimates of the support layers at a given level are the onesprojected down from the next coarser level. The local optimization step implements anMRF based smoothness criterion in the estimation of support layers. A �rst order 2-cliqueneighborhood is de�ned [7]. In a scan-line order, we perform a local minimization at eachpoint following equation (14). In other words, this step tries to �nd the locally optimallabeling by taking into account both the residual error and the labeling cost. The labelthat results in the largest positive decrease for the encoding length is committed. This localoptimization step is in addition to the global MDL layer removal step described above. Therationale behind the local step is twofold: (i) relatively low gradient regions at the �ner levelsmay have unstable labeling, whereas the corresponding low resolution regions may still beunambiguous, (ii) after convergence at the coarse levels, the layer supports should not changeradically but only incrementally. No other simultaneous algorithm uses the projection oflayer estimates from coarse levels to guide the solution at the �ner level. This is importantfor stable layer estimation.� The residual error images need to be �ltered for the algorithm to converge to a good number oflayers. Median �ltering over a 3�3 region around each pixel is performed in our experiments.19



We also perform outlier detection by removing all pixels which are atypical of each componentof the mixture. This detection is performed by thresholding the residuals using a 2:5 factorof each computed �'s. This allows us to detect pixels which violate the brightness constancyconstraint employed in the direct method for motion estimation (i.e. motion of highlights,occlusion/deocclusion intensity patterns).8 ResultsWe show the results of layered motion estimation using binary weights. It is to be demonstratedthat the proposed scheme is robust in the presence of multiple moving objects and is also generalenough to deal with scenes with moving or static cameras. In showing the results, it is to beemphasized that the results are only an internal representation of the motion and spatial supports,and thus should be considered as an intermediate step towards dynamic image representation. Forthe di�erent sequences, two frames from the original sequence are shown. Also shown are thelabeled layers and the outliers along with the residual errors between the reference image and thesecond image warped using each of the motion models for each layer.It is important to note that, for some sequences (like the box or ower garden sequence), thereis no clear dominant motion except maybe for the background motion. In these cases, sequentialestimation of dominant motion may end up �nding some average motion parameters for some layers.However, our simultaneous competitive method leads to reasonably meaningful layer descriptionbecause measurements are allowed to choose the best model amongst a few.In showing the results of the algorithm, it is to be emphasized that the results shown in printare nowhere near as dramatic as when shown as moving images. There are two important issues inthe quality of the results: (i) the quality of the computed motion measured in terms of how well itis able to compensate or �xate the corresponding layer through warping, and (ii) the quality of theinternal representation of either a binary or weighted masks for the layers. Unfortunately, the �rstcannot be depicted easily on paper, but when the compensated images are shown as a sequence ona screen, the e�ect is dramatic. On paper, this is shown as residual images.The �rst results of layered representation are shown on a synthetic image sequence of movingrandom dot patterns. This sequence is composed of four translating patterns, whose size is �xedover time. Thus, at the boundaries between two square regions, there may be covered/recovered20



Figure 3: Original images, layers of motion and outliers for the random dot pattern sequencepixels, depending on the direction of translation of the two regions. Figure 3a) shows two framesof the sequence, the labeled layers, and the outliers. This �gure shows that our algorithm capturesthe four di�erent regions as well as the covered/recovered regions, whose pixels are atypical of eachcomponent of the mixture and modeled as outliers.The next results of layered representation are shown on a sequence showing a box rotatingaround its vertical axis. In this scene, the camera is static, and hence so is the background in theimages. Figure 4a) shows two frames of the box sequence, the labeled layers, and the outliers.Figure 4b) shows the residual error associated with each of the layers shown in �gure 4a). Theresults show that the background layer with zero motion and the three faces of the box have beencorrectly separated.The next image sequence captures a di�erent situation, where the scene is static but the cameramotion induces parallax motion onto the image plane due to the di�erent depths in the scene. Thesequence is the well known ower garden sequence. Figure 5a) shows the results for the binarylayers and �gure 5b), shows the associated residual error images. Note that the occlusion region atthe right edge of the tree is well captured as outliers.21



a)

b)

Figure 4: a) Original images, layers of motion and outliers b) Residual errors associated with eachlayer for the box sequence 22



a)
b)

Figure 5: a) Original images, layers of motion and outliers b) Residual errors associated with eachlayer for the ower garden sequence 23



To illustrate the situation where both the camera and the objects are moving, results on asequence of table tennis play are shown. In this sequence, the camera zooms in and the hand ofthe player moves up tossing the ball. The zoom induces a motion of almost 8 � 10 pixels at theperiphery. The result of our algorithm is two layers representing the background and the hand,with good compensation for each of them. Results for this sequence are given in �gure 6. Due tothe �ne textured background, interpolation for warping and some systematic jitter/noise aroundthe edges of the table, some pixels in the background are not completely di�erenced out in theresidual image.Another example where both the camera and the objects are moving is the mobile and calendarsequence. In this sequence, the camera is panning while four objects are moving independently (thetrain, the rotating toy, the dice, and the calendar). Figures 7 show that the method delivers threelayers representing the di�erent regions. The rotating toy and the dice are not labeled as separatelayers because their support seems to be too small.9 ConclusionsThe focus of this work has been an automatic computation of a compact, layered description ofmotion video sequences. Each layer corresponds to a speci�c parametric model of image motionand has an associated ownership weights for the pixels in the layer. For compact descriptions, theneed is to �nd a small number of models that adequately describe image motion in the sequencewith minimal residuals between the motion predicted intensity maps and the observed ones.There are tradeo�s between the two major approaches to computing such a layered description.The simplicity of formulation and the associated algorithm for a sequential approach has beenexploited by a number of researchers. However, the fact that image measurements are not able tocompete for the ownership of di�erent models leads to the use of externally speci�ed thresholds indeciding the model to pixel association for a layer. Also, sequential methods rely on the presence ofa dominant, and some secondary layers in the data. This assumption maybe a reasonable one if 3Dmodels that can model the image motion of the whole background are used. However, since methodshave largely used global 2D parametric models, the absence of a dominant layer corresponding toa parametric model may easily mislead the sequential algorithms.Simultaneous estimation of the motion parameters and their layers of support adds to the24



a)

b)
Figure 6: a) Original image, layers of motion and outliers b) Residual errors associated with eachlayer for the table tennis sequence 25
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b)

Figure 7: a) Original images, layers of motion and outliers b) Residual errors associated with eachlayer for the mobile and calendar sequence 26



complexity of the formulation and the algorithm. In general, the number of layers, their motionparameters and the support weights are to be found simultaneously. We have found that the for-malism of mixture models and MDL encoding is one systematic way of capturing all the unknownsin a single optimization problem. A practical way to solve for all the parameters is to use the MLestimation for the model and layer ownership parameters using the EM algorithm for Gaussianmixture models given the number of layers. These solutions in turn are used to incrementally testfor the right number of models by computing the encoding cost of the model parameters and theresulting data residuals. A highlight of encoding the data cost was the use of the likelihood functionof the mixture density. An algorithm that has shown promising results on a variety of sequenceshas been presented.A number of issues have yet to be fully explored. First, a multi-frame formulation in which layerownerships are constrained by a number of frames is required. A formulation for multi-frame motionestimation was presented in [1]. However, the estimation of support layers need to be formulatedover multiple frames too. It should also include a mechanism for allowing the number of layers tochange over time in order to allow for appearance/disappearance of objects and surfaces.The viability of using a combination of 2D and 3D models, as appropriate, is also an importantissue. Research towards describing image motion with multiple parametric models and the residu-als [4], or in terms of a 3D model that combines a 2D parametric and 3D parallax models [12, 20, 22],is in progress. However, creating compact layered descriptions using these representations still needsto be addressed.In the context of the speci�c algorithm proposed in this paper, we are further exploring afew issues. First, the use of the non-binary version for describing motion transparency is beingexperimented with. Especially, the formalism should be extended in order to allow the possibilityof using MRF models in the non-binary case also. Second, the relationship of the mixture modelto additive, multiplicative and other models of intensity superposition for motion transparency isto be studied more extensively.Layered representations can serve as useful intermediate representations for recognition andnavigation, as well as for video coding and compression. We are actively investigating their use-fulness in the context of automatic object and scene representations for image and video indexingand annotation. With the constant increase in the processing power of workstations and desktops,27



and the common availability and use of images and videos on these, computer vision algorithmsfor intermediate representations may indeed become viable and useful to intelligently manage theenormous amounts of data at hand.A Derivation of the necessary conditions for a maximum of thelog-likelihood of mixture of modelsThe pdf of an observation x as arising from a mixture of models fG1; : : : ; Ggg in some proportions�1; : : : ; �g is given by f(x j�) = gXi=1 �ifi(x j�i; �i); gXi=1 �i = 1; �i � 0:The likelihood function for the N independently distributed x's isF (fXg j�) = NYj=1 f(xj j�)= Yj Xi �ifi(xj j�i; �i)Let �ij = Prob(jth measurement 2 Gi jxj; �). Then,�ij = �ifi(xj j�)Pt �tft(xj j�) (25)Maximizing the log-likelihood of F , max� log F (fXg j�) subject to Pgi=1 �i = 1 gives themaximum-likelihood solution to the mixture model problem. A necessary condition for such aminimum to exist is that for the Lagrangian,L�(fXg j�) = log F (fXg j�)� �( gXi=1 �i � 1); (26)the �rst derivatives with respect to � and � should be zero.Equation (26) can be written as,L� = Xj log(Xi �ifi(xj j�))� �( gXi=1 �i � 1)= Xj log �ifi(xjj�)�ij � �( gXi=1 �i � 1)Di�erentiating �rst w.r.t. �i and setting it to zero, we get,Xj ( 1�i � 1�i (1� �ij))� � = 0Xj �ij = ��i28
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